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SUBDIAGONAL ALGEBRAS IN
NON-¢-FINITE VON NEUMANN ALGEBRAS

GUoOXING JI

ABSTRACT. Let 2 be a subdiagonal algebra of a von Neumann algebra M, which is not
o-finite, with respect to a faithful normal expectation ®. In this note we generalize some
results of subdiagonal algebras in the o-finite case to the non-o-finite case. We prove
that there is a unique maximal subdiagonal algebra 2,, with respect to ® containing
2A. We show that if 2 is maximal subdiagonal and ¢ is a faithful normal semi-finite
weight on M such that ¢ o & = ¢, then 2 is of-invariant (Vt € R) , where {0 }ier is
the modular automorphism group associated with ¢. As an application, we also give
several characterizations of A, .

1. INTRODUCTION

In [1], Arveson introduced the notion of subdiagonal algebras in a von Neumann
algebra on a Hilbert space to study the analyticity in operator algebras. At first, we
start by given the definition of subdiagonal algebras. Let M be a von Neumann alge-
bra on a complex Hilbert space #, and let & be a faithful normal positive idempotent
linear map from M onto a von Neumann subalgebra © of M. A subalgebra 2 of M,
containing D, is called a subdiagonal algebra in M with respect to ® if

(i) AN A* =D,

(ii) @ is multiplicative on A, and

(iii) A + A* is o-weakly dense in M.

The algebra © is called the diagonal of . Although subdiagonal algebras are not
assumed to be o-weakly closed in [1], the o-weak closure of a subdiagonal algebra is
again a subdiagonal algebra([1, Remark 2.1.2]). Thus we assume that our subdiagonal
algebras are always o-weakly closed. We say that A is a maximal subdiagonal algebra
in M with respect to ® in case 2 is not properly contained in any other subalgebra
of M which is subdiagonal with respect to ®. Put %y = {X € A : &(X) = 0},
and let A,, be the set of all A € M such that ®(AAYy) = (Ao AA) = 0. Arveson

has proved that 2, is the unique maximal subdiagonal algebra with respect to @
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containing A if H is separable. He also proved that if there is a faithful normal semi-
finite trace 7 on M satisfying 70 ® = 7, then %, = {X € M : ®(XUy) = 0}.
The same result has been proved to be true for an arbitrary o-finite von Neumann
algebra in [3] by the author and Saito. In this note, we generalize some results on
subdiagonal algebras in a o-finite von Neumann algebra to the non-o-finite case. We
first prove that 2, is also the unique maximal subdiagonal algebra with respect
to @ containing A. Let ¢ be a faithful normal semi-finite weight on M satisfying
po® = p, we show that A is invariant under the modular automorphism group
{of }ter of ¢ if A is maximal subdiagonal, which has been proved in [2] when ¢ is a
faithful normal state by the author, Ohwada and Saito. As an application, we prove
that A, = {X € M : &(Xp) = 0} in the non-o-finite case.

2. MAXIMALITY FOR SUBDIAGONAL ALGEBRAS

Let M be a non-o-finite von Neumann algebra, and let % be a subdiagonal algebra
of M with respect to ® as defined in § 1. Then there always exists a faithful normal
semi-finite weight ¢ on M such that po® = ¢. Put M, = {X € M : p(X*X) < o0},
then N, is a left ideal of M and o-weakly dense in M. Let #, be the Hilbert space

associated with 91, with the scalar product
< a,b>,= p(b*a), Va,beN,.

Let m, : M — B(H,) be the standard repersentation associated with ¢(cf[5, Theorem
2.2]), then 7, is a *-isomorphism. Since po® = ¢, we clearly have M,ND is o-weakly
dense in ® and therefore there is an increasing net {u;}ica in 9, N D4 such that
u; T I (cf[5]). For a € M, by (2) in [5, ,20], we have

lla — 'u,,'a||(2',, — 0.

Moreover, for Vb € o, there is a net {b;}ica in Ao NN, such that b; — b o-weakly.
In fact, we have bu; € Ao NN, and bu; — b o-weakly. The same thing is true for Ag.

We define the closed subspaces H1 , H2 and Hz by Hi = [AoNN,], Ha = [DNN,)]
and Hs = [ N N,] respectively, where [S] is the closed linear span of a subset S of
He,.

Lemma 1. Keep the notations as above. Then H, = H1 @D Ha & Hs.

Proof. 1t is easy to check that {#;}3_,is mutually orthogonal and Hi C H,, for k=1,

2, 3. Conversely, for z € 91, C M, there are nets a; and b; in 2y and d; in D such
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- that z; = aj +d; +b; — 2 o-strongly. It follows that (z; —2)*(2; — ) — 0 o-weakly.

By Proposition 1.14 in [5], we have
(5 — 2)usl® = (u; (5 — ) (35 — 2)us) = 0

for every © € A. Now zj;u; = aju; + dju; + b;u,; and aju; € Hy, dju; € Ho and
bju; € Hs respectively. It follows that zu; € H1 @ H2 D Ha (Vi € A). For every i € A,

1 2
v; = \/;/Re o¢(u;)dt.

Then by Proposition 2.16 and Theorem 10.1 in [5], we have v; € T, ND, v; = I o-

we define

weakly and ||oq (v;)|| £ exp((Ima)?) for every o € C, where T, (C M,) is the Tomita
algebra associated with ¢ (cf[4, 5]). Replacing u; by v; if necessary, we may assume
that u; € T,. Thus by Propositions 2.14 and 2.16 in [5], we have ||zu;]| < exp(3)]|=z]],
that is, zu; is a bounded net in H,. Without loss of generality, we may assume that
zu; — § weakly in H,. It is known that zu; — z o-weakly in M, it follows that
€ =z in H, from (13) and (14) in [5, ;28]. Thus z € H; ® H2 ® H3 and therefore
Ho =Hi ® Hz @ Hs. The proof is complete. [

Put 2,,, as before. Then we have

Theorem 2. A, is the unique mazximal subdiagonal algebra with respect to ® con-

taining AU.

Proof. As in the proof of Theorem 2.2.1 in [1], we may prove that if 2 is any sub-
diagonal algebra with respect to ® containing 2, then ,, 2 2. Thus we only need
to prove that 2, is a subdiagonal algebra with respect to ®. According to the do-
composition H, = Hi & Hz ® H3, it is easy to check that for VA € 2, VB € 2y and
VD e D,

Al Az Ais
To(A) = 0 Az A |,

0 0 Aszz

By1 B2 Bis
7o(B)=| 0 0 B

0 0 B33

and

Dqq 0 0
roD)=| 0 Dy 0

0 0 D33



respectively. We also have

Dy 0 0
D= DEM:’H'(P(D): 0 Doys 0 .
0 0 D3y

In fact, let D € M such that
Dy, O 0
7r<p(D) = 0 Dy, 0 .
0 0 Das3
Then ®(D) € D and so 7, ((D)) has the matrix form as follows:
Vii O 0
T, (®(D)=1 0 Va2 0 |.
0 0 Vi3

It follows that ®(D) — D € Ker(®). However we have
< (®(D) — D)dy,dz >,= ¢(d3(®(D) — D)d1) = ¢ o (d3(®(D) — D)d1) =0

for all dy, d2 are in D N N,. It follows that m,(®(D) — D)H,LH,. In particular,
(®(D)—D)u; LH,. However, we also have (®(D)—D)u; € Hs, then ((D)—D)u; = 0,
which implies that ®(D) = D. Putting

X1 X2 Xis
Ao = XEMZ?T‘p(X)_—' 0 0 Xo3 R
0 0 X33

then we similarly have ®(4¢) = {0}. It is trivial that Ay is a ©® bimodule and

Ao C Ap. Put
X1 X2 X
QlM——— XEMZ?T‘p(X)Z 0 Xzz X23 .

0 0 Xs3

We can show that Ay = ® + Ap. Hence it is easy to check that 2, is a subdiagonal
algebra of M with respect to & containing 2A. Thus 2A,, D Aas. On the other hand,
for X € A, a € Ao NI, and b € A* NN,

< Xa,b>,=¢(b*Xa) = po®(b*Xa) =0.

It follows that m,(X)H; C H,. We similarly have 7, (X)(H1 ® Hz) € H1 ® H2, Thus
X € Ups and therefore 2, C Ay, that is, A, (=Aps) is a subdiagonal algebra with
respect to ®. The proof is complete. [
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3. ()'zp—INVARIANCE OF SUBDIAGONAL ALGEBRAS

From the Tomita-Takesaki theory, there is a o-weakly continuous automorphism
group {of}ter of M associated with ¢. If ¢ is a faithful normal state, the author,
Ohwada and Saito proved that 2 is {of };er -invariant if 2 is maximal subdiago-

nal(cf[2, Theorem2.4]). Here we generalize this result to the non-o-finite case.

Theorem 3. Let A be a mazimal subdiagonal algebra of M with respect to ® and
let ¢ be a faithful normal semi-finite weight on M such that ¢ o ® = ¢. Then 2 is
of -invariant, that is of (A) = A, Vt € R.

Proof. ;From the Tomita-Takesaki theory, we recall that the preclosed conjugate-

linear operators Sp, with the o-weakly dense domain 9, N 97, is defined by
Sox = z* (z € M, NI).

Denote by S the closure of Sy, then S has the following matrix decomposition with

respect to the decomposition H, = H1 @ Ho ® Ha,

0 0 Ss3
S = 0 S, 0},
Si 0 O

where for i=1, 2, 3, S; is a closed operator with domain §; in H; such that S1§1 = §s,
S282 = 2 and S3F3 = T1. In fact, we note that Ao N N, N N, D NN, N, and
A5 NN, NN, are o-weakly dense in o, D and Aj respectively since u; € DNN, NN
and u; — I o-weakly. Then with the similar calculation as in the proof of Lemma 2.3
in [2], we can obtain the desired form.

Put A = S*S, we recall that the modular automorphism group {of}+er of M

associated with ¢ has of the form as following:
mo(0f (X)) = AXATH(VteR, X e M).

We note that A has of the matrix form
S1S1 0 0
A= 0 S35 0
Thus by the proof of Theorem 2, it is easy to prove that, for every ¢ € R,
of (D) =D and of (Uo) = Ao

since 2 is maximal subdiagonal. The proof is complete. [
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Let S = JA? be the polar decomposition of S. From the Tomita’s fundamental
theorem (cf[6]) it follows that Jm,(M).J = (m,(M))’. Tt is easy to know that

0 0 Js
J=10 Jy, O
Ji 0 0

By considering Jm,(2)J as a subdiagonal algebra in (m,(M))’, we may show that
[J7p (o) TH3] = Hs, [Jr,(D)JHs) = Ha and [Jm,(A3)JJH,) = My respectively.
Thus we can obtain the following characterizations of U,, as in Theorem 2.2 in (3]

Here we give the theorem without proof.
Theorem 4. Keep the notions as above. Then
Ap ={X €M : ®(XB) =0, VB € Ay}
={XeM:PBX)=0, VB € 2%}
= {X € M: m,(X)H, C Hy}
={X e M: 7, (X)(H1® H2) C H1® Ha}.
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