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A NOTE ON THE AXIOM OF CHOICE IN
LESNIEWSKI'S ONTOLOGY

CHARLES C. DAVIS

This paper generalizes the results of [l] and hence a familiarity with
[l] is presupposed. In [l] it was shown that the formulae:

ACε [3f]::[Aa]:Aεa .=>./[«] εa
ACH [3R]:.^{R):[Aa]:Aεa .3. IBB]. Bεa .R{aB}

are inferentially equivalent in the field of Lesniewski's Ontology, and
further that they are equivalent to standard forms of the axiom of choice.
Both ACε and ACH are stated using the primitive epsilon of ontology, a
functor belonging to the semantical category S/nn.

Here the equivalence result will be explicitly extended to cover
generalizations of these two formulae, stated using so-called higher
epsilons, functors analogous to the primitive epsilon but belonging to
categories of the form S/aa, where a is an arbitrary semantical category.

The paper divides naturally into four parts. Section 1 (2) introduces
the general form of the definition of the generalized epsilon for nominal
(propositional) categories and shows that a thesis having the same
structural form as the primitive axiom for Ontology is derivable.
Section 3 (4) presents the demonstration of the equivalence of AC« and
ACHa, where a is a nominal (propositional) category.

If a is an arbitrary nominal (propositional) category and 0 is a functor
belonging to category α, then φfyi . . . &O (φ{v\ . . . vn}) will stand for the
expression which belongs to the category n(S) that has as its first word the
functor 0 and that contains the variables vu . . ., vn, in that order.
Representing formulae this way greatly simplifies the treatment given to
them, since the exact structure of the parenthemes associated with a
formula plays no role in the demonstrations to follow. Of course the
"proofs" that incorporate such formulae are not proofs at all; rather they
are proof schema which allow for the construction of genuine proofs for
formulae of any determinate category.

The applicability of the proof schema presupposes the availability of
certain definitions and theses. In particular the previous definition of
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functors analogous to equality which take as arguments variables belonging
to those categories in use is presupposed. For example, if the expression
0(^i . Vrϊy occurs in the course of a demonstration, it is guaranteed that
for each of the variables, i^ , if v{ belongs to the semantical category βi,
then a definition of the form '[μθ]: .=.o[μθ}9 is available, where

i i

Ό9 in Ό[μθ}' is a functor analogous to equality in the category S/βiβi. Ίn
i i

addition it will be assumed that theses of the form

E. [φvγ . . . vnμx . . . μn]: φ{μλ . . . μ«> . o fμ^i} o{μnvn] . 3 .
z \ l l n n

are available whenever necessary.

1 In this section the general form of the definition of the higher epsilons
for nominal categories is introduced and it is shown that a formula
analogous to the primitive axiom can be derived.

DIΛ [fg\\\[3Avλ . . . i v M ε / O i . . . !/„) .Aεg{yλ . . . ! / „ ) :
[Bμι . . . μnCηι . . . ηn]:Bε/^μx . . . / ! « ) .Czf[ηι . . . ? ? „ ) .=>.
5 ε C . o £ μ 1 τ 7 1 } o {μnηn} :.=.ε{fg}

l l n n

Al [fg]:z{fg) .^.ε{//> [Dl.l]
A2 [fgh]: ε {fg} . ε {/*/} .r>. ε ifh)
PR [/^Λ]::Hp(2) .=>.-.
3. [Bμγ . . . βnCη! . . .ηn]:Bεf[μ1 . . . μJ .Cε/(ti! . . . η„) .3.

BtC.ofaη,} o {βnηn) : [\,D1.Ϊ\
l l n n

[BAVl...vn]:

5. A ε / z ( ^ . . . ^ j Λ ) L ' J

ε{fh} [3,4, 5,Di.J]

D1.2 \Afvγ . . . i/J iAε/OΊ . . . ^w] .=. * ̂ / > ( ^ i . . . v*)

A31 [φvx . . . unμ1 . . . μj : o {^μi} o (^μw} . ̂ <i/χ . . . ι/Λ> .=>.
1 1 n n

ψ(μi . μ«>

A4 [/^]: ε{/^} . ε {hf} .D ε {^}
PR [/**]: :Hp(2) .DΛ

[3A î . . . i/n]. .
3. A ε / ( ^ . . . i/«)
4. Aε£ (V1 . . . ^ w ) :
5. [.BCμ! . . . μw?h . . .ηJ'.Bεf^ . . . μ j . [1, Di.i]

C ε / ^ . . .Tin] AΰεC.ofμiT)!}

r , « n

[3BΘ, . . . θn}:.

1. This is a formula of type E, mentioned in the introductory remarks.
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6. Bεh (θλ . . . θn} .

7. Btffa . . . θn) :
8. [CZ>μi . . . μnηλ . . . ηn] :C εh [Ml . . . μw) . [2, i)i.i]

ΰ ε ^ ί ) ! . . . ηJ .3. £ ε C .o {μ!?]i}
o { μ Λ } : 1 *

9. BεA." [3, 7, 5]
10. Bεgiy, . . . i/J . [4, 9]
11. *iB(g Mi/1 ^> [10,ZλZ.2]
12. *- t^><β 1 . . . θn). [3, 5,7, 11, A3]
13. ΰε^Cθi . . . θn} /. [12,/)i.2]

ε{̂ } [6,8, 13, ZλZ.i]
A5 [/^At]: ε {fg} . ε {A/} . ε {if} .3. ε {hi}
PR LfeAi]: Hp(3) .=>.
4. ε{fί). [I,3,i42]

ε{At) [2,4,Λ4]

DI.3 [ABî  . . . ^μL . . . μ j : A εB . B εA . o {vιμι} o {vnμn} .=.
l l n n

A ε φ s ^ B v , . . . ̂  [ μ i . . . μ w ]

A6 [Avx . . . vn}:AεA . 3 . Aεφδ^Auλ . . . vn^ (yι . . . v^} [D1.3]

A7 [Avι . . . vnBμ1 . . . μnCηλ . . . ηn]:Bεφ8^Au1 . . . ̂  [ μ ! . . . μ j .

C ε φ δ ^ A i ^ ! . . . vn$ ( η ι . . . 77WΊ . ^ . 5 ε C o { T ^ ^ J o {ηnμn}
l l n n

[D1.3]
A8 [Afv, . . . vn] :A εf C»Ί *vl D ε {0δ4AiΊ . . . vn$f}

[A6,A7, Dl.l]
A9 [fBv, . . . vncμι . . . μn] Λ \jk] :ε{jf} . ε {*/> .=>. ε{jfe} :

Btfiy, . . . v^ .Cε/Oj . . . μn~) Λ5εC.o{^,}

n n

PR [fBv, . . . κ,Cμ, . . μn]::Hp(3) \D:.
4. ε £φ84B»Ί H,*/} [2, AS]
5. ε{φδ4Cμi . μ«Φ/} [3, AS]
6. ε O s 4 ^ i ^ Ψ s 4 C μ i . . . μn¥} : [1.4,5]

[3Arn . . . TJJ:

7 Aε0δ4-B^i . . . ̂ t C î ί?J I Γβ n7 71
8 A ε 0 s 4 C μ 1 . . . μ , , * O h . . . 7 g f L<D' J

9 . A ε C . [8,Z)i.5]
10. BzA. [1,D1.3]
11. o{i/1τ71> °ivnVn). [Ί,D1.3]

l l n n

12. o{μ 1 r ? 1 } o {μwr7n} : [8, D1.3]
1 1

13. oί^/xj o{^μκ). [11, 12]
l l n n

BεC.o{μ1μ1> °f>»μ») [9,10,13]

AiO [/jg*]:: ε { ¥ ) ': [i]: ε 0/} ^ . ε ̂ } : [jfe]: ε O/> . ε {kf} .D.
ε(jfe) •••=>. ε{/*)

PR [/g*]>:Hp(3).-.D::
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4. εζhg}:. [1,2]
[3Avι . . . vn].'.

5. A zh{yx . . . Vn\ .

6. A ε / O x . . . i>J :

7. [£C7h . . . 77wμ! . . . μn\:Bth^ηι . . . ηn] . f ,

Cεkfa. . . μΛ] .D. B ε C . o O μ J . L ' J

1 1

. . . . {j?«μ«} :

[3DΘ1 . . . θn]:

8. DεΛC^. . . O l r4 D i i l

9. J > ε * [ * i - • * . ; } . ) L 4 > i ) i i J

10. A ε D . [5 ,7 ,8]

11. Aε̂ O. .flJ [9.10]

12. oO^} o {^J . [5,7,8]

13. * f ^ > < 0 1 . . . θn): [11, DI.2]

14. * {AS-* (^i . . . ̂  : [12, 13, A5]
15. t^BCμ! . . . μnηλ . . . η j : £ ε / (JLIi . . . μw] .

Cε/{?7i . ηn}
 D ^ ε C . o £ μ 1 r 7 l }

1 1

o{μΛ} [3,AP]

είfg} [6, 15, 16,Di.J]
Ali [fg]:: ε {/̂ } Λ . [3k]: ε {̂ /} : [i]: ε 0/} .3. ε {ig} : [jk]: ε {jf} .

ε {̂ /} .^. ε £j^} [Al, A4, A5, AlO]

2 This section duplicates the results of the preceding section for proposi-
tional categories.

D2.1 [φψ]::[3iΊ . . . vΛ'.ψ{v\ «̂} Ψ{ î vn}'Λμ-i UnVi . . . η»]:

Wμi μ»} W ^ i η»} D . °{μifh} o{μw^7«}ΛΞ ε j ^ ψ l
1 1 n n L J

£i [^ψ]:ε{^ψ} .^. ε{̂ (p} [D2.l]
B2 [φ\l/θ]:ε{φψ}.ε{θφ} .^.ε{^^}.
PR [φψθ]:Hv(2) .3 .

3. [μi . . . βnVi ηj:<p{μi M«}-^{^i ^]J D O{MI^]I}

o { μ w U : ' ' [ 1 , D2.1]
n n

\3vγ . . . vn]:
4 φJVιmmm^m\ iw *]
5. ^ { ^ ! . . . ! / « } : ) L , J

ε{ψθ) [3,4, 5,2)2.1]
55 [φvx . . . i/^! . . . μJ .ojμ^J o{μ Λ } . ^{Ml . . . μ j .z>.

1 1 n n

φ{vγ . . . i/n} [see A5]
5 4 [^ψβ]:ε{<^>ψ} .ε{θςp} . 3 . ε {θψ}
PR [<Pψ0]: :Hp(2) .=>::

3. [μi . . . μnηι . . . ηn]:φ{ιiι . . . μw} <?{??! *?»} D °{μi^i}
o{μwr]w}: [l,D2.l]

n n



THE AXIOM OF CHOICE IN LESNIEWSKI'S ONTOLOGY 39

4. [μi . . . μw?7i . . . ηJ : 0{μi . . . μ j . θ{ηx . . . ηn} .=>. o{μ1η1}

o{μ«η«} [2,2)2.1]
n n

[3lΊ . . . ivi '

6. Ψ K . . . , W } : { U ' ^ i J

[ 3 r i . . . r J :

8. ^{7 l . . . γn}. j
9. o{ r i ^}. . . . , o { y Λ } : [5,8,3]

10. e{v, . . . vn}:. [7,9,55]
ε{flψ} [6, 10,4,2)2.2]

B5 [φφψθ]: ε {</><?} . ε {ψφ\ . ε {#0} .=>. ε {ψθ}
PR [φφψθ]:Rp(3) .=>.
4. ε{0^}. [1, 3,J32]

ε{Ψ^} [2,4,54]
Z>Z2 [i/! . . . ^wμ! . . . μ»]: o{ι/ iμ i} < ψ w μ j .^. ΨK^-^! . . . vn\

Γ η l i n n
{μi . μ J

5^ k . . . i/J : Hivi - -Vnϊfyi. - . vn} [D2.2]
B7 [vx . . . ^ μ x . . . μnηι . . . ηn]:φκ4iΊ . vn) {μi . . μ«}.

0κl^i . «̂> {r?i . . . ηn} .=>. o j μ ^ J o{μw7?w} [D2.2]
1 1 n n

B8 [<pVl . . . ι/«]: φ{vι . . . ^w} . 3 . ε{0κ4^i . . . vn)- φ] [B6, B7, D2.1]
B9 [φv, . . . vφl . . . μ j Λ [ςpψ]: ε {(̂ φ} . ε{ψψ} .3. ε {<pψ} :

0{^i *vf 0{μi • μ»} : D o{ι/ i μ i} o{vnμn}
l l n n

PR [ψi/, . . . 1/,,/i! . . . /xJ::Hp(3):3. .
4. ε\0κ-(^ ^«>0} [2,-BS]
5. ε{0 κ 4μ! . μnH} [3,55]
6. ε|0κ-f^ . . . VnHκ4μi • • • μ«>} • [1, 4, 5]

[37?! . . τ?J:
7 <t>κiv\ . . . vn) {ηx . . . r j j . ) r ,
8 0 κ ^ 1 . . . μ B H r 7 l . . . η J ) [ 6 ' ^ ' i ]

o{^iμi} o{vnμn] [1,8,D2.2]
l l n n

BIO [φφψ]::ε{ψφ}:[θ]:ε\θφ) .3 . ε { ^ } :[βλ]: ε {#0} . ε{λ0} .=>.
ε{^λ} ΛD. ε{0(^}

PR |><ρψ]::Hp(3) ΛD. .
4. ε{^0}.

[3Ϊ/! . . . vn}:.
5. ψ { ^ x . . . i/Λ}.
6 0{^i . . vn}. f l D 2 1 ]

7. [μx . . . μnη1 . . . ηn]:φ{ιi1 . . . μ j .
ψ{η1 . . . 7?W}.D. o{ μ i ?7i} o{μwτ7w}:

l l n n

[ 3 n • y j :

9 <?{yi y«} j L > J
10. o{Ύιvά o { r Λ } : [5,7, 8]

l l n n
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11. φ{vγ . . . vn}. [9, 10, B3]
12. [μi . . . μnηι . . . ηn]'.φ{μi . μn} Φ{Vi Vn} Ώ

°{μi^7i} o{μwτ]w}Λ [3,^9]
1 1 n n

ε{φψ} [6,11,12,2)2.1]
BJi [φφ)::c{φφ} .=.: [Bψ).t{ψφ} :[φ]:ε{ψφ\ P . c{ψφ\:[ψβ\:

ε{ψφ}.ε{θ<t>} .3). ε{ψe} [51, 54, B5, BIO]

3 In this section, ACα is shown to be equivalent to ACHα where a is a
nominal category.

Zλ?.l LfehU^ . . . vJiAεftiΊ . . . vJ .=. Atg{vγ . . . v,) :=. o {/ }̂
D3.2 [Λ]: [Λ A] :Λ{/^} i?{//?> .=>. o {hg} :=. =t {R}
D3.3 [fAv, . . . iv|:ΛεΛ.~(Aε/ί>i . . . un'}) .=. AtN{f\ {yx . . . vn~)
D3.4 [fgφ]:ε{ff}.o{φ{g}f) .=. VαlMί*/'}

Cl [φfgh\:\J*\{φ\ίgf} .\ia\{φ\igti} .O.o{fh} [D3.1.D3.4]
C2 [<p]: =5 =(Vαl ί<pj) [Cl, D3.2]
C3 [φfg].-. [Afe]: ε (A*) .3. ε {<?{fe}fe} : ε {/^} p .

[3ft].ε{*5?}.VαlM{« *}
PR [>/^]. Hp(2) p .
3 ε{<p{^}^>. [1,2]
4. εfreteM*}}- [3,A1]
5. Vαl t<e»i= {gφ{g}} . [4, 2)3. J, 2)3.4]

[3*].ε{te}.Vαlί<pKί*} [3. 5]
C4 [3^]. .[/^]:ε{/,r} .3. ε iφ{g}g} ΛD. . [3i?] =:£iϊ> :[/^]:

ε t fe} .3. [3ft]. ε {kg} .R{gk} [C2, C3]

At this point it would be desirable to introduce an "ontological definition"
of the form:

Df [fgR] :R£fg} . ε{gg} .=. ε Qr Func</ί} {/}}
1 1

However, the rule of definition allows definitions of this form only if
the epsilon involved is the primitive epsilon. In order to meet this
requirement we introduce the following definition of 'Func^i?^ {/}' a n ί *

1 1

derive Df as a consequence.

D3.5 [fRAv, . . . vn]'\3g].R{fg}.tigg}.Azg{vι . . . i/n) =.

AεFunc^} {/} OΊ ^J
1 1

C5 [AfRgv, . . . v.]: ε {gg} . R{fg} .Acgfa . . . vn~] .o.
A ε Func<Λ> f /} C>Ί »Ό [°3-5 l

C6 [2?fe]: ε{gg} .R{fg) .^. ε {g Func=Ciί> {/}}
PR [Rfg]: Hp(2) .3 . L '

[3Av, . . . vΛ].
3. i4ε« C»Ί >Ό [ l . ^ -ί]
4. Λ ε Func(i?> { / K ^ i "«) [1. 2> 3, C5]
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5. [BCμ1 . . . μnηι . . . ηn]: B εg [μx . . . μ j .
Cε^(ί | i . Vn) .^. BεC.
o£μir7i) o{μnηn}: [1, Dl.l]

ε&rFunc {*>{/}} ' * * [3, 4, 5,0i.i]
1 1

D3.6 [Rfg]:R{fg} . = . Mft^K*"}

£ 3 . i [/£•]/. [Ai/i . . . y J : A ε / ( i Ί . . . ι>«] Λ A E ^ ^ . . . ι>«] :=:

[φ]' φ{f} Ξ ψ{g}

C7 [gRf] :ε{g Func£Λ> {/}} .=). i?{/^}
PR [^/]::Hp(l) .DΛ

[3AI/! . . . I/JΛ

2. A ε ^ ( ^ . . . ^ ] . )

3. A ε Func£R> t / } C î ^D :
4. [BCη, . . . 7]w μ i . . . μn]:Bcg\jιι . . . τ?w] . [1, ZλZ.i]

C ε ^ [ μ ! . . . μw) .=). ̂ ε C . o ^ i μ ! }
1 1

° {Ήn μ-n) :
n n

[3A]: ,
5. Λεft (Vi ^D . )
6. ε ( M } . ( [3,2)5.5]
7. Λ{/%} . '
8. ε{gh} • [2, 4, 5, ZλZ.i]
9. ε { t e ) . [β,8,Λ2]

10. o { % ) . [8,9, D3.i]
11. Xα*fl/* {&}.-. [7,Z)3.«]
12. X4/i/^{^>. [10, 11, D3.1, E3.1]

R{fg} [12, D3.6]

C8 [fgR]: εigg}.Rίfg} .=. ε{> Func£iί> {/}> [C6, C7, Al]

C8 is the thesis which corresponds to the desired definition, Df.

C9 [fghR]:^iR} . ε i f Func£?> {g}} . ε{A Func{Λ> {g}} .=). ε {/fe}

PR [fghR] ::Hp(3) .3.-.
4. ε{//> . [2, CS]
5. Λ{5/> . [2, CS]
6. ε£M> . [3, C8]

7. u | i*J t3 ' c § ]
8. o-^/fe): [5,7,1,2)3.2]
9. [Avt . . . vn] :A tf [yι . . . ι/J .=. Ath{y1 . . . !>„) :. [8, D3.l]

[3Avλ . . . i/J. .
10. A ε / ^ . .i ',):
11. [ l ίC μι . . . μnηλ . . . ηn]:Bzf[μx . . . μn~) .

Ctf(ηι...ηJ.^.BtC.o{μίηι~} [4, ZλZ.i]

° £μ»π B >:
n n

12. Aεh(yλ . . . i / n ] /. [9, 10]
εifh} [10, 11, 12, Dl.l]
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CIO [fgR]: - iR} . ε {/ Func £ R > {̂ }> .=>. ε {Func£β> {^}/}
PR [/£«]: Hp(2) .3.
3. to']: ε {A Func£fl> {^}} . ε{j Func£β> {g}} .Ώ. ε {A;} : [1, C9]
4. [A] :ε {A Func =£/*>{*}} .=>. ε { A / } : [2,3]

ε {Func{i?} {^}/> [2, 3, 4, 4J0]
Cll [fgR] Λ =t C R > : [A£]: ε (AA} .D. [3j]. ε {j£> .Λ£fej> :

ε { » :=>. ε {Func£#> {^te}
PR [/5«]/.Hp(3).D:

[3j]:

5. Λ { « ; ) . ) [ 2 ' 3 J

6. *ίiβ [4,Ai]
7. εθFuncC/2> { ^ } } . [5,6, cβ]
8. ε{Func{i?) {^};}: [7, CIO]

ε{FunciR} {g}g} [4, 8,A4]
C12 [3R] Λ Π £i^> : [/*]: ε {/ }̂ .=>. [3A]. ε ihg} . R{gh} Λ =Λ

[3ςp]:[/£ ] :ε£fe} .^. ε{(^f^}^> [C4, CIJ]

4 This section extends the results of the preceding section to the proposi-
tional categories.

D4.1 [φψ]:[v1 . . . vt^\φ{vι . . . ι/n} .=. ψ{ι^1 . . . vn] :=. o {^ψ}
D4.2 [R]:[φψθ]:R{φψ\.R{φθ} .=>. o{ψ^} :Ξ. =: {i?}
D4.5 [ĉ i/i . . . un]: ~<^{^ . . . vJs .=. /v (φ) {vγ . . . vn}
D4.4 [φψλ]:ε{φφ}.o{\(ψ)φ) .=. VαKλ> {ψ</>}

Fi [λφψ^]:VαKλ> (βφ}.VαKλ> {θψ} .^. o{φψ} . [D4.4, D4.ϊ\
F2 [λ]. =: (Vαl iλϊ } [Fl, D4.2]
F3 [λφψ]:.[φθ]:ε{φθ} .=>. ε{λ (θ) θ]: ε {φψ} :~D.

[3μ]. ε {μψ} . VαUλf {ψμ} [5i, iW.i, Z)4.4]
F4 [3λ]. .[0ψ]:ε{φψJ .3. ε{λ<ψ)ψ) ΛDΛ

[3Λ] Λ =: {i?}: [φψ]: ε {φψ} .=>. [3 0]. ε {^ψ} . i?{ψa} [F2, F3]

D4.5 [φRVι . . . ̂ ] : [ 3 ψ ] : ψ ψ ) . ε (ψψ}.ψ{^i . . v«\ Ξ

Func iRΪ (ψ) {vγ . . . ^}

F5 [φψRVi . . . ̂ ] :ε{ψψ) .R{φψ) .ψ{^ . . . i>Λ} .3.
Func^fi?> ( ^ { ^ ... !/„} [/W.5]

F6 [<ρψΛ]:ε {ψψ} .R{φψ) .=>. ε (ψ Func f^> <<̂>} [-D2.i, F5]

D4.6 [Rφψ]:R{φψ] .=. Xβ^Λ^ {ψ} .

E4.i [<Pψ]. . [ ^ . . . ̂ ]:^{^i . . . un} .=. ψ{ι>i . . ̂ «}:=: [ψ]: ψ{^} -Ξ 0{ψ}

F7 [φψJR]: ε{ψ Func-fi?)- (φ)} .3. R{φψj . [D2.1, D4.5, B2, D4.6, E4.Ϊ]
F8 [<ρψΛ]:ε(ψψ}.fl{<ρψ} .=. ε { ψ Func^ /2)- (φ)] [F6, F7]
F9 [φψθR]:ZX [R}.ε{φ Func iR^ (θ)} .ε{ψ FuncfΛ> < )̂} .=). ε j W }

[F8, D4.2, D4.1, D2.1]
F10 [φψR]:zZ {R} . ε [φ Func -fΛf <ψ)} .3. ε{Func4#>- (ψ)<̂ } [F5, W ]
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Fll [φψR]::Zi {R} :[θμ] : ε {θμ} .=>. [30]. ε {φμ\ . R{μφ] : ε [φψ] :=>.

ε (Func +RΪ <ψ) ψ) [Bl, F8, F10, B4]

F12 [3R\:.->{R] :[θμ]:ε{θμ) .=). [30]. ε Uμ) . R\μφ\ Λ=Λ

[3λ\:.[θμ]:ε{θμ] .D. ε{λ<μ)μ} [F4, F i l ]
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