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Let K be an extension of a field k, and p denotes the characteristic.

It was proved by M. Gerstenhaber ([1]) that if K is separable over k, then

it is rigid and it was conjectured in [1] that, if K is not separable over fe,

then it is not rigid. We studied in [4] the above conjecture in certain

special case. In this note we shall extend the results of [4] to inseparable

algebraic extension fields.

1. Preliminaries. Let K be an extension fields of a field k of

characteristic p, and V be the underlying vector space over k. Let R and

5 denote the power series ring k[[t~\] over k in one variable t and its

quotient field k((t)) and Vs be V®kS.

Let a bilinear mapping ft : Vg X Vg — > Vs expressible in the form

f t ( a , b)=ab + tFM b) + t*F2(a, £ ) + • • - ,

where Fι is a bilinear mapping defined over k, be a one-parameter family

of deformations of K considered as a commutative fc-algebra.

Following [1], we say that ft is trivial if there is a non-sigular linear

mapping Φt of Vs onto itself of the form

Φt(a) = a + tφι{a) + t2φ2(a) +

where φt is a linear mapping defined over k, such that ft{β,b) = Φ"t

1{Φta*Φtb).

K is rigid if and only if there is no non-trivial one-parameter family of

deformations of K.

From now on, throughout this note, we assume p ^ O .
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It is known ([1]) that, for any derivation φ of K, there exists a

one-parameter family ft of deformations of K such that

ft(a, b)=ab + tFt{a, b) + t2F2{a, b) + ,

i p ~ 1 i

where F1 = Sqpφ =—δφp = Σ —pCt φp'1 U φι (δ denotes the coboundary
operator and U denotes the cup product).

2. In this section we shall prove the following lemma and its

corollary.

LEMMA 1. Let R be the polynomial ring k[y] and T the non-commutative

polynomial ring R[x19 •,#*]. Let x'r be the mapping of the set of positive integers

into T satisfying the following conditions;

1) ajί(l) = xr.

2) x[(n) =

r-l

3) x'r{n) = xry
n~ι + x'r(n — 1)2/ + ΣJ XiXr-άn — 1), for r>,2.

, for r >, 2,

h

where the sum is taken over all sets {ru 9rh il9 , ihy such that Σ
i

^ Σ ij<n and l<rj<r.

Proof We shall prove this by induction on r and n.

1) The case r - 2. If n = 2 , then the lemma is trivial. If n > 2,

then

= ^22/w"1 + &ί(w — 1)2/ + xxx[(n — 1)

= α ; ^ - 1 + {(n - l)α;22/w-2 + n-iC2x\yn-

+ {n- ϊ)x\yn~2

2) The case r>2.

r-l

We assume n > 2. Then



Hence,
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Σ rjή=r

Σij:

and

Σ rjij = i > 1

= VΣ χr-i{(n - i)cc,r-2 + Σ n-iCΣiχU xUky
n-l-zi>

ί = l Zrjij = i J 1 Λ

Σ r , ι> i
Σ î  = n-l

2/"-1 + x'Λn - 1)2/ + ^ X

t = l

l

+ Σ xi\ • aίj

+ Σ_ nC^xi] αίjir ^ .
Σ fjij — *"

This ends the proof.

COROLLARY 1. Let T be the commutative polynomial ring k[y, xl9 , Xg],

Let Xr be the mapping of positive integers into T satisfying the conditions 1), 2) and

3) in Lemma 1. Then

x'r(n) = nxry""1



2 4 0 HIROSHI KIMURA

h

where the sum is taken over all sets {ru , , r* iu , ih~} such that Σ rjij = r>
h

2 ^ Σ3 ij^n and 1 ̂  rt < < rh < r. Moreover if r is not divisible by p,
j=l

then x'r(p) = 0 and if r = rnp, where m is a positive integer, then x'mp(p) = A

Proof The first part is trivial by Lemma 1. If l^Lr<v, then

i] = r< V' Therefore pCΣίj~0 (mod p).

We assume mp<r<(m + l)p. If Σ ij< P> then pCΣijΞ 0 (mod p).

If 2 fy = P> by Y^Yjij-r, we have ij<p. Hence ^ = 0 (mod p).

Next we assume r = mp. If Σ*'y<P> t n e n / Σ i . Ξ θ (mod p). If

Σ Z; = P and /,,< p, then f.' t> = 0 (mod p). If zΊ = p, then rx = m.

This ends the proof.

Remark 1. In Lemma 1, if the condition (2) is defined for n < p, then

the condition (3) is defined for n<p. Therefore Lemma 1 and Corollary

1 are true for n < p and r > 1.

3. Let K be an inseparable extension field over k such that there

exists an inseparable algebraic element θ of exponent a such that θ is not

contained in k{Kp). Let f{X) = X^* - <z/9_1X</3-12Jfle - - axX
v* - a, be

the minimum polynomial of θ over k. Then there exists ^ ψ 0, l ^ i ^β,

such that z' is not divisible by p (where aβ = 1).

Let p be a derivation of K over & such that φ{β) = 1 (see [3]). Let ft

be the one-parameter family of deformations of K constructed from φ in

[1], i.e.,

Λ(β, 6) = ab + f FΛβ, ft) + t*F2(a, b) + ,

where Fj = Sqpφ.

LEMMA 2. Z ί̂ Λ be as above. Then

for i > 1. And if # e ker φ, then

Fi(a,b)=09

for every b e K and i ^ 1.
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Proof. Let eQ{tφ) be as in [I,p72], i.e., eQ{tφ) is the power series of

tφ with coefficients in k such that the constant term is 1 and

= ab + t*Fx{a, b) + t™F2(a, b) + ,

for all a, b e Vs. Therefore Ft is expressed in the form

Σ attf**-' U φJ, ai5 e *.

Hence, for z > 1 , we have

FtfX) = α, i , - ^ " - 1 ^ ) + aiίpθφip(θn)

= 0.

O n the other hand, if α e ker $o, then e ϊ H ^ ) ^ ) = β> eQ{tφ)(ab) = aeQ{tφ)(b)

and therefore eotfrtl^tfpXα). ^o 1(^)W] = ̂  Hence, for ί ^ l F 4 ( Λ , 6 ) = O .

This ends the proof.

Let Φt = l + tφ1 + t2φ2 + •

be a non-singular linear mapping of Vs onto itself. If we set

Φ-,1 = 1 + Mi + ί% + ,

then we have λr = — Σ3 Λ^r-i = — Σ3 Ψr-ih, where ^0 = 1.

LEMMA 3. If we set

Φγ{Φt{ά)*ΦtΦ))

= ab+ tG1(a, b) + t2G2{a, b) + ,

then Gi satisfies the following conditions;

1) Gi = δφx .

2) For r^2.

Gr = <5Pr + Σ (Pr-i U Pi ~ Pr-iGi).

/1 1) is trivial. We may assume r ^ 2 .
Then
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Gr(a,b) = Σ U "ίί9i{a)φr-j-i{b))
j=0 i=0

= U Σ Ψi{a)ψr-i{b))

+ + p,V>)( rif 9t(a)<Pr-i-t(t>))
i0

- ($M0 + + 9ιλτ-x){άb)

b) + rjl φ,(a)φr^b)
i = l

Σ? Pi(β)p,-i-iW) + + ; ,

( Σ ' ψMψr-j-ib)) + + λr-Mb
ί 0

= {δφr + Σ (9t u pr-ί - φ£r-tiKa,b).
1 = 1

This ends the proof.

Nowx we assume ft is trivial, i.e., there exists Φt = 1+ tφ1 + t2φ2 +

such that

ft(a,b)=φ-t

1(Φea-Φtb).

Then G, = Ft for all ι. In [4] we proved φx[θn) = nd^φ^ff) + mθn-p for

mp ^n<{m + l)p.

PROPOSITION 1. If ft is trivial, then φr satisfies the following consitions;

1) P r ( l ) = 0 , for r ^ l .

2) φ p m ( θ n p m + 1 ) = nθcn-1)pm+1

3) If r(>l) is not divisible by p, ίfew Pr(0p) = 0.

4) T/'r is not divisible by pm(m>0), then φr{θpm+1)=O.

Proof 1). We shall prove by induction on r. If r = 1, then this is

trivial. By Lemma 2, G r ( l , l ) = 0 for r ^ l . Thereofre, by Lemma 3,

$¥>r(l,l) = 0. Hence 9r(l) = 0.

3). Pi(0M) = nθ^'φ^θ) for n < p,

and by Lemma 2, G<(tf, ̂ 7?) = 0 for i > 1. On the other hand Gx{β9 θ
n) = 0
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or —1 for n<p. Therefore φr-ιGι(090
n) =0. Hence we have, by

Lemma 3,

Hence if we set xit = <Pi{0), #<(») = φi{d'n) and y = θ, then, by Remark 1,

φr{βp) = 0, where r is not divisible by p and r > l .

2) and 4). By [4, Lemma 2], Pi(0wp) = nfl01-1*.

We shall prove by induction on w.

i) The case m = 1. By Lemma 2, G<(0P, 0wi?) = 0.

By Lemma 3, we have

Set Xi = 9i(dp), x't(n) = <pldnp) and y = θp. Then, by Corollary 1, if r is

not divisible by p, then a?r(p) = <pr(θp2) = 0 . If 1 < / < p, then a?< = φlθp)

= 0 by 3). Therefore, by Corollary 1, we have

ii) The case m > l . By Gi{θpm,θppm) = 0.

Hence we have

Set a?i = p<(0p")> a?i(») = ^i(^wpm) and 2/ = ^ p w . If r is not divisible by p,

then αJr(p) = p r ( ^ ) = 0 and if r = wpr, where w is not divisible by p

and 0<v<tn, then φr(θpm+1) = x'r(p) = {a;^-i} p = - O ^ - i (^m)}p = 0. Hence

4) was proved. On the other hand, if i is not divisible by p™"1, then

Xi — φ^θ^) = 0 by the assumption of induction. Therefore we have
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Xpm[np) — 2 J TT (i .) np^ΣijKrl Xιrh

hV
 J>

w h e r e t h e s u m is t a k e n o v e r a l l s e t s {r19 , r Λ i19 '9ih} s u c h t h a t
h

2 rjij = pm, 2 < 2 ij ^ P̂> 1 < ^! < < rΛ < p w and every ri is divisible2

by j?"1"1. We may set rό = Uj p™"1, where 0 < 2 / i < p . Hence we have
& h h

Σ3 Ujij^p and we may assume 2 ij^ V If 2 ^ i < P > then Λ P C Σ ί Ξ O

(mod ί?), and if 2 h~ V a nd ij<p for all 7, then zf..' = 0 (mod p).

Therefore we have

This completes the proof.

By Proposition 1, we have

On the other hand,

ι = 0

Therefore βΞ=0 (mod ί3) and if α ^ O , then f s O (mod p). Hence θ is

an inseparable element of exponent > a over k. This is contradiction,

and we have obtained the following.

THEOREM. Let K be an extension field of a field k of characteristic p ψ 0.

If there exists an inseparable algebraic element such that it is not contained in

k(Kp), then K is not rigid^ and a non-trivial integrable element of H2

C{K,K) is

found in the image of Sqp.

Remark 2. Let K be an algebraic extension field of a field k. By

[1, p 79, Cor. 2] and the above theroem, K is separable over k if and

only if considered as an algebra over k, K is rigid.
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