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INTERPOLATION PROBLEM FOR `1 AND AN F -SPACE

TAKAHIKO NAKAZI

Abstract. Let B be an F -space and B∗
1 the unit ball of the dual space.

A sequence (φn) in B∗
1 is called `1-interpolating if for every sequence (wn)

in `1 there exists an element f in B such that φn(f) = wn for all n. In
order to study an interpolation problem for `1, we introduce two quantities
ρn and

∏
k 6=nσ(φn, φk). For arbitrary Banach space, we show that (φn) is an

`1-interpolating sequence if and only if infnρn > 0. Moreover, when a Banach
space has a predual, we show that if infn

∏
k 6=nσ(φn, φk) > 0 then (φn) is an

`1-interpolating sequence. When (φn) is embeded in the open unit disc in the
complex plane, we show that (φn) is an `1-interpolating sequence if and only
if infn

∏
k 6=nσ(φn, φk) > 0, for a Hardy space Hp(D)(1 ≤ p ≤ ∞) and the

Smirnov class N+(D).

1. Introduction

Let B be an F -space with an invariant metric d and B∗ its dual space. B∗
1 denotes

the unit ball of B∗. Throughout this paper we assume that (φn) is an infinite
sequence of distinct points in B∗. Let ` be a sequence space of (wn) where wn ∈ 6C.
A sequence (φn) is called `-interpolating if for every sequence (wn) in ` there exists
an element f in B sucn that φn(f) = wn for all n. For (φn) in B∗ put

J = {f ∈ B ; f = 0 on (φk)},
Jn = {f ∈ B ; f = 0 on (φk)k 6=n},
ρn = sup{| φn(f) | ; f ∈ Jn, d(f, 0) ≤ 1}

and
σ(φn, φk) = sup{| φn(f) | ; φk(f) = 0, d(f, 0) ≤ 1}.

In general, ρn > 0 if and only if Jn ⊃ J and Jn 6= J . Hence ρn > 0 if and only if
there exists an element fn in B such that φk(fn) = δkn. In this paper, we assume
that ρn > 0 for all n and so Jn = 〈fn〉 + J .

In this paper, we study an `1-interpolation problem for an F -space. The following
two natural problems will be considered.
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Problem 1 For a given F -space, prove that (φn) is an `1-interpolation sequence if
and only if infnρn > 0.

Problem 2 For a given F -space, suppose that (φn) is in B∗
1 . Then, prove that (φn)

is an `1-interpolation sequence if and only if infn

∏
k 6=nσ(φn, φk) > 0.

In this paper, we solve Problem 1 for arbitrary Banach space and the Smirnov
class N+(D) on the open unit disc D. Problem 2 is studied for arbitrary Banach
space with the predual space and the Smirnov class N+(D).

The first contribution for an `1-interpolation problem was by Shapiro and Shields
[7]. In fact they solved Problem 2 for a Hardy space H1(D). Snyder [8] has solved
Problem 2 for a Hardy space H∞(D). Hatori [3] has solved Problem 2 for a Hardy
space Hp(D) when 1 < p < ∞. In fact he proved it for a Hardy spaceHp on a
finite connected domain. In the previous paper [6], we have solved Problem 1 for
arbitrary uniform algebra A when (φn) is in the maximal ideal space. Moreover we
have solved Problem 2 for several special uniform algebras.

In Section 2, we show that (φn) is an `1-interpolating sequence if and only if
infnρn > 0 for arbitrary Banach space. We also study an `p-interpolating sequence
when 0 < p < 1. Moreover, when a Banach space has a predual, we show that if
infn

∏
k 6=n σ(φn, φk) > 0 and (φn) is in the predual then (φn) is an `1-interpolating

sequence. In Section 3, we solve Problem 1 for the Smirnov class N+(D) when (φn)
is embeded in D. In Section 4, we solve Problem 2 for N+(D) when (φn) is embeded
in D. This is a little bit surprising because we have not a complete interpolation
theorem for N+(D).

2. General theorem for F -space

Corollary 2.1 generalizes Theorem 2.1 in the previous paper [6].

Lemma 2.1 Let B an F -space with an invariant metric d. If (φn) is an `p-inter-
polating sequence and 0 < p ≤ 1 then supn d(fn + J, 0) < ∞.

Proof. Put S = (φn). Then there exists a sequence (fn) in B such that φk(fn) = δnk.
For (wn) ∈ `p, put

T (wn) =
∞∑

n=1

wn(fn | S)

then by the hypothesis there exists f in B such that T (wn) = f | S. Since B | S is
isomorphic to the quotient space B/J , we put the quotient norm of B/J on B | S.
By the closed graph theorem, T is bounded from `p to B | S and so

d(fk + J, 0) ≤‖ T ‖

because T ((δnk)n) = fk | S. This implies that supn d(fn + J, 0) < ∞. ¤
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Lemma 2.2 Let B be an F -space with an invariant metric d and d(αf, 0) =| α |p
d(f, 0) (f ∈ B,α ∈ 6C) for some p with 0 < p ≤ 1. If supn d(fn + J, 0) < ∞ then
(φn) is an `p-interpolating sequence.

Proof. Suppose that M = supn d(fn + J, 0) < ∞. Let ε be arbitrary positive
constant. For each n there exists gn in J such that d(fn + gn, 0) ≤ M + ε. If
(wn) ∈ `p, put

f =
∞∑

n=1

wn(fn + gn)

then f belongs to B and φk(f) = wk for k = 1, 2, . . .. ¤

Lemma 2.3 Let B be an F -space with an invariant metric d. If (φn) is a sequence
in B∗ such that φk(fn) = δnk, then d(fn + J, 0) = 1/ρn for n = 1, 2, . . ..

Proof. Note that Jn = 〈fn〉 + J for any n. By the definition of ρn, 1 =| φn(fn) |≤
ρnd(fn + J, 0). On the other hand, for any ε > 0 there exists Fε ∈ Jn such that
| φn(Fε) | +ε ≥ ρnd(Fε + J, 0). Since fn + J = Fε + J , this implies that 1 + ε ≥
ρnd(fn + J, 0) and so 1 ≥ ρnd(fn + J, 0) as ε → 0. ¤

Theorem 2.1 Let B be an F -space and (φn) in B∗ and 0 < p ≤ 1.

(i) If (φn) is an `p-interpolating sequence then infnρn > 0.

(ii) If d(αf, 0) =| α |p d(f, 0) (f ∈ B,α ∈ 6C) and infnρn > 0 then (φn) is an
`p-interpolating sequence.

Proof. Lemmas 2.1 and 2.3 imply (i). Lemmas 2.2 and 2.3 imply (ii). ¤

Corollary 2.1 Let B be a Banach space and (φn) in B∗. Then (φn) is an `1-inter-
polating sequence if and only if infnρn > 0.

For (φn) in B∗ where B is an F -space, `(B, (φn)) is a sequence space as the
following:

`(B, (φn)) =

{
(wn) ;

∞∑
n=1

d(wnfn + J, 0) < ∞

}
.

If B is a Banach space then

`(B, (φn)) =

{
(wn) ;

∞∑
n=1

| wn | d(fn + J, 0) < ∞

}

=

{
(wn) ;

∞∑
n=1

| wn | /ρn < ∞

}
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by Lemma 2.3. If d(αf, 0) =| α |p d(f, 0) then

`(B, (φn)) =

{
(wn) ;

∞∑
n=1

| wn |p /ρn < ∞

}
.

Proposition 2.1 Let B be an F -space with an invariant metric d. Then for any
(φn) in B∗, (φn) is an `(B, (φn))-interpolating sequence, that is, for any (wn) in
`(B, (φn)), there exists f in B such that φn(f) = wn (n = 1, 2, . . .).

Proof. For each n, there exists gn in J such that

d(wnfn + gn, 0) ≤ d(wnfn + J, 0) +
1

n2
.

Put

f =
∞∑

n=1

(wnfn + gn),

then

d(f, 0) ≤
∞∑

n=1

d(wnfn + gn, 0) ≤
∞∑

n=1

d(wnfn + J, 0) +
∞∑

n=1

1

n2
.

Hence f belongs to B and φk(f) = wk for k = 1, 2, . . .. ¤

Lemma 2.4 Let B be an F -space with an invariant metric d and (φn) in B∗. Then
ρn ≤ σ(φn, φk) if n 6= k.

Proof. For any n ≥ 1,

ρn = sup{| φn(f) | ; f ∈ Jn, d(f, 0) ≤ 1}
≤ sup{| φn(f) | ; φk(f) = 0, d(f, 0) ≤ 1}
= σ(φn, φk)

if n 6= k. ¤

Proposition 2.2 et B be a Banach space and (φn) be in B∗. Then if (φn) is an
`1-interpolating sequence, then inf

n
inf
k 6=n

σ(φn, φk) > 0.

Proof. It is a result of Lemma 2.4 and Corollary 2.1. ¤

Theorem 2.2 Let B be a Banach space whose predual is E, that is, E∗ = B. If
(φn) is in E and infn

∏
k 6=n σ(φn, φk) > 0 then (φn) is an `1-interpolating sequence.
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Proof. By Corollary 2.1 it is enough to prove that if infn

∏
k 6=n σ(φn, φk) > 0 then

infn ρn > 0. For 1 ≤ n ≤ ` < ∞, put

J `
n = {f ∈ B ; φk(f) = 0 if 1 ≤ k ≤ `, k 6= n}

and
ρn,` = sup{|φn(f)| ; f ∈ J `

n, ‖ f ‖≤ 1}.

Claim 1. For any ` ≥ 1, ρn,` ≥
∏`

k 6=n σ(φn, φk). For if ε is any positive constant
then for each k with 1 ≤ k ≤ `, there exists f ε

k in B such that

σ(φn, φk) ≥| φn(f ε
k) |≥ σ(φn, φk) − ε,∏`

k 6=n f ε
k ∈ the unit ball of B and φj(

∏`
k 6=n f ε

k) = 0 if j 6= n. Put f ε =
∏`

k 6=n f ε
k then

f ε ∈ J `
n and ‖ f ε ‖≤ 1. Then

ρn,` ≥| φn(f ε) |≥
∏̀
k 6=n

{σ(φn, φk) − ε}.

As ε → 0 ρn,` ≥
∏`

k 6=n σ(φn, φk) for any ` ≥ 1.
Claim 2. lim`→∞ρn,` = ρn for any n ≥ 1. For ρn,` ≥ ρn,`+1 and lim`→∞ρn,` ≥ ρn

for any n ≥ 1. If lim`→∞ρn,` > ε > 0, then for each ` there exists g` ∈ J `
n such that

‖ g` ‖≤ 1 and | φn(g`) |≥ ε > 0. Then there exists g ∈ Jn such that ‖ g ‖≤ 1 and
g` → g weak star in B. Then | φn(g) |≥ ε > 0 because φn is continuous in the weak
star topology. Thus lim`→∞ρn,` ≤ ρn and so lim`→∞ρn,` = ρn.

Claims 1 and 2 imply that ρn ≥
∏∞

k 6=nσ(φn, φk). ¤

3. Answer for Problem 1

In this section we study Problem 1 for concrete examples which are F -spaces defined
by analytic functions. For 0 < p ≤ ∞ Hp(G) denotes a Hardy space on G and
Lp

a(G) denotes a Bergman space on G, where G is a domain in 6Cn. When 1 ≤
p ≤ ∞, Hp(G) and Lp

a(G) are Banach spaces and so we can apply Corollary 2.1 for
them. When 0 < p < 1, we could not solve it but Corollary 3.1 solves it partially.

Corollary 3.1 Let 0 < p ≤ 1 and let B = Hp(G) or Lp
a(G). If (φn) is in B∗, then

(φn) is an `p-interpolating sequence if and only if infnρn > 0.

Proof. Since d(f, g) =‖ f − g ‖p
p, d(αf, 0) =| α |p d(f, 0) for f ∈ B and α ∈ 6C.

The corollary is a result of Theorem 2.1. ¤

Let D be the open unit disc in 6C and N+(D) denotes the Smirnov class on D.

Then d(f, g) =
∫ 2π

0
log(1+ | f(eiθ)− g(eiθ) |)dθ/2π is an invariant metric on N+(D).

For a in D, γ(a) denotes the norm of the evaluation functional on N+(D).
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Lemma 3.1 Let B = N+(D) and (an) in D. If φn(f) = f(an)/γ(an) for n =
1, 2, . . . and

∑
n(1 − |an|) < ∞ then

ρn =
∏
j 6=n

∣∣∣∣ an − aj

1 − ājan

∣∣∣∣.
Proof. Since J = QN+(D) and Jn = QnN+(D) where

Q(z) =
∞∏

j=1

− aj

| aj |
z − aj

1 − ājz

and

Qn(z) = Q(z)/
z − an

1 − ānz
,

ρn = sup{| f(an)/γ(an) | ; f ∈ QnN+(D), d(f, 0) ≤ 1}
= sup{| Qn(an)h(an)/γ(an) | ; h ∈ N+(D), d(h, 0) ≤ 1}

=
∏
j 6=n

∣∣∣∣ an − aj

1 − ājan

∣∣∣∣ .
¤

Theorem 3.1 Let B = N+(D) and (an) in D. Suppose φn(f) = f(an)/γ(an)
(n = 1, 2, . . .), then the following (i)–(iv) are equivalent.

(i) (φn) is an `1-interpolating sequence.

(ii) (φn) is an `p-interpolating sequence for any 0 < p ≤ 1.

(iii) (φn) is an `p-interpolating sequence for some 0 < p ≤ 1.

(iv) infn ρn > 0.

Proof. (i)⇒(ii)⇒(iii) is clear. (iii)⇒(iv) is a result of (i) in Theorem 2.1. We show
(iv)⇒(i). By Lemma 3.1

ρn =
∏
j 6=n

∣∣∣∣ an − aj

1 − ājzn

∣∣∣∣
and so infn ρn > 0 implies that (an) is an `1-interpolating sequence for H∞(D) by
Corollary 2.1. Since N+(D) ⊃ H∞(D), (iv) implies (i). ¤
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4. Answer for Problem 2

In this section we study Problem 2 for concrete examples which are F -spaces defined
by analytic functions, Hp(G), N+(G) and Lp

a(G) where G is a domain in Cn, 1 ≤ p ≤
∞ and (φn) is embeded in G. When Hp(G) or Lp

a(G) has a predual, we can apply
Theorem 2.2. Theorem 4.1 is a result of Shapiro and Shields [7] for H1(D), one of
Snyder [8] for H∞(D) and one of Hatori [3] for Hp(D) (1 < p < ∞), essentially.
Proposition 4.1 is a result of Kabaila [4]. Theorem 4.1 for N+(D) is a main theorem
in this paper. We could not solve Problem 2 for Hp(D) (0 < p < 1).

When B = Hp(D) or N+(D), if (an) is in D and φn(f) = f(an) (f ∈ B) for
n = 1, 2, . . . then

σ(φn, φk) = γ(an)

∣∣∣∣ an − ak

1 − ākan

∣∣∣∣
and so ∏

k 6=n

σ(φn, φk) =
∏
k 6=n

γ(an)

∣∣∣∣ an − ak

1 − ākan

∣∣∣∣ = ρn

where γ(a) denotes the norm of the evaluation functional at a on B. In order to
study Problem 2, we assume that φn(f) = f(an)/γ(an).

Theorem 4.1 Let B = Hp(D) (1 ≤ p ≤ ∞) or N+(D) and let (an) be in D. If
φn(f) = f(an)/γ(an) (f ∈ B) for n = 1, 2, . . ., then (φn) is an `1-interpolation
sequence if and only if infn

∏
k 6=nσ(φn, φk) > 0.

Proof. By Corollary 2.1 and Theorem 3.1, if (φn) is an `1-interpolation sequence
then infnρn > 0. When B = Hp(D) or N+(D), if

Qk = Q/
z − ak

1 − ākz

and

Q =
∞∏

j=1

− aj

| aj |
z − aj

1 − ājz

then for any k ≥ 1

{f ∈ B ; f = 0 on (an)n6=k} = QkB.

Hence Jk = QkB and so

ρk = sup{| φk(f) | ; f ∈ QkB, d(f, 0) ≤ 1}
= | φk(Qk) | sup{| φk(h) | ; h ∈ B, d(h, 0) ≤ 1}

=
∏
n6=k

∣∣∣∣ an − ak

1 − ākan

∣∣∣∣
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because ‖ φk ‖= 1 where d(f, 0) =‖ f ‖p or

d(f, 0) =

∫ 2π

0

log(1+ | f(eiθ) |)dθ/2π.

Since

{f ∈ B ; φk(f) = 0} =
z − ak

1 − ākz
B, σ(φn, φk) =

∣∣∣∣ an − ak

1 − ākan

∣∣∣∣
and so ρn =

∏
k 6=nσ(φn, φk). Hence infn

∏
k 6=nσ(φn, φk) > 0.

Conversely if infn

∏
k 6=nσ(φn, φk) > 0 then infnρn > 0 by the equality above.

Hence (φn) is an `1-interpolation sequence by Corollary 2.1 and Theorem 3.1. ¤

Proposition 4.1 Let B = Hp(D) (0 < p < 1) and let (an) be in D. If φn(f) =
f(an)/γ(an)(f ∈ B) for n = 1, 2, . . ., then (φn) is an `p-interpolation sequence if
and only if infn

∏
k 6=nσ(φn, φk) > 0.

Proof. By Corollary 3.1, (φn) is an `p-interpolation sequence if and only if inf
n

ρn > 0.

By the proof of Lemma 3.1,

ρn =
∏
k 6=n

∣∣∣∣ an − ak

1 − ākan

∣∣∣∣ =
∏
k 6=n

σ(φn, φk).

This implies the proposition. ¤

5. Remarks

Let B be an F -space of analytic functions on D and let (an) in D. Suppose φn(f) =
f(an)/γ(an) (f ∈ B) for n = 1, 2, . . . where γ(an) denotes the norm of the evaluation
functional on B. It will be nice to give a big sequence space `B such that (φn) is an
`B-interpolation sequence if and only if inf

∏
k 6=nσ(φn, φk) > 0. When B = H∞(D),

Carleson [1] showed that `B = `∞. When B = Hp(D) (1 ≤ p < ∞), Shapiro and
Shields [7] proved that `B = `p. When B = Hp(D) (0 < p < 1), Kabaila [4] proved
that `B = `p. When B = N+(D), it is not known what is `B. Yanagihara [9]
studied an interpolation problem for N+(D) and he gave a sufficient condition when
φn(f) = f(an) but not φn(f) = f(an)/γ(an) (see [2]). That is, if infnρn > 0 and
(wn) satisfies

∑∞
n=1(1− |an|) log+ |wn| < ∞ then there exists a function f in N+(D)

such that f(an) = wn(n = 1, 2, . . .). It is clear that

`∞ ⊂ {(wn) :
∞∑

n=1

(1 − |an|) log+ |wn| < ∞}.

If 1 ≤ p ≤ ∞ then `1 ⊂ `p and if 0 < p < 1 then `p ⊂ `1. We could not
prove that if infk

∏
n6=kσ(φn, φk) > 0 then (φn) is an `1-interpolation sequence for
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Hp (0 < p < 1). It seems to be a little bit surprising that (φn) is an `1-interpolation
sequence for N+(D) if and only if infk

∏
n6=kσ(φn, φk) > 0.
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