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INTERPOLATION PROBLEM FOR /! AND AN F-SPACE

TAKAHIKO NAKAZI

ABSTRACT. Let B be an F-space and B the unit ball of the dual space.
A sequence (¢,) in B} is called ¢'-interpolating if for every sequence (wy,)
in ¢! there exists an element f in B such that ¢,(f) = w, for all n. In
order to study an interpolation problem for ¢!, we introduce two quantities
prn and [, ., 0(én, ¢x). For arbitrary Banach space, we show that (¢y) is an
¢-interpolating sequence if and only if inf,, p,, > 0. Moreover, when a Banach
space has a predual, we show that if inf, H,#no(qbn, ¢r) > 0 then (¢,) is an
¢-interpolating sequence. When (¢,,) is embeded in the open unit disc in the
complex plane, we show that (¢,) is an ¢'-interpolating sequence if and only
if infy, [[j2,0(én, k) > 0, for a Hardy space HP(D)(1 < p < oco) and the
Smirnov class N4 (D).

1. Introduction

Let B be an F-space with an invariant metric d and B* its dual space. B} denotes
the unit ball of B*. Throughout this paper we assume that (¢,) is an infinite
sequence of distinct points in B*. Let ¢ be a sequence space of (w,,) where w, € (.
A sequence (¢,,) is called f-interpolating if for every sequence (w,,) in ¢ there exists
an element f in B sucn that ¢,(f) = w, for all n. For (¢,) in B* put

J = {f€B§f:OOH (¢k)}7
In {feB; f=0 on (¢r)rrn},
Pn sup{| ¢n(f) | : f € Ju, d(f,0) <1}

and
0 (¢n, 1) = sup{| ¢u(f) | 5 ox(f) =0, d(f,0) <1}

In general, p, > 0 if and only if J, D J and J,, # J. Hence p, > 0 if and only if
there exists an element f,, in B such that ¢x(f,) = Orn. In this paper, we assume
that p, > 0 for all n and so J,, = (f,,) + J.

In this paper, we study an ¢!-interpolation problem for an F-space. The following
two natural problems will be considered.
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Problem 1 For a given F-space, prove that (¢,) is an (*-interpolation sequence if
and only if inf,, p, > 0.

Problem 2 For a given F-space, suppose that (¢,,) is in Bf. Then, prove that (¢,)
is an (*-interpolation sequence if and only if inf,, Hk#na(@z, o) > 0.

In this paper, we solve Problem 1 for arbitrary Banach space and the Smirnov
class N, (D) on the open unit disc D. Problem 2 is studied for arbitrary Banach
space with the predual space and the Smirnov class N, (D).

The first contribution for an ¢!-interpolation problem was by Shapiro and Shields
[7]. In fact they solved Problem 2 for a Hardy space H'(D). Snyder [8] has solved
Problem 2 for a Hardy space H>(D). Hatori [3] has solved Problem 2 for a Hardy
space HP(D) when 1 < p < co. In fact he proved it for a Hardy spaceH? on a
finite connected domain. In the previous paper [6], we have solved Problem 1 for
arbitrary uniform algebra A when (¢,,) is in the maximal ideal space. Moreover we
have solved Problem 2 for several special uniform algebras.

In Section 2, we show that (¢,) is an ¢'-interpolating sequence if and only if
inf,,p, > 0 for arbitrary Banach space. We also study an ¢P-interpolating sequence
when 0 < p < 1. Moreover, when a Banach space has a predual, we show that if
infy, [])., o(dn, 1) > 0 and (¢,) is in the predual then (¢,) is an ¢'-interpolating
sequence. In Section 3, we solve Problem 1 for the Smirnov class N, (D) when (¢y,)
is embeded in D. In Section 4, we solve Problem 2 for N, (D) when (¢,) is embeded
in D. This is a little bit surprising because we have not a complete interpolation
theorem for N (D).

2. General theorem for F-space

Corollary 2.1 generalizes Theorem 2.1 in the previous paper [6].

Lemma 2.1 Let B an F-space with an invariant metric d. If (¢,) is an (P-inter-
polating sequence and 0 < p <1 then sup,, d(f, + J,0) < co.

Proof. Put S = (¢,). Then there exists a sequence (f,,) in B such that ¢x(f,) = Onk-
For (w,) € P, put

T(w,) = wilf | 9)

then by the hypothesis there exists f in B such that T'(w,) = f | S. Since B | S is
isomorphic to the quotient space B/J, we put the quotient norm of B/.J on B | S.
By the closed graph theorem, 7" is bounded from ¢ to B | S and so

d(fe +J,0) < T |

because T'((0nk)n) = fr | S. This implies that sup,, d(f, + J,0) < co. O



Lemma 2.2 Let B be an F-space with an invariant metric d and d(af,0) =| a P
d(f,0) (f € B,a € £) for some p with 0 < p < 1. Ifsup,, d(f, + J,0) < oo then
(¢n) is an (P-interpolating sequence.

Proof. Suppose that M = sup, d(f, + J,0) < oco. Let ¢ be arbitrary positive
constant. For each n there exists g, in J such that d(f, + g,,0) < M +¢e. If
(wy) € €7, put

f= an(fn + 9n)

then f belongs to B and ¢ (f) = wy for k =1,2,.... O

Lemma 2.3 Let B be an F-space with an invariant metric d. If (¢,) is a sequence
in B* such that ¢p(fn) = Ok, then d(f, + J,0) = 1/p, forn=1,2,....

Proof. Note that J, = (f,) + J for any n. By the definition of p,, 1 =| ¢,(fn) |<
Pnd(fn + J,0). On the other hand, for any ¢ > 0 there exists F. € J, such that
| ¢n(Fz) | +¢ > pud(F: + J,0). Since f, +J = F. + J, this implies that 1 +¢ >
pnd(fn + J,0) and so 1 > p,d(f, + J,0) as € — 0. O

Theorem 2.1 Let B be an F-space and (¢,) in B* and 0 < p < 1.
(i) If (¢n) is an P-interpolating sequence then inf,p, > 0.
(i) If d(af,0) =] a [P d(f,0) (f € B,a € £') and inf,p, > 0 then (¢,) is an

(P-interpolating sequence.

Proof. Lemmas 2.1 and 2.3 imply (i). Lemmas 2.2 and 2.3 imply (ii). O

Corollary 2.1 Let B be a Banach space and (¢,,) in B*. Then (¢,) is an (*-inter-
polating sequence if and only if inf,p, > 0.

For (¢,) in B* where B is an F-space, (B, (¢,)) is a sequence space as the
following;:

UB.(6.)) = {<wn> S dwaf + T0) < oo} |

n=1

If B is a Banach space then

(B, (6) = 1w len|d(fn+J,0)<oo}

n=1

- <wn>;2|wn\/pn<oo}



by Lemma 2.3. If d(af,0) =| o [P d(f,0) then

(B, (on)) = {(wn) ; Z | wn [P/ pn < OO}

n=1

Proposition 2.1 Let B be an F-space with an invariant metric d. Then for any
(¢n) in B*, (¢n) is an L(B,(¢y))-interpolating sequence, that is, for any (w,) in
(B, (¢n)), there ezists f in B such that ¢,(f) = w, (n=1,2,...).

Proof. For each n, there exists g, in J such that

d(wnfrn+ gn,0) < d(w, frn+ J,0) + —

Put -
F= (wnfu+gn),
n=1
then
o0 [e.e] oo 1
d 0) < d nJn n70 < nJn JO
(f,)_;(wfw ) nZ(wf+ +Zn2
Hence f belongs to B and ¢ (f) = wy for k = O

Lemma 2.4 Let B be an F-space with an invariant metric d and (¢,,) in B*. Then

pn < (b, Pr) if nF# k.

Proof. For any n > 1,

pn = sup{| ¢n(f) | i f € Ju, d(f,0) <1}
< sup{| ¢.(f) | 5 ¢x(f) =0, d(f,0) <1}
- U(¢n7¢k)
if n # k. U

Proposition 2.2 et B be a Banach space and (¢p,,) be in B*. Then if (¢,) is an
M -interpolating sequence, then inf ligfo((bn, or) > 0.

Proof. 1t is a result of Lemma 2.4 and Corollary 2.1. O

Theorem 2.2 Let B be a Banach space whose predual is E, that s, E* = B. If
(¢n) is in E and infy, [, ., o(dn, ¢r) > 0 then (¢,) is an £'-interpolating sequence.



Proof. By Corollary 2.1 it is enough to prove that if inf, Hk,#n o (¢n, ¢r) > 0 then
inf,, p, > 0. For 1 <n </ < oo, put

J={feB; ¢o(f)=0if 1<k<{ k+#n}

and

pre = sup{|6a () 5 f € T |l fII< 1}

Claim 1. Forany (> 1, pp, > Hi;én 0 (¢n, dr). For if e is any positive constant
then for each k with 1 < k </, there exists f; in B such that

g(¢na ¢k) Z| gbn(fli) |Z U(¢n»¢kz) - &

Hi# f£ € the unit ball of B and @(Hi#n fi)=0if j #n. Put f¢ = Hi# f7 then
fee Jfand || f||< 1. Then

L

P =] 6u(f7) 1= T[{o(6n 01) — €}
k#n

Ase—0pye > Hi;sn‘f@m?bk) for any ¢ > 1.

Claim 2. limy_.cpn¢ = pn for anyn > 1. For p, ¢ > py i1 and limy_.oopn e > pp
for any n > 1. If limy_oop, e > € > 0, then for each ¢ there exists g, € J: such that
| g¢ I< 1 and | ¢n(ge) |> € > 0. Then there exists g € J,, such that || g ||< 1 and
ge — g weak star in B. Then | ¢,(¢) |> € > 0 because ¢, is continuous in the weak
star topology. Thus limy_..pn ¢ < p, and so limy_.ocppn e = pn-

Claims 1 and 2 imply that p, > [],2,,0(dn, dr)- O

3. Answer for Problem 1

In this section we study Problem 1 for concrete examples which are F-spaces defined
by analytic functions. For 0 < p < oo HP(G) denotes a Hardy space on G and
LP?(G) denotes a Bergman space on G, where GG is a domain in ™. When 1 <
p < 0o, HP(G) and L2(G) are Banach spaces and so we can apply Corollary 2.1 for
them. When 0 < p < 1, we could not solve it but Corollary 3.1 solves it partially.

Corollary 3.1 Let 0 < p <1 and let B = H?(G) or L2(G). If (¢,) is in B*, then
(¢n) is an (P-interpolating sequence if and only if inf, p, > 0.

Proof. Since d(f,g) =[| f —g ||}, d(af,0) =| a [P d(f,0) for f € B and a € £
The corollary is a result of Theorem 2.1. O

Let D be the open unit disc in ¢ and N, (D) denotes the Smirnov class on D.

Then d(f,g) = [ log(1+ | f(e?) — g(¢) |)df/2x is an invariant metric on N (D).
For a in D, 7y(a) denotes the norm of the evaluation functional on N, (D).



Lemma 3.1 Let B = N(D) and (a,) in D. If ¢.(f) = flan)/v(an) for n =
1,2,...and Y (1 —lay|) < co then

=11

j#n

ap — a;

1— &jan

Proof. Since J = QN4 (D) and J,, = @, N, (D) where

o[-t 2=
j=1

a; | 1—a;z
| aj | j

and
Z— an

Qu(z) = Q) /T

sup{| f(an)/v(an) | 5 f € @uNy (D), d(f,0) <1}
sup{| @n(an)h(an)/v(an) | 5 h & Ny(D), d(h,0) <1}
el

J#n

Pn

Theorem 3.1 Let B = Ny(D) and (a,) in D. Suppose ¢,(f) = f(an)/v(ay)
(n=1,2,...), then the following (1)—(iv) are equivalent.

(i) (¢n) is an (*-interpolating sequence.

Proof. (i)=(ii)=-(iii) is clear. (iii)=-(iv) is a result of (i) in Theorem 2.1. We show
(iv)=-(i). By Lemma 3.1

Ap — Qj
=117
i 1—a;z,
and so inf,, p, > 0 implies that (a,) is an ¢*-interpolating sequence for H*>°(D) by
Corollary 2.1. Since Ny (D) D H*(D), (iv) implies (i). O



4. Answer for Problem 2

In this section we study Problem 2 for concrete examples which are F-spaces defined
by analytic functions, H?(G), N, (G) and LE(G) where G is a domain in C", 1 < p <
oo and (¢,) is embeded in G. When H?(G) or LP(G) has a predual, we can apply
Theorem 2.2. Theorem 4.1 is a result of Shapiro and Shields [7] for H(D), one of
Snyder [8] for H*(D) and one of Hatori [3] for H?(D) (1 < p < o0), essentially.
Proposition 4.1 is a result of Kabaila [4]. Theorem 4.1 for N (D) is a main theorem
in this paper. We could not solve Problem 2 for H?(D) (0 < p < 1).

When B = H?(D) or N.(D), if (a,) is in D and ¢,(f) = f(a,) (f € B) for
n=1,2,... then

o apn — Qg
U(¢na ¢k) — W(Gn) 1_ G,
and so
H U(¢m (bk H7 an 1 _ akan = Pn

where 7(a) denotes the norm of the evaluation functional at a on B. In order to
study Problem 2, we assume that ¢, (f) = f(an)/v(an).

Theorem 4.1 Let B = HP?(D) (1 < p < o0) or No(D) and let (a,) be in D. If
On(f) = flan)/v(an) (f € B) forn = 1,2,..., then (¢,) is an (*-interpolation
sequence if and only if inf,, Hk¢n0(¢n, or) > 0.

Proof. By Corollary 2.1 and Theorem 3.1, if (¢,) is an ¢!-interpolation sequence
then inf,p, > 0. When B = H?(D) or N, (D), if

Qk—Q/

1—az

and

ﬁ .z —a,
i |a’]| l—ajz
then for any £ > 1

{f S B7 f:O on (an)n;ék} :QkB
Hence J, = QB and so

pr = sup{| ox(f) | ; f € QuB, d(f,0) <1}
= | &(Qr) | sup{| ¢x(h) | ; h € B, d(h,0) <1}

Ay — Qf
- H'l—dkan‘

n#k



because || ¢x [|= 1 where d(f,0) =|| f ||, or

a(£,0) = / “log(14 | £() )do/2n.

Since
Z — Qf
— Q2
and 5o p, = [[;2,0(¢n, dr). Hence inf,, [];,,,0(¢n, o) > 0.
Conversely if inf, [], 2n0(®ny @) > 0 then inf,p, > 0 by the equality above.

Hence (¢,,) is an ¢*-interpolation sequence by Corollary 2.1 and Theorem 3.1. [

Qp — Qg

1-— QG

Proposition 4.1 Let B = H?(D) (0 < p < 1) and let (ay) be in D. If ¢,(f) =
flan)/v(an)(f € B) form = 1,2,..., then (¢,) is an (P-interpolation sequence if
and only if inf, [, 0(én, ¢1) > 0.

Proof. By Corollary 3.1, (¢,) is an fP-interpolation sequence if and only if infp,, > 0.
By the proof of Lemma 3.1,

o=TI

k#n

ap — A
1-— QapGp,

= H U(¢n7 ¢k>

k#n

This implies the proposition. U

5. Remarks

Let B be an F-space of analytic functions on D and let (a,) in D. Suppose ¢, (f) =
flan)/v(an) (f € B) forn =1,2,... where 7(a,) denotes the norm of the evaluation
functional on B. It will be nice to give a big sequence space ¢g such that (¢,) is an
{p-interpolation sequence if and only if inf [, ,,,0(¢n, #x) > 0. When B = H>(D),
Carleson [1] showed that ¢ = ¢*°. When B = H?(D) (1 < p < o0), Shapiro and
Shields [7] proved that {5 = . When B = H?(D) (0 < p < 1), Kabaila [4] proved
that g = . When B = N, (D), it is not known what is ¢5. Yanagihara [9]
studied an interpolation problem for N, (D) and he gave a sufficient condition when
on(f) = flan) but not ¢, (f) = f(a,)/v(an) (see [2]). That is, if inf,p, > 0 and
(w,,) satisfies > °7 (1 —|ay,|) log™ |w,| < oo then there exists a function f in Ny (D)
such that f(a,) = w,(n =1,2,...). It is clear that

0 C{(wy) : Y (1—lan|)log® |w,| < oo}

NE

n=1

If 1 < p < oothen ! C 7 and if 0 < p < 1 then ¢ C ¢'. We could not
prove that if infy [, _,0(¢n, dx) > 0 then (¢,) is an £'-interpolation sequence for



H? (0 < p < 1). It seems to be a little bit surprising that (¢, ) is an ¢!-interpolation
sequence for N, (D) if and only if infy Hn#ka(gbn, ¢r) > 0.
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