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A NOTE ON THE AXIOM OF CHOICE IN
LESNIEWSKI’S ONTOLOGY

CHARLES C. DAVIS

This paper generalizes the results of [1] and hence a familiarity with
[1] is presupposed. In[1] it was shown that the formulae:

AC® [3f]::[Aa]:Aea D.f(a]) ea
ACH [3R]-={R}:[4a]:Aga 5. [3B]. Bea. R{aB}

are inferentially equivalent in the field of Le$niewski’s Ontology, and
further that they are equivalent to standard forms of the axiom of choice.
Both AC® and ACH are stated using the primitive epsilon of ontology, a
functor belonging to the semantical category S/nn.

Here the equivalence result will be explicitly extended to cover
generalizations of these two formulae, stated using so-called higher
epsilons, functors analogous to the primitive epsilon but belonging to
categories of the form S/aa, where a is an arbitrary semantical category.

The paper divides naturally into four parts. Section 1 (2) introduces
the general form of the definition of the generalized epsilon for nominal
(propositional) categories and shows that a thesis having the same
structural form as the primitive axiom for Ontology is derivable.
Section 3 (4) presents the demonstration of the equivalence of ACS and
ACH,, where « is a nominal (propositional) category.

If ¢ is an arbitrary nominal (propositional) category and ¢ is a functor

belonging to category a, then ¢[v1 ... vn] ((1){u1 . .. V) will stand for the
expression which belongs to the category n(S) that has as its first word the
functor ¢ and that contains the variables v,,..., v, in that order.

Representing formulae this way greatly simplifies the treatment given to
them, since the exact structure of the parenthemes associated with a
formula plays no role in the demonstrations to follow. Of course the
‘“proofs’’ that incorporate such formulae are not proofs at all; rather they
are proof schema which allow for the construction of genuine proofs for
formulae of any determinate category.

The applicability of the proof schema presupposes the availability of
certain definitions and theses. In particular the previous definition of
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functors analogous to equality which take as arguments variables belonging

to those categories in use is presupposed. For example, if the expression

¢[V1 C e V,J occurs in the course of a demonstration, it is guaranteed that

for each of the variables, v;, if v; belongs to the semantical category Bi,

then a definition of the form ‘[u6]: .=.ofu6}’ is available, where
1

1

‘0’ in ‘ofu6}’ is a functor analogous to equality in the category S/B8;8:;. In
i
addition it will be assumed that theses of the form

E. lovi...vaty ... oo, ... u,,).o{;ulvl}. .. .oiu,,u,,i.D.
oVy ... vy

are available whenever necessary.

1 In this section the general form of the definition of the higher epsilons
for nominal categories is introduced and it is shown that a formula
analogous to the primitive axiom can be derived.

D1.1 [fg]::[3Av, ... val:Aef(vy...va) . Aeg(vy. .. va):
(Buy oo maCnue o )iBef( e v - i) -CEF[M1 -+ - 1s) 2.
BSC.o{plm}. cove oo £lnmn} ~=¢{fg}

A1 [fel:effg} D.e £/} [p1.1]
A2 [fghl:e{fe}.c{n} D.e{/n}

PR [fgh]::Hp(2) .D-

8. [Bui...mCni.. . mliBef(m ... m).Cef(n...n,) 2

BSC-°’1E#1771}{- .oguﬂnngz [1, p1.1]
[34v, ... v]:

: et 2,011
e {/n} [3, 4, 5, D1.1]

D1.2 [Afvy...va:Aef(v,. .. Vn) = x4AfY vy . v

A3 fovy .o Vapy o pglio fim} . Lo Lo gv,,pn}.q)(vl e ..U DL
Oy v o b - ’

A4 [feh]:effe} e (W} De{hg}
PR [fen]::Hp(2) .D-

[34v, . . . v,) -
3. Asf[vl...un]
4, Aeg(v,...vn):
5. [BCu, -« - puny -« om):Bef 1y .. wa) . ([1, D1.I]
Cef(m...n.) .D.Bsc.ogplnl}{. e
o fuama}:
[3B6,...6])~ = "

1. This is a formula of type E, mentioned in the introductory remarks.
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Beh(6:...6,).

Bef[6,...6n):

[CDuy ..o wamy - oo ):Ceh [y .o pa) . p[2,DLI]
Dsh[m...nn] D.BeC .o {pln,}. C e

° gunnng : o

BeA. [3,7, 5]

Beg(vi...va). [4, 9]

*{Bg ¥ v, ... V. [10, D1.2]

*x4Bg ¥ (6, ... 6. [3, 5,7, 11, A3]

Beg(6,...6,) [12,p1.2]
e fhg} [6, 8, 13, D1.1]

(fghil:e {fg}. e {if} . e fif} o e {hi}
[fehi): Hp(3) .O.

effi}. (1, 3,42]
e {i} (2, 4, A4]
[ABv, ... v, ... p):AeB.BeA . ofvyu}. ... .o fvana} =
Aeds*By, . .. VpF (1. .. Un) 1 1 o

[Av, .. . vn]:A€A D . AegstAv, ... vnF (v . . . va) [D1.3]

[Avi ... vBuy oo gl e . o) :Beds®Av, oo vF [uy - - . wn) .
CedstAvy . .. vuF [N . . 1,) .D.B«‘:C.olénlpl}1 e ~°£177n#n2
[D1.3]

[Afvy .. v :Aef (i .. vn) Do e {os#Av, . . . v,Ff)

A6, A7, D1.1]
[/Bvi ... vuCly - . . ol = Uikl e £} . R} O, efjk}:
Bef(vi...vm) . Cef[p...ua) 2. BeC.ofvymy. ... .
OEVnung ! !

[fBvy .. .v,Cly ... unl::Hp(3) Do

ef0s¥By, . .. vFf}. [2, A8]
efgo€tChi. .. wFr}. (3, 48]
EL0s€BY, . . . UF O5¥C iy - . . T (1, 4, 5]
[314771- . 'nn]: [ ]

AedstBr, .. . vuF (0. . .1

Ae54Cu, - . . ¥ [0 - - .nnj} (6, D1.1]

AgC. [8, D1.3]

BgA. [7, D1.3]

o ?Vﬂll% . ... .0 {nvnnng . [7, D1.3]

° gum% N SRR [8, D1.3]
o{lel} .. O{V,,,ung. [11, 12]
BSC O{Vll,tl} .. .o {V,,un} (9, 10, 13]

[feh]: s{hf} z] efif} o. g{zg} k) £if} .e Lr} o.
e (kY 3. ¢ Lfe}
[fgh] = Hp(3) =2z



38 CHARLES C. DAVIS

[34v, . . . v,

5. Ach(v, ... va).

6. Aef(vi...v):

7. [BCny ooty o« - ) :Bek[ny oo . m,) . (1, p1.1]

Ceh(py ... pa) .D.BSC.oll:nlqu. v
. gnnungt
(3D, . .. 64): (

8. Deh(6,...6,).

9. Deg(6,.:.6,]. } 4, p1.1]
10. AeD. (5,7, 8]
11. Aegl(6,...6,). (9, 10]
12. 0{911/1} v o f8un}. (5,7, 8]
13. *(-Ag-He1 R [11, D1.2]
14. x €AY v, . .. v [12, 13, A3]
15. (BCuy « o« gy o« - :Be fFluy - - v pnl.

Ceffn...nJ -D-BSC-°1§#17713:- ..
) g,“"””,:j‘ [3,A9]
s £fg} (6, 15, 16, D1.1]
All e £z} = [3n):e {nf}:[i):e {ir } 2. € Lig}: (k) : e {4F} .
s{kf} >. E{Jk} [A1, A4, A5, A10]

2 This section duplicates the results of the preceding section for proposi-
tional categories.

D2.1 [eyl:[Fvy .. cvdi@{vy . ovbobdvy oo bl e s ey - . Ml
40{;11 c.. p,,}.qo{nl ce nn} D, °fl~1177111?- e o{unnn ~E, 8{(Pl,l/}
Bl [oy]:edoy} 0. efoo} [D2.1]

B2 [oy6]: s{ww} e{ew} . s{cﬂe}
PR [ey6]:Hp(2) .O.
3. lweeomame o dio{m o mboodn .t 0. 011{#1171];- ce

o {1,m,}: (1, D2.1)
By, ...v.l:
4. o{vy ... vt
5. 6{v, ... va}: (2, p2.1]
{0} (3,4, 5,D2.1]
B3 [gDV, R N TP ‘o{u1 1} . .o;{lunl/,,}:.w{ul e u,,} O,
o{v, ... [see A3]

B4 [oy6]: s{qox,l/} efoo} 2. efoy}
PR [¢y6]:=Hp(2) .0::
 J PRI P -nn]:w{m N7 SRR L TR W = optlm]l'- Ce

o{an}: [1, p2.1]
n n
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(o oo tnly e e o) 0{uy o oo b 6401 . . . m,} 2. o«l{plnlz. e

oyt - [2, D2.1]
By, ... va
ob 1,021
[By1 -+ vyl
A, 2,021
o{ly,ul?f. e .oﬁy,,v,%: [5, 8, 3]
0{v, . . . vat- (7,9, B3]
e{oy} [6, 10, 4, D2.1]

lpowel:e{oo} . e {wg} .e {69} .o. e {yo}

[¢owo]:Hp(3) 2.

e{06}. (1, 3, B2]
s{we} [2, 4, B4]
72 N TR TN ER-R { TP SRR .oiz/,,p.,,l R e S <

{#1 S Ilu} ' '

2SS 7 0 S VRS A0 SO VN T [D2.2]
[RZP TP 1Y PRSI I S S S 00 SIS § TFRPINI TH

T2 7y C/ FUMIN N = Oi{ulnl}. SRR S [p2.2]
lovy .. valio{v .. vad Do edoxty, .. var 0} [B6, B7, D2.1]

lovi oo vas - oo e [ow]ie o). e{wol De{oy}:
RS 78 R (TR T O%VluQn s o {vau)

[ovy ... vuy . .. un)::Hp(3) : Do

e{oxtv - - . vu¥o} (2, BS]
e{dtus - - - uaro}- (3, BS]
ePxtrs - . vardktu .. . (1, 4, 5]
[3n:...m,):

P TZWNEE S f PN W
¢I;:<-u1 NETI S LT -nn}-“} 16, bz.1]
o;{ulu%. C. .oiv,,u,,z [7, 8, D2.2]
[pow]:ef{wot:[6]:e{60} 0. e{60} :[on]:c {69} .e{ng} 0.
e{on} ~2. e{o0}
[poy]:: Hp(3) =D

edyg}.
B, .. .v)
tl/{{vl R V,}}.
(o Z N 7 S
[T A S ERZ TR [1, D2.1]
#j{nl e Tln} O, O‘l{ulnl;}'. P .oi}unnni;
[Elyl...yn]: { }
YAYL -+« Vol
e{yi ... Vol } (4, D2.1]

o;{ylul'{i. .oiy,,u,%; (5,7, 8]
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11. o{v, ... vat. [9, 10, B3]
12. FTTE TP FR 1 EA (T T S -SE I M e
ofwimi. oo o dum} (3, BY]
e {0} [6, 11, 12, D2.1]
B11 [¢o]:edoo} = [3y).e{vo}:[v]:e{wo} 2. e{wo}:[vel:
e{ve}. s{9¢} >. 5{11/0} (B1, B4, B5, B10]

3 In this section, AC§ is shown to be equivalent to ACH, where a is a
nominal category.

D3.1 [fg):[Av, ... v):Aef(v, ... va) .E.Asg[v1 c..vy) = offg}
p3.2 [R]:[fgh]:R{fg} .R{fh} D. o f{hg} : {R}
D3.3 [fAv, .. .v,):AcA. ~(A8f[u1... ] Aentf (v ... vs)
D3.4 [fgol:e £/} .o fotglf} = Vulw%{gf}
C1  [ofgh]:Valfoi{er} .Valfoi{gh} O. o {fn} (D3.1, D3.4]
cz2  [e]:=fvalfe}3 [c1, D3.2]
Cc3  [ofg].[nk]:efhk} DO. € {otr}k} e {fg} O.
[3%]. {he} . Val o} {gk}
PR [ofg]:-Hp(2) :O.
3. e{olgle}. (1, 2]
4. efotelotel}. [3,41]
5 Val{o$ fgotsgl}. [4, D3.1, D3.4]
[3k]. s{kg} Val $0} { gk} (3, 5]
c4 [30)-lfg):effe} 2. e {otgle} ~on [3R) = 4R} :[fo]:
ef{fg} 2. [3k].efhe}.RIgk} [cz, c3]

At this point it would be desirable to introduce an ‘‘ontological definition’’
of the form:

Df [feR]:R{fg}.cfgg} = efg Funci{R}: 113

However, the rule of definition allows definitions of this form only if

the epsilon involved is the primitive epsilon. In order to meet this

requirement we introduce the following definition of ‘FuncfR¥ {f}’ and
1 1

derive Df as a consequence.

D3.5 [fRAv, ... v,):[3gl.REfg}.c {gg}. Acgv, .. . v,) =
AeFuncfR} 1/} (v, .. . va)

c5 [AfRgv,...v.):ef{gg}.R{fe}.Acg(v,...v,) .O.
A aFunc{R} FA .. ) [D3.5]

c6 [Rfg]: S{gg3 R{fg} D.e{g Func{R} 71}
PR [Rfg]:Hp(2) .0.
[34v, ... v,).
3. Aegvy...va). [1, p1.1]
4. AcFuncfr¥ {1 (vi. .. v.). (1, 2, 3, c5]
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[BCuy ..o uyny - - 77,,]:B<':g|:u1 TR I
cegln,...n) D.BecC.

ogumﬁl‘. .. .o{p,,n,,n}: [1, p1.1]
e{g Func{R} {713} (3, 4, 5,D1.1]

D3.6 [Rfg]:R{fz} .= XARF¥{g}
E3.1 [fg]=[Av, .. .valiAef vy .. va) = Acgvy ... 1) =

Cc7
PR

2.
3.
4.

[o=IEN BN er IS |

11.
12.

% -

Cc

c9
PR

12.

lel:0ff} = ofs}

[sRf1:e{g Func{R} {1} 0. R{sg}
[gRf]:: Hp(1) .D-

[BAv, ... va)
Acg(vy...va).
AcFuncfR¥ £/ (v, ... va):
[BCn, -« oMbty -+« - pa):Beg(ny . . .. [1, D1.1)
Cegpy -« pn) Do BeC.o}Emul}:. .
o(re)-
[3A]):
Ach(v, ... va).
e {nn} . [3, D3.5]
RE{fn} .
efgh} . [2, 4, 5, D1.1]
efhg} . (6,8, A42]
of{ng}. [8, 9, D3.1]
XARFX {7} - (7, D3.6]
XXRfF¥{g3. [10, 11, D3.1, E3.1]
R{fg} [12, D3.6]
[feR]:efgg} .R{fe} = ¢fg FuncfR¥} {r1} [c6, c7, AI]

C8 is the thesis which corresponds to the desired definition, Df.

[fehR): =4 R} .c £/ Func{R¥} {g}3}.e {7 Func£R} {£}3} 0. e {71}
[fghR):: Hp(3) .D-

effr}. [2, c8]
Rtg}. [2, c8]
efhh} . [3, c8]
Rfgh} . (3, c8]
offh}: (5,7, 1, D3.2]
[Av, .. v :iAef(vi .. .v,) = Aeh(v, ... v,) - [8, D3.1]
[34v, ... v~

Aef(vi...w):

(BCu, - ooty v v M BESf [y o ) -

Caf[nl...n,,] -D-BSC-°€#1TIJI'~ ©++ (4, D1.1]

°£hunn,,r}{:

Aeh(v, ... va) o (9, 10]

e{/n3 (10, 11, 12, D1.1]
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C10 [feR):= £R} . {f Func£R} {1} 2. ¢ {Func{R} {g}f}
PR [fgR]:Hp(2) .0.
3. [ghj]:e{h FuncfR¥} fgl} .efj Func£r¥ {g1} D.e {ni}: [1, C9]
4. ;e {h Func{R} {21} 2. e{Wf}: [2, 3]

s {Func{R} {g}f} (2, 3, 4, A10]
c11 [fer]~ = 4R} :[nk]: e (nkY o.[35].¢ (&Y . RERFY

€ {fg} D.e {Func fR¥} fgls}

PR %fg?] ~ Hp(3) .2:

3j1:

4. etig}.
5. REgJ} } (2.3l
6. §i¥. [4, A1)
1. s{] FuncfRr} {s}}. (5, 6, C8]
8. e{Func{r} {g}i}: (7, c10]
s {Func{R} fsted [4, 8, A4]
ci1z [3R) ._,{R} [fe]:e £fg} .. [3h]. € {he} . R{ghY -
(30]:[fe): e Lfg} -2 s£¢{g}g} [ce, c11]

4 This section extends the results of the preceding section to the proposi-
tional categories.

D4.1 [oy]):[vy .. vai@{ve . vt = Wiy . o) —.o{(pw}
D4.2 [R):[oy6) R{gow} Ripe} 2. o{ye}:=. = {R}
D4.3 [ov, ... vpli~vo{v, oo vt mo N o) vy v,
D4.4 [oya]: s{w} olr{uy o} = Vuléw{w}
FI [owel:Valxy {60} .val6xy {oy} 2. 0{oy}. [D4.4, D4.1]
F2 [\].= {Val*é)n}} [F1, D4.2]
F3 [oyllo6):efoo} o efrcoyol:efov} o

ENMR: {uw} NValény {wps (BI1, D4.1, D4.4]
F4 [~ [w]:s{w} 2. s{uw } e

(3R]~ = {R}:[oy]: {«pw} . [36 {ew} R{vw6} [F2, F3)]
D4.5 [@Rv, . .. v,):[3v]:R{ov} . € {w/} RV DT S

Func <R>» (@) {v, . . . v,

F5 [oyRv,...v,): s{wzp} R{(pz//} viv, ...} .0.
Func ¢RY (@) {v, . . . v,} [D4.5)
F6 [oyR]:¢ {dxw} {wp} D. g {z,l/ Func <R¥ (<p>} [D2.1, F5]

p4.6 [Roy]:R{oy} = Xg#Ro¥ {v}.
E41 [oylalvy .. vdiofon o vt = vl vk = (0] oo} = e fud

F7 [oyR]:e{y Func¢RY <¢>} . R{oy}. [D2.1, D4.5, B2, D4.6, E4.1]
F8 [oyR]: e{w} R{w} e {y FuncXR> (o)} [F6, F7]
F9  [eweR]:Z {R}.e o Func(—R} (&)} .y Func¢RY (O} 0. e {0y}
[F8, D4.2, D4.1, D2.1)
F10 [@yR]:= {R} £ {(p Func ¢R» (zp)} D. g {Func <R> (zp><p} [F9, B10]
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F11 [oyR]== {R}:[op):e{op} 2. [39].e{out . Ripg} e {0y} .

e{Func%R%<¢>w [B1, F8, F10, B4]
FLz[aRL::{R}JGM:s{mQ.D{3¢Ls{m§.R@@}az;
[SA]A[Bu]:a{eu}.D.s{k<p)u} [F4, F11]
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