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ON THE DIMENSION AND MULTIPLICITY
OF LOCAL COHOMOLOGY MODULES

MARKUS P. BRODMANN AnD RODNEY Y. SHARP*

Abstract. This paper is concerned with a finitely generated module M over
a (commutative Noetherian) local ring R. In the case when R is a homomor-
phic image of a Gorenstein local ring, one can use the well-known associativity
formula for multiplicities, together with local duality and Matlis duality, to
produce analogous associativity formulae for the local cohomology modules of
M with respect to the maximal ideal. The main purpose of this paper is to
show that these formulae also hold in the case when R is universally catenary
and such that all its formal fibres are Cohen—Macaulay.

These formulae involve certain subsets of the spectrum of R called the pseudo-
supports of M; these pseudo-supports are closed in the Zariski topology when
R is universally catenary and has the property that all its formal fibres are
Cohen—Macaulay. However, examples are provided to show that, in general,
these pseudo-supports need not be closed. We are able to conclude that the
above-mentioned associativity formulae for local cohomology modules do not
hold over all local rings.

80. Introduction

Let M be a finitely generated module over a (commutative Noetherian)
local ring (R, m). It is well known that, for each non-negative integer i, the
i-th local cohomology module HE (M) is Artinian.

D. Kirby [7, Proposition 2] showed that there is an analogue for an
Artinian R-module A of the Hilbert-Samuel polynomial for a Noetherian
R-module. Let q be an m-primary ideal of R, so that, for each positive
integer n, the R-module (0 :4 q") has finite length ¢z(0 :4 q"). Kirby
proved that there is a rational polynomial ©% € Q[X] such that

% (n) = lr(0:4 q"t)  for all n >> 0.
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Kirby (who was actually working in a more general situation) remarked [7,
p. 55] that the existence of this polynomial suggests definitions of dimension
and multiplicity for Artinian R-modules. R. N. Roberts [11] found three
equivalent formulations for the dimension dim A of A, one of which is the
degree deg @?4.

We call @?4 the Hilbert-Samuel polynomial of A with respect to q. When
A is non-zero and of dimension d, so that @?4 has degree d, then we define
the multiplicity €'(q, A) of A with respect to q in such a way that €'(q, A)/d!
is the leading coefficient of ©%. These definitions are analogues of ones in
the standard classical theory for Noetherian R-modules, as expounded in
[4, §4.5], for example.

One can use the classical ‘associativity formula’ for ‘Noetherian’ multi-
plicities (see [4, 4.6.8], for example), in conjunction with local duality and
Matlis duality, to produce quickly an ‘associativity formula’ for the mul-
tiplicity with respect to g of a non-zero local cohomology module H{ (M)
in the case when R is a homomorphic image of a Gorenstein local ring.
To describe this associativity formula, we define (without any assumption
about the local ring R) the i-th pseudo-support Psupp’(M) of M by

Psupp’ (M) := {p € Spec(R) : H;E:imR/p(Mp) # 0}
and the i-th pseudo-dimension psd*(M) of M by
psd(M) = sup {dimR/p:p € Psuppi(M)} )

Our associativity formula in the case when R is a homomorphic image of a
Gorenstein local ring states that

1 i—dim
¢ (a.HLM) = 3 ln, (Hyp ™ P (M) e(a, R/p);
pePsupp’(M)
dim R/p=psd* (M)

in this case, all the pseudo-supports of M are closed (in the Zariski topol-
ogy), and so the sum on the right-hand side of the above equation is taken
over finitely many prime ideals.

The main aims of this paper are to establish that all the pseudo-
supports of M are closed and the above associativity formula is still valid
when R is universally catenary and all its formal fibres are Cohen—Macaulay
rings. In the final section, we shall give an example of a universally catenary
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local domain which (itself) has a non-closed pseudo-support, and also an
example of a local domain all of whose formal fibres are Cohen—Macaulay
but which, again, has a non-closed pseudo-support.

The notation used in this Introduction will be maintained throughout
the paper.

We would like to thank the referee for his detailed suggestions for im-
provement to this paper.

81. Results over a homomorphic image of a Gorenstein local ring

Our purpose in this section is to establish the promised associativity
formula in the case when R is a homomorphic image of a Gorenstein local
ring.

NotATION 1.1. The following additional notation will be in force
throughout this section.

We assume that R is a homomorphic image of an n’-dimensional Goren-
stein local ring (R/, m’) under a surjective ring homomorphism f : R — R.
Let q be an m-primary ideal of R, and let M be a non-zero finitely gener-
ated R-module. Use £ to denote length of modules. Recall that the Hilbert-
Samuel polynomial of M with respect to q is the polynomial Z?\/[ € Q[X] of
degree dim M, such that $%,(n) = ¢g(M/q" M) for all n >> 0.

We use E to denote the injective envelope Er(R/m), and D to denote
the Matlis duality functor Hompg(», E).

We shall, for an integer i, denote the R-module Ext%fi(M ,R') by
K},;. The Local Duality Theorem (see [3, 11.2.6], for example) yields that
H. (M) = D(K},).

ProproSITION 1.2.  Use the notation of 1.1, and let i be a non-negative
integer. Then
; q — 34 .
W) Ohgan = ¥y,

(ii) HL(M) # 0 if and only if Ki; # 0, and, when this is the case,
¢ (9, Hy(M)) = e(a, Kjy)
(iii) Psupp’(M) = Supp(Ki,), and so is a closed subset of Spec(R);

(iv) a prime ideal p of R is a minimal member of Psupp’ (M) = Supp(K?,)

if and only if the length of the Ry-module H;]}jim R/p(Mp) s non-zero
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and finite; furthermore, when this is the case,

eRp(H;I_%iim R/p(MP)) = eRp((K&)p) ;

(v) if HL(M) # 0, then

i i—dim R
(0. HLOM) = Yl (Hypt™ P (M) )e(a, R/p).
pePsupp’ (M)
dim R/p=psd*(M)

Proof. (i),(ii) These, essentially, follow from the fact that HE (M) =
D(K?,), because that isomorphism yields that

(o _ q"“) S (o DKL) q"“) ~ D(Ki, /"t KL, for all n > 0.

Note that K%,;/q" T K}, and its Matlis dual have the same length, because
D(R/m) = R/m.

(iii), (iv) Let p € Spec(R) and set t = dim R/p, and let p’ := f~1(p),
the contraction of p back to R’ under f. Now R;, is a Gorenstein local ring,
and dim R'/p’ = t. Since R’ is Gorenstein, we have

dim Ry, = dim R’ — dim R'/p" = n' —t.
Let f': R, — R, be the surjective ring homomorphism for which f’(r’/s")
= f(r')/f(s) for all 7" € R', s’ € R'\ p’. There is an Ry-isomorphism
Bty (My, By) = (Bxtp (a1, R’))p = (Ki,)p.

By the Local Duality Theorem and the above comments, we have
Hy g (My) = Homp, ( Ext;‘z;;i(Mp, Ry), Eg, (Rp/pRy))
= Homg, ((Kis)p, Er, (Rp/PRy))

as Ry-modules. It follows that H;]}i(Mp) # 0 if and only if (K{,), # 0.

Hence p is a minimal member of Psupp®(M) if and only if p is a minimal
member of Supp(K?,), that is, if and only if (K?,), is a non-zero Ry-module
of finite length. Now the Matlis dual of (K?,),, over the local ring Ry, is
isomorphic to H;I_%i (My). All the claims follow from this and the observation
that an Ry-module has finite length if and only if its Matlis dual (over Ry)
has finite length, and that, then, the two lengths are equal.
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(v) This result now follows from the formula

e(qu]i\/[) = Z ng ((K]Z\/[)p) e(qu/p)

pESupp(Kj,)
dim R/p=dim K,

(see [4, 4.6.8]) used in conjunction with parts (ii), (iii) and (iv). U

§2. Extension to the case of a universally catenary local ring all
of whose formal fibres are Cohen—Macaulay

The main aim of this section is to show that the formula for the mul-
tiplicity € (q, Hi (M )) given by Proposition 1.2(v), under the assumption
that R is a homomorphic image of a Gorenstein local ring, is also valid in
the case when the local ring R is universally catenary and has all its formal
fibres Cohen—Macaulay. Along the way, we establish (in 2.1) a result, about
a flat local homomorphism of local rings which has Cohen—Macaulay fibre
over the maximal ideal, which may be of interest in its own right.

THEOREM 2.1. Let h: (R,m) — (B,n) be a flat local homomorphism
of local rings such that B/mB is Cohen—Macaulay of dimension d. Then,
for every R-module N, and for all integers j, we have that

HY(N ®g B) = HY (H,(N) ®r B)
and HI (N ®g B) # 0 if and only if HL(N) # 0.

Proof. There is a spectral sequence Eéj = H} (H&B(N ®R B)) =

B = H5(N ©r B) = Hy (N @g B). Note that Hy,5(N @ B) =

H,jn(N ) ®r B as B-modules, by the Flat Base Change Theorem for local
cohomology. We show now that H_ (Hr]n(N) ®R B) = 0 for all integers i, j
with ¢ # d. It will then follow that the spectral sequence collapses and that
Hg+j(N ®r B) = HY (H,jn(N) ®R B) for all integers j.

Let L be a non-zero R-module of finite length. Then the non-zero
B-module L ®r B has depth and dimension both equal to d. Hence
H!(L®gr B) = 0 if and only if i # d. Since the formation of local co-
homology modules and tensor products commute with direct limits, and
since a finitely generated submodule of Hj(N) has finite length, it follows

that H (H,@(N) O B) — 0 for all integers 4, j with i # d.
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Let j be a non-negative integer such that H,]n(N ) # 0. An argument
similar to that used in the last paragraph shows that Hﬁlil (G®Rr B) = 0for
every homomorphic image G of Hi,(N); therefore, since Hy,(N) has a simple
submodule S and He (S @ B) # 0, it follows that HY (Hgl(N) ®n B) £0.

All the claims have now been proved.

We intend to use 2.1 to study the pseudo-supports of the finitely gener-
ated R-module M. However, before we do so, we present one constructive
result about pseudo-supports which holds whenever the local ring R is cate-
nary.

LEMMA 2.2. Assume that the local ring R is catenary. Let i be a non-
negative integer. Then Psupp’z(M) is closed under specialization.

Proof. Let p,q € Spec(R) with p C q and p € Psupp%(M). Therefore

H;}Ldim R/ P(M,) # 0. Note that R, is isomorphic to the localization of the
p
local ring Ry at the prime ideal pRy.

Now the non-zero Artinian Ry-module HZ dim R/ P(M,) must have
an attached prime ideal. We can use the Weak General Shifted Local-
ization Principle [12, Theorem 4.8] on the local ring Ry to deduce that

H;;zfimR/PJrhtq/p( M,) (has an attached prime ideal and so) is non-zero.

Since R is catepary, dim R/p—ht q/p = dim R/q; hence Hé;:imR/q(Mq) # 0
and q € Psuppy(M). 0

PROPOSITION 2.3. Let i € Z with i > 0, let p € Spec(R), and let
DUNS Spec(R) be such that PN R = p. Let k' : Ry — ng be the flat
local homomorphism induced by the inclusion homomorphism R — R.
Assume that the fibre ring of h' over the mazimal ideal pRy of Ry is Cohen—
Macaulay, and that R is universally catenary. Then B € PsuppR(M QR R)

if and only if p € Psupp’(M).

Proof. The fibre ring of h’ over pR, has dimension equal to
dim Ry — dimR, = htf — htp. It therefore follows from 2.1 that
H;]_{;hmR/p( ») # 0 if and only if Hi_ii;mR/p+htm_htp (Mp @R, f{gp) # 0.
Since My ®r, ng (M ®gr R)qg as Rgp modules, the result follows from the

equality dim R/p + htp = dim R/ B + ht P which can be established with
the aid of L. J. Ratliff’s Theorem [9, Theorem 31.7]. [
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THEOREM 2.4. Assume that the local ring R is universally catenary,
and that all the formal fibres of R are Cohen—Macaulay. Let i € Z with
1 >0, and let q be an m-primary ideal of R.

(i) Let p € Spec(R), and let B be a minimal prime of pﬁ. The following
statements are equivalent:

(a) p is a minimal member of Psupp’ (M) ;
(b) B is a minimal member of Psupp%(M ®R f{) :

(c) ERF(H;;{(:imR/p(Mp)) is non-zero and finite.

Furthermore, when these conditions are satisfied, we have

i—dim R/ = i—dim R/p = =
ENEEYS (M ©r R)y)) = try(Hy, ™ "7 () 0, (Bop /0 Rp).
(ii) The subset Psupp% (M) of Spec(R) is closed, and its dimension

psd’ (M) is equal to the dimension of the Artinian R-module H (M).

(iii) Suppose that an(M) # 0. Then the multiplicity ' (q, H,,(M)) of the
Artinian module H (M) with respect to q satisfies

¢ (aH(M) = S twy (Hy ™)) ela, Bp).

pEPsupp’ (M)
dim R/p=psd* (M)

Proof. (i) Note that 8 N R = p, so that p € Psupp’ (M) if and only if
L e Psupp%(M ®R ﬁ) by 2.3.

Suppose p is a minimal member of Psupph(M), that Q €
Psupp%(M ®pr R) and that Q C P (we reserve ‘C’ to denote strict in-
clusion). Then QN R € Psuppk(M) by 2.3, and since QN R # p because
P is a minimal prime of pﬁ, we must have Q N R C p. This contradicts
the fact that p is a minimal member of Psupp% (M ). Hence B is a minimal
member of Psupp%(M ®r R).

Now suppose P is a minimal member of Psupp%(M R f{), and that
there exists q € Psuppy(M) with q C p. Because the induced ring homo-

morphism b’ : R, — }A%qg is faithfully flat, there exists Q € Spec(]sb) such
that Q C P and QN R = q. Since q C p, we must have Q C P. Also,
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9 e Psuppi (M ®p ﬁ) by 2.3. This is a contradiction. Therefore p is a
minimal member of Psupp%(M).

It is immediate from 1.2(iv) and the fact that Risa homomorphic image
of a regular local ring (by Cohen’s Structure Theorem) that P is a minimal

; 3 . i—dim R/ 5
member of Psupp’s(M ®g R) if and only if Bﬁm( ‘;ﬁm (M ®r R)p))
is non-zero and finite. Also, we can use Ratliff’s Theorem [9, Theorem
31.7] to see that dim R/ = dim R/p; note also that \/pRp]%p = ‘Bﬁqg. It
therefore follows from the Flat Base Change Theorem for local cohomology
that there are Rg-isomorphisms

e (M @p Ryg) = Hy 2P (M, @, Ry)
~ Hz dlmR/p(Mp) ®Rp Em

BB (M ®g R)g)) is

PRy
non-zero and finite if and only if £z, ( ; Rdlm R/ p(Mp)) is non-zero and finite,

and that, when this is the case,

Since A’ is faithfully flat, it follows that £z ‘n(

Ug(Hogpr (M @5 R)) = Ly (Hy, ™ " (My)) L (R /o Rp).

(ii) Since Psupp% (M) is closed under specialization (by 2.2),it is enough,
in order to show that Psupp% (M) is closed, for us to show that Psupp (M)
has only finitely many minimal members. So let p be a minimal member
of Psupp’(M). Let P be a minimal prime of pR (so that PN R = p).
By part (i), P is a minimal member of Psupp (M ®r R). Since R is a
homomorphic image of a regular local ring, we can now deduce from 1.2(iii)
that Psupp’s (M ®p R) is a closed subset of Spec(R), so that it has only
finitely many minimal members; hence Psupp R(M ) has only finitely many
minimal members.

Use of 2.3 now enables us to deduce that psd% (M) = psdi (M ®gr f{)

We can use 1.2(iii) again to see that psd’ (M ®gr R) = dims (KZ R).
Now H{ (M) has a natural structure as an R—modg\le, and, when con51dered
as such, Hi (M) = Hi(M)®r R = H5(M ®g R) (where m denotes the
maximal ideal of ﬁ) It follows, on use of 1.2(i), that

o aR _ yaR

Ha(0) = P H (MerR) © K, 5
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we can now deduce that dimp(HL(M)) = dimgs (H5(M ®r R)) =
dimp (K}, 5) = psdp(M).

(iii) Observe that, if N is any finitely generated R-module, then, for all
n € Z with n > 0, we have

(r(N/q"N) = L5((N/q"N) ®r R) = (#(N ®g R)/(qR)"(N ®r R)),

and so e(q, R/p) = e(qR, R/pR) for all p € Spec(R). Furthermore, it follows
from [4, 4.6.8] that

CORRAR = Yt (Re/eRa)elaR R/

BeSupp g (E/PISL)
dim R/P=dim R/p

q _ ik . / i _

We observed above that @H,i,,(M) = @H’%(M(@Rﬁ), hence ¢’ (q, Hy, (M)) =

¢ (qﬁ, HL(M ®g fi)) Set s := psd‘(M), so that s = psd%(M ®r R) by

the above proof of part (ii). In view of Cohen’s Structure Theorem for
complete local rings, we can apply 1.2(v) to obtain that

¢ (qR, H5 (M ®g R))

=X ta, (M (M 9 Ryy))e(aR. B/P)
PePsupp’s (MR R)
dim R/P=s

We now make use of the immediately preceding paragraph in ‘this proof,
together with part (i) and 2.3, to see that, for a p € Psuppr(M) with
dimR/p = s,

Yo M, (M on Ryg))e(aR /%)
‘BGPsupp%(M®RR)
dim R/P=s,PNR=p

= o te(Hyp (M) ls, (Ry/pRy)e(al, /%)
PePsupps (MR R)
dim R/P=sPNR=p

= (py(Hyg (My))e(aR, R/pR) = Lr,(Hyp (M,y))e(a, R/p),

and the result follows easily from this. 0
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Our final result in this section compares the i-th pseudo-support of M
with the co-support of the Artinian R-module H{ (M), as defined by L.
Melkersson and P. Schenzel in [10, 7.1]: they define the co-support Cosg A
of an Artinian R-module A by

Cosr A := {p € Spec(R) : Homp(Rp, A) # 0} .

We use Var(a) to denote the variety {p € Spec(R) : p D a} of an ideal a of
R. By [10, 7.2,

Cosp A = U Var(p),
pEAttR A

and so is a closed subset of Spec(R).

PROPOSITION 2.5. Assume that the local Ting R is universally cate-
nary, and that all the formal fibres of R are Cohen—Macaulay. Let i € Z
with i > 0. Then Psuppih(M) = Cosg (H&(M)), that s, the i-th pseudo-
support of M is equal to the co-support of the Artinian R-module H} (M).

Proof. We first consider the special case in which R is a homomor-
phic image of a Gorenstein local ring, and, for this case, we use the no-
tation of 1.1. Then H{ (M) = D(K!,); hence, by [3, 10.2.20], we have
Attp (HE(M)) = Assp(K},). Therefore, by 1.2(iii),

Psupp’ (M) = Supp(Kj,) = | J  Var(p)
pEAss(Kt))

= L Var(p) = Cosg (H,(M)) .
pEAtt(Hy (M)

Now we relax our conditions on the local ring R, and just assume that
R is universally catenary and that all the formal fibres of R are Cohen—
Macaulay. By [3, 11.3.7(iii)],

Attp(HL (M) = {qs NR:%P e Atty (H,%(M OR ﬁz)) } ,
where @ denotes the maximal ideal of R. By the immediately preced-

ing paragraph (and Cohen’s Structure Theorem for complete local rings),
Attp (H%‘(M QR ﬁ)) - Psupp%(M ®r R). We now use 2.3 to see that
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Attgp(HL(M)) C {‘,]3 NR:P e Psupp’ﬁ(M ®R ﬁ)} = Psupp%(M). Since
Psupp’ (M) is closed under specialization (by 2.2), we deduce that

U Var(p) C Psuppy(M).
PEAtt R (Hin (M))

Now let p’ € Psupp% (M), and let 5P € Spec(]sb) be such that PNR = p’.
Then B € Psupp’ (M ©pR) by 2.3. There exists Q € Att (HT% (M ®r f{))
such that P DO Q, by the first paragraph of this proof. Therefore p’ =
BNRDOAOANR € Attg(HL(M)). Hence p’ € Upeattn(rz, () Var(p). The
result follows. []

The co-support of an Artinian R-module is always a closed subset of
Spec(R). In the next section, we shall provide some examples of local rings
which have (some) non-closed pseudo-supports; this means that we cannot
hope for the conclusion of 2.5 to be valid in general, over every local ring.

§3. Non-closed pseudo-supports

Theorem 2.4, the main result of §2, was proved under the hypotheses
that R is universally catenary and all its formal fibres are Cohen—Macaulay.
It is natural to ask whether the result is still true without these addi-
tional hypotheses on R. In this section, we provide examples to show that
this question has a negative answer. For instance, the local domain of
Example 3.2 (considered as a module over itself) contains in its second
pseudo-support infinitely many primes of dimension equal to the second
pseudo-dimension of R, and in these circumstances the right-hand side of
the equation in 2.4(iii) does not make sense. We also provide examples to
show that, for the conclusion (in 2.4(ii)) that the i-th pseudo-support of M
be closed to be valid, neither the hypotheses that R be universally catenary,
nor the hypothesis that all the formal fibres of R be Cohen—Macaulay, can
be dropped.

We start with an example of a universally catenary local domain which
(itself) has a non-closed pseudo-support. We appeal to [2] to find a suitable
example.

ExXAMPLE 3.1. It follows from [2, (15)] that there exists a 3-dimensional
local Noetherian domain (R, m) with the following properties:
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(i) R is a Q-algebra such that R/p is essentially of finite type over Q for
all p € Spec(R) \ {0};

(i) the completion R of R can be identified with B/b, where
B = QH‘/I7V27X7Y]]7 b:= (Vl‘/Q)m(‘/i27v22)7
and Vq, Vo, XY are independent indeterminates over Q;

(iii) with this identification, the prime ideals p1 = (V1)/b, p2 := (V2)/b,
q:= (11,V32)/b of R satisfy

El Ca, /ﬁg Ca, El +$2:a7 ASSE:{EI?EQ?&}}
dimR/El = dimR/Eg = 3, dim R/a = 2.

Then R is universally catenary, Psupp®(R) = Spec(R), but Psupp?(R)
is not closed in the Zariski topology.

Proof. Since p; and ps are the only minimal primes of R and dim ﬁ/ﬁl
= dim R/p» = 3, it follows from [9, 31.6] that R is universally catenary.
Therefore, by 2.2, all the pseudo-supports of R are closed under specializa-
tion. Since 0 € Psupp?(R), it follows that Psupp®(R) = Spec(R).

Now let p € Spec(R) and let p be a minimal prime ideal of pﬁ. We
now aim to show that

(1) depth Ry = {ht(p) L.

ht(p) =1 if g Cp.

Consider first the case where ¢ € p. As q = p1 + po, it follows that

P Z p for exactly one i’ € {1,2}. Let i be the other member of {1,2}. As

AssR = {p1,p2,q} and p; is the unique p;-primary component of the zero
ideal of }A%, it follows that there are ring isomorphisms

R; = (ﬁ/ﬁz) = (B/ViB)g,v,p = Byp/ViBy,

b/pi
where 93 is the contraction of p to B. Hence ﬁﬁ is Cohen—Macaulay, and,

since the inclusion homomorphism R — R induces a flat local homomor-
phism R, — Ry, it follows that Ry is Cohen-Macaulay and depth R, =
ht p.
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Now consider the case where g C p. Since pN R = p and p is a minimal
prime of pR we can use the flat local homomorphlsm Ry — RA to see
that it is enough for us to show that depth Rﬁ = htp — 1. Note that, by
[9, 17.2], depth ]/3:5 < htp — 1, in view of the fact that ]/3:5 has an embedded
associated prime ideal ﬁf{ﬁ. Let B be the contraction of p to B. Consider
the regular local ring C' := By, and let ¢ := V1V5C, 0 := (V2, V#)C. Note
that ]3@ = C/eno, so that dimﬁg = dimC — 1. Since Vi, V5 form a
C-sequence and C' is a Cohen—Macaulay ring, depthy C/¢ = dim C — 1 and

depth C/o = depth, C/(V1, V2)?C = dim C — 2.
We can therefore use the exact sequence
0— C/cnNd— Clc®C/o — C/(V1,Vo)*C — 0
(see [3, 3.2.1]) to deduce that depthy C'/¢Nd > dim C — 2. Therefore
depthf{ﬁ = depth C'/c N0 > dimfiﬁ —1=htp -1,

as required.

We have now proved our claim (). A consequence of this is that
depth Ry € {dim Ry, dim R, — 1} for all p € Spec(R). Since R is a cate-
nary local domain, it follows that Psupp’(R) = ) for i = 0, 1, that

Psupp?(R) = {p € Spec(R) : depth R, = dim R, — 1}
= {p € Spec(R) : Ry is not Cohen-Macaulay} ,

and that htp > 2 for all p € Psupp?(R). R
Now let z € m\ {0}, let p be a minimal prime of q + zR, and let
p =p N R. Then, by [8, (15.E), Lemma 4],

b€ Assy (R/zR) = Ass» (R®RR/95R)

hence p € Asspr(R/xR) and p € Assz (R ®gr R/p) = Ass; (R/pR) Note
that p # 0 because = € p; since it follows from hypothesis (i ) that the fibre
ring of R/p — R/ pR over the zero ideal is Cohen-Macaulay, we can now
deduce that p is a minimal prime of pR As q C p, it follows from (f) that
depth Ry, = dim Ry, — 1; therefore p € Psupp?(R). As p € Assg(R/zR),
we have depth R, = 1; therefore htp = 2, and p is a minimal member of
Psupp?(R). Since z € p, each non-zero element of m belongs to a minimal
member of Psupp?(R). It follows that Psupp?(R) must have infinitely many
minimal members, and so cannot be a closed subset of Spec(R). 0
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Our second example is of a non-catenary 3-dimensional Noetherian local
domain all of whose formal fibres are Cohen—Macaulay but which neverthe-
less has non-closed third and second pseudo-supports.

EXAMPLE 3.2. It follows from [1, (8)] that there exists a 3-dimensional
excellent regular Noetherian domain S which is a Q-algebra and has pre-
cisely two maximal ideals t, 5, and these are such that

(i) htt =2 and hts = 3;
(ii) the natural maps Q — S/t and Q — S/s are isomorphisms; and
(iii) *Ns contains no non-zero prime ideal of S.

Then R := Q + (rNs) is a 3-dimensional Noetherian local domain all
of whose formal fibres are Cohen—Macaulay but which has non-closed third
and second pseudo-supports. Furthermore, the third pseudo-support of R
is not closed under specialization.

Proof. S. Greco [5, §3] called a commutative Noetherian ring A quasi-
excellent precisely when (a) for each q € Spec(A), the canonical ring homo-
morphism from A4 to its completion is regular in the sense of [8, (33.A)],
and (b) for each finitely generated A-algebra B, the subset Reg(B) :=
{q € Spec(B) : By is regular} is an open subset of Spec(B) in the Zariski
topology.

By [1, (14) and (16)], the ring R is a Noetherian quasi-excellent local
subring of S, and S is a finite integral extension of R. Thus all the formal
fibres of R are regular, and therefore Cohen—Macaulay. Note that m :=tNs
is the maximal ideal of R. Note also that dim R = dim S = hts = 3, and
that R and S have the same quotient field (since mS = m C R), so that the
(integrally closed) ring S must be the integral closure of R.

Now let p € Spec(R)\{m}. AsmS C R, it follows that R, = (R\p)~'S;
hence there is exactly one p’ € Spec(S) such that p’ N R = p; note that
(R\p)~'S = S, (again because mS C R). Thus contraction provides a
bijective map

Spec(S) \ {r,s} — Spec(R) \ {m},

and Ryng = Sy for all p’ € Spec(9) \ {r,s}.
Now let
U:={p'NR:p €Spec(S)and 0 #p" Ct},
V:={p'NR:p €Spec(S) and 0 #p’ Cs}.
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(Recall that ‘C’ is reserved to denote strict inclusion.) Then hypothesis (iii)
and our conclusion in the immediately preceding paragraph above ensure
that U and V are disjoint subsets of Spec(R). In fact, Spec(R) can be
written as a disjoint union Spec(R) = {m}UUUVU{0}.

We can now use the above-mentioned bijective map to see that

U= {peSpec(R)\ {m,0} :htp =dim R/p =1},
V ={p € Spec(R) \ {m,0} : htp + dim R/p = 3}.

Now let p € Spec(R) \ {m,0}. We have seen that Ry = Sy, where p’ is
the unique prime of S which contracts to p. Thus Ry is regular, and so
Hng(Rp) = 0 if and only if j # ht p. Therefore

p € U <= p € Psupp*(R) and p €V < p c Psupp*(R).

Since S is regular, gradeg(rNs) = 2, so that depthy S = gradeg(rNs) =
2. We now use the notation of [3, Chapter 2| for ideal transforms; in
particular, Dy, will denote the (left exact) m-transform functor from the
category of all R-modules to itself.

By [3, 6.2.7], we have H (S) = 0 for i = 0,1; because mS C R, the
R-module S/R is m-torsion; it therefore follows from [3, 2.2.13] that there
is an isomorphism v’ : S — Dy (R) such that the diagram

C
R - S

R

(in which ng : R — Dp(R) is the natural map) commutes. It therefore
follows from [3, 2.2.5] that H}(R) # 0, so that m € Psupp'(R). It also
follows from the fact that S/R is an m-torsion R-module that H2(R) =
H2(S9): see [3, 2.1.7(1)]. As

H2(S)e = Hig, (Se) = H,(Se) = HE 5 (S,) # 0,

it follows that H2(R) # 0 and m € Psupp?(R).
We can now combine our various results to conclude as follows:
Psupp?(R) = {0}UVU{m}; Psupp’(R) = UU{m};
Psupp'(R) = {m}; Psupp’(R) = 0.
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As U # (), we see that Psupp®(R) is not closed under specialization.
Also, as U contains infinitely many primes of height 1, Psupp?(R) is not
closed in the Zariski topology. 0

In view of Lemma 2.2, the local ring in Example 3.2 is not catenary.
The examples in this section raise the following question: does there exist
a catenary local ring all of whose formal fibres are Cohen—Macaulay, but
which is not wniversally catenary and has a non-closed pseudo-support?
Although some examples of local domains, with Cohen—Macaulay formal
fibres, which are catenary but not universally catenary are known (see,
for example, [6, Example 28]), we have not been able to find one with a
non-closed pseudo-support.
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