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TOPOLOGICAL LINEAR SUBSPACE OF Ly(2, ) FOR
THE INFINITE MEASURE u

YOSHIAKI OKAZAKI

ABSTRACT. Let (€, A, 1) be a measure space. We shall characterize the maximal
topological linear subspace My, of Lo(£, A, p) in the case where u(Q) = +oo.
M is the truncated Lo, space which is open and closed in Lo(£2, A, ). In the
case where 2 = N(natural numbers), u(A) = fA = the cardinal number of A, the
maximal linear subspace of Lo(IN, i) is £o.

1. Introduction

Let (2, A, 1) be a measure space. Let Lo := Lo(2, A, ) be the space of all real
valued p-measurable functions on (€, A4, ). The topology of Ly is given by the
following translation invariant metric:

do(f, 9) = inf axctan {a + 1 ({w € Q| [[(w) — g(w)| > a})}

for f,g € Ly. Then do(f,, f) — 0 if and only if f,, converges to f in measure. The
metric space (Lo, do) is a topological additive group but not necessarily a topological
linear space in the case where 1(€2) = +00. In fact, the scalar multiplication in not
necessarily continuous. We remark that if ;(2) < 400, then (Lo, dp) is a topological
linear space.

The aim of this paper is to characterize the maximal topological linear subspace
M, of (Lg,dy) set theoretically and topologically in the case where u(Q2) = +o0.
Similar problems are considered for the Shepp sequence space which is a topological
metric additive group [2, 3, 4, 5]. We show that M, is the truncated L., space
given in Section 3. Furthermore M, is the open and closed subset of (Lo, dp).

As a special case, we consider the case where 2 = N(natural numbers), u(A) =
fA = the cardinal number of A. Then the maximal topological linear subspace of
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Lo(IN) is the well-known /., the Banach space of all bounded sequences, and £, is
open and closed in Ly(IN).

In the case where u(€)) = 400, the metric topology dy of the convergence in
measure is very strong. (Lo, dp) induces the truncated L., metric on the maximal
topological linear subspace M... If f ¢ M, then on the one-dimensional subspace
Rf:={tf|te R}, (Lg,dp) induces the discrete topology. In particular (Lo, dy) is
not separable even if the measure space (2,4, ) is separable.

2. The metric on Ly(£2, i)

Definition 2.1. ([1, Chapter 7]) Let {f,} C Lo be a sequence of y-measurable real
functions. Then {f,} converges in measure to a p-measurable function f € L if
and only if for every positive € > 0,

plfo = f1>e) =p{{we Q| [fulw) = flw)]>e}) = 0(n — +o0).

The convergence in measure on L is characterized by the metric do(f, 9):

do(f,9) = mf arctan{a + p([f —g| > @)},

s
72

| is the inverse function of tan@ : [0, 2] — [0, +-00].

where arctanx : [0, +o0] — [0 5

Lemma 2.1. ([1, 7.1, Excercise 9]) dy is a metric on Ly. Furthermore we have f,
converges in measure to f if and only if do(fn, f) — 0.

Lemma 2.2. (Lg,dp) is a topological additive group.
Proof. The metric dy is translation invariant, that is,
do(f +h,g+h) =do(f,9), do(—f,0)=do(f,0) for f,g,h € L.
So that the group operation
Lox Ly— Lo, (fi9) = f—g

is continuous. In fact, if do(f,, f) — 0 and do(gn,g) — 0, then we have dy(f, —
Gns [ = 9) = do(fo — f1 90 — 9) = do(fns f) + do(gn, g) = 0(n — +00). O

Remark. In the case where p(€2) < 400, the following metric determines also the
same topology on Lyg:

inf o+ p(|f =gl > @)}
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3. Truncated L., subspace M. of L
For a subset D € A, the restricted Lo, seminorm, ||f||z(p) is defined by

[/l Loc(py = Min{r | p({w € D | [f(w)] > r}) = 0} = ess.sup{f(w) | w € D}.
Define | f|s by
[floo = inf {1(A) + | Fl i)} -

Then | f|s is characterized as follows.

Lemma 3.1.
Floe = inf {a+ (1 f] > @)}

Proof. First we show the inequality |flee < infaso{a+p(lf]>a)}. If
inf,o {a+ u(|f| > a)} = +oo, the inequality is clear. So assume that k =
infoso {a+ p(|f| > @)} < +o00. Then for every ¢ > 0, there exists o = a(e) > 0
such that o + p(|f] > a) < k +e. It follows that u(|f| > a) < k+ ¢ —a. We set
A={weQ||f(w)] > a}, then we have

plA) <kte—a, and [flro@a =0,
and it follows that
(A + [l < K+
Letting € | 0, we have |f|o £ k =info~o {a + u(|f| > )} .

Next we show the converse inequality |f|e = infaso {a+ p(|f| > @)} If |floo =
+00, then the inequality is clear. Assume ¢ = |f|, < +oo. Then for every € > 0,
there exists A = A(e) € A such that pu(A) + [|fll@\a) < £+ €, which implies
| fllw@a)y < €+ ¢e — u(A). Consequently we have pu({w € Q\A | [f| > {4+ —
p(A)}) =0, and

(+e = (t+e—p(A)+ p(A) + p({w e NA[f] > €+e - n(A)})
2 (e —p(A)+p{w e QIf]> 0+ e = p(A)}).
So that we have inf,~o {a+ pu(|f| > @)} < ¢ +¢e. Letting € | 0, it follows that
infoso {ao+ p(|f] > @)} £ 0 =|f|- O

Definition 3.1. We call the set Mo = {f € Lo | |f|le < +00} the truncated Lo
space and | f|. the truncated L., metric on M.

Remark. By Lemma 3.1, we have M., = {f € Lo | infoso {a+ pu(|f| > o)} <
+oo} ={f € Lo | do(f,0) < 3}

Theorem 3.2. |f — gl 1S a translation invariant metric on M. The metric
topology |f — gleo 18 equivalent to the induced topology from (Lo, dy) on M.
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Proof. Let f,g € M. Then for every € > 0 there exists A, B € A such that
1(A) + [ fllw@a) < |floo + & 1(B) + 119l airm) < |9l + e
This implies

(AU B) 4+ ||f = 9|l @\ auB) {(A) + [ fll @y} + {1(B) + |9l Lo\ }

<
< [floo 4 [gloo + 2¢.
<

| floo + |g]oo + 2e. Letting ¢ | 0, we have the
triangle inequality. By Lemma 3.1, two metrics |f — g|s and dp define the same

Consequently we have |f — g|s

topology on M. In fact we have |f — gl < € if and only if dy(f, g) < arctane. O
Lemma 3.2. M, is a linear subspace of Ly.

Proof. For f, g € M, it follows that f—g € My, since | f—¢gloo = | floo+[9]00 < +00
(Theorem 3.2). This means that M, is an additive group. For every real number ¢
and f € M, by

lcf oo inf {(A) + llefllLw@a) }

= inf {u(A) + [el| f] i }

S (led v DIfleo < 400,
where a V b = Max{a, b}, we have cf € M. O
Remark. We have L. (€, u) C M. If () < +oo then we have M, = L.

Lemma 3.3. M, is an open and closed subset of (L, dy).

Proof. By Lemma 3.1 we have My = {f € Lo | do(f,0) < §}. So that M is an
open subset of (Lo, dp).

Let f € Lo be arbitrary element in the closure M, of M, in (Lo, dy). Then there
exist f, € My,n =1,2,---  such that do(f,, f) = 0(n = +00), in particular, there
exists IV such that do(fx, f) < 5. By the definition of dy, there exists an o > 0 such
that o + p(|fy — f| > @) < 400. By Lemma 3.1, it follows that |fx — f|e < +00
and consequently we have [ = (f — fv) + fv € M. O

Theorem 3.3. Assume f ¢ M.,. Then the metric dy induces the discrete topology
on the one-dimensional subspace Rf = {tf |t € IR}.

Proof. We show that for every s,t € IR with s # ¢, do(sf,tf) = 5. Since f ¢ M,
for every A € A it holds that p(A) + || f]| o (@\a) = +00. If there exists R > 0 such
that

plls = tllf| > R) < 400
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then putting B = {|s — t|| f| > R}, it follows that u(B) < +oo and |s — t||f| £ R
on Q\ B, which implies

| fll L@ \B) = < +00.

|s — ]
Consequently it follows that pu(B) + || fllz.@\p) < +00, which contradicts to f ¢
M. So that for every R > 0, we have u(|s — t||f| > R) = oo and hence

do(sf,tf) = iggarctan{s + u(|sf —tf| >e)} = arctan(+o00) = —.

NN

O

Example. For the Lebesgue measure p on Q2 = IR, the function f(z) = x does not
belong to M., by Lemma 3.1.

Lemma 3.4. Assume that f € My,. Then for every e > 0 there exists A € A such
that

n(A) <e, p(A) + |l rc@a) < +oo.
Proof. By the condition |f|. < 00, there exists B € A such that
p(B) + [[fllLocierB) < +00.

Now we set B, :={w € B | |f(w)| > n}. Since B D B, | ¢ and u(B) < +o0, there
exists a natural number N such that u(By) < €. Then we have

[l By) < fllee@n) + [l By)
< | fllew@yp) + N < +oo.

So that the subset A := By satisfies the required properties. O

Theorem 3.4. M, is the mazimal topological linear subspace of Ly.

Proof. (1) M, is a topological additive group by Lemma 2.2 and Theorem 3.2.

(2) The continuity of the scalar multiplication is proved as follows. Assume [t,, —
to] = 0, |fn — foleo = 0. We shall prove that |t,f, — tofolec — 0. Since {t,} is a
bounded real sequence, we can assume also |t,,| < K < +o00. We have

The first term is estimated as

|tn<fn - f0)|oo = jg&{u<A> + th<fn - fO)HLoo(Q\A)}
1}1161&{#(14) + K| fr = follLw@ )}
(KV1) 1}‘1613{#(14) + [ fo = follLw@\a) }
(K V1)|fn— foloo — 0.

VAN VAN
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We show the second term also converges to 0. For every € > 0 by Lemma 3.4 there
exists A, € A such that

p(A:) < e, u(Ae) + | foll Loo(ran) < +00.

So that we have

[(tn —t0) foloo < p(Ac) + [[(tn — t0) foll L (@a0)
= (Ae) + [tn = toll[ foll Lo (@142)-
It follows that lim,, oo | (£, —t0) foleo < (As) < g, that is, lim, o [(tn —t0) foloo =
0.
(3) The maximality of M..: Let S be a topological linear subspace of (Lg, dy). We

show that S C M. Let f € S, then by the continuity of the scalar multiplication
in .S, we have

%f — 0in S (and in Ly).
By Lemma 3.3 there exists N such that % f € My, which implies f € M. O
Remark. Assume f € Ly. Then we have f € M, if and only if %f — 0in (Lo, dp).
Theorem 3.5. L..(Q) = My, if and only if inf{u(A) | u(A) >0} > 0.

Proof. Assume that L. (2) = M. Assume also that inf{u(A) | u(A) > 0} = 0,
that is, there exists A, € A such that u(A,) > 0, u(A,) — 0. We can assume that
{A,} is disjoint, pu(A,) >0, >, u(A,) < +oo. We consider the mapping

0 R™ — Lo(Q, ), o(a):= ZanXAn(W)-

n

By >, 1(A,) < 400, we have p(IR*) C M. On the other hand for a = {a,}, a, :=
n, we have p(a) ¢ Lo (€2), so that L () # My (Loo(£2) is a proper subset of My,).
Conversely assume that « = inf{u(A) | u(A) > 0} > 0. Take arbitrary f € M.
Then for every 0 < € < «, there exists A. € A such that

(As) <&, [[fllzw@an) < +oo.

Since 0 < ¢ < a, we have u(A.) = 0 and || f|lL @) < +o0o, which shows f €
Lo (Q). O

4. Ly(N)

In this section we consider the case where {2 = N(natural numbers), pu(A) = A =
the cardinal number of A. Denote by Lo(N) for Lo(N, ). Remark that Lo(N) =
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IR>(= the set of all real sequences) as a set. For a = (a,),b = (b,) € Lo(N) the
metric dy is given by

do(a,b) = in% arctan{o + §{k | |ar — bx| > a}}.
a>
In this case it follows that M, = f.

Lemma 4.1. The basis of neighborhoods of 0 in Lo(N) is given by the following
subsets:

V.={a€ Ly(N) ||al.. <c}, 0<e<l
Proof. Assume 0 < ¢ < 1. We have
do(a,0) < e — ir;%arctan{a + k| |ag| > a}} <e.

If arctan g{k | |ax| > a}} <e <1 then #{k | |ax] > a} = 0. So that in this case,
we have |ay| < « for every k and a € (. Furthermore we have

inf arctan{o + 4{k | ax| > a}} = [|afle.;

which shows

do(a,0) <e <= dy(a,0) = ||a]jm < €.

Lemma 4.2. (, is an open and closed subset of (Lo(IN),dp).
Proof. See Lemma 3.3. U

Theorem 4.1. Assume a & (. Then the metric dy induces the discrete topology
on the one-dimensional subspace IRa = {ta |t € IR}.

Proof. Since a ¢ {, for every € > 0 and every s # t, t{k | |s — t|lax| > €} = +o0.
Consequently it holds that dy(sa,ta) = arctan(+oo) = 7. O

Theorem 4.2. (., is the mazximal topological linear subspace of Lo(IN).
Proof. See Theorem 3.4. U

Remark. The convergence of s sequence {a™} in (Lo(IN), do) is as follows:
al® — 500
—
N ; a™ —a® €/ (n > N) and [|[a™ —a® |, — 0(n — +00).
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