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Some remarks on the asymmetric sum-product phenomenon

Ilya D. Shkredov

Using some new observations connected to higher energies, we obtain quantitative lower bounds on
max{|AB|,|A+ C|} and max{|AB]|, |(A + «)C|}, where o # 0, in the regime when the sizes of the finite
subsets A, B, C of a field differ significantly.

1. Introduction

Let p be a prime number and A, B C F, = Z/pZ be finite sets. Define the sum set, the difference set,
the product set, and the quotient set of A and B as

A+B:={a+b:acA,beB}, A—B:={a—b:acA,be B},
AB:={ab:a € A,b € B}, A/B:={a/b:a€ A,be B,b#0}.

One of the central problems in arithmetic combinatorics [Tao and Vu 2006] is the sum-product problem,
which asks for estimates of the form

max{|A + A|, |AA|} > |A|1+c €))

for some positive c. This question was originally posed by Erd6s and Szemerédi [1983] for finite sets of
integers; they conjectured that (1) holds for all ¢ < 1. The sum-product problem has since been studied
over a variety of fields and rings; see, e.g., [Bourgain 2003; 2005b; 2007, Bush and Croot 2014; Bourgain
et al. 2004; Erd6s and Szemerédi 1983; Tao and Vu 2006]. We focus on the case of [, (and sometimes
consider R), where the first estimate of the form (1) was proved by Bourgain, Katz, and Tao [Bourgain
et al. 2004]. At the moment the best results in this direction are contained in [Roche-Newton et al. 2016;
Konyagin and Shkredov 2016].

In this article we study an asymmetric variant of the sum-product question, in the spirit of the funda-
mental paper [Bourgain 2005c]: namely, sum-product theorems in [, for sets of distinct sizes. We recall
two results from that paper:

Theorem 1. Given 0 < ¢ < %, there is § > 0 such that the following holds. Let A C Fj, be such that

pe < |A| < p'7&. Then either

|AB| > p?|A| forall B CF, with |B| > p®
or

|A+C|> p®|A| forall C CF, with |C|> p®.
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Theorem 2. Given 0 < ¢ < %, there is 6 > 0 such that the following holds. Let A C F, be such that

pe < |A| < p'=¢. Then for any x # 0 either
|AB| > p®|A| forall B CF, with |B|> p®
or
(A+x)C| > pP|A| forall C CF, with |C|> p°.

Theorems 1 and 2 were derived in [Bourgain 2005¢] from the following result from [Bourgain 2005a].
Given a set A C [, denote by T;'(A) =N(a1,...,a.a},....a;) € A% ay+-ta =d) +-ta .
We write ET(A) for T;‘ (A).

Theorem 3. For a positive integer Q, there are a positive integer k and a real T > 0 such that if H C [F;
and |HH| < |H|'F7, then

T (H) < |HPX(p1 Y 4 | H9),
where co > 0 depends on Q only.

The aim of this paper is to obtain explicit bounds in the theorems above. Our arguments are different
and more elementary than those of [Bourgain 2005¢c; Bourgain et al. 2006; Garaev 2010]. In the proof
we almost do not use the Fourier approach and that is why we do not need lower bounds for sizes of
A, B, C in terms of the characteristic p, but, of course, these sets must be comparable somehow. Another
difference between this article and [Bourgain 2005c¢] is that our arguments work in R as well.

We now formulate our variants of Theorems 1 and 2 (see also Corollary 33). One can show that

Theorem 4 implies Theorems 1 and 2 if |A| < p!/27¢; see Remark 36.

K41 e
Theorem 4. Let A, B, C C [, be arbitrary sets, and k > 1 be such that | A| |B|1T 2+ 2 ‘ < p and

|BI5 2055 = 4] c*FD  1ogk (4] | B), @)
where Cy > 0 is an absolute constant. Then
max{|AB|, |4+ C|} = 273|4|-min{|C|,| B|7cF0 2"}, 3)
and for any o # 0
max{|AB|, |(A+)C|} = 273 4] -min{|C|, | B|7EF0 2"}, @)

Actually, we prove that the lower bounds for |4 + C|, |(A + «)C| in (3), (4) could be replaced by
similar upper bounds for the energies ET (A4, C), E*(A4 + a, C); see the second part of Corollary 33.
We call Theorem 4 an asymmetric sum-product result because A can be much larger than B and C
(say, |A| > (|B||C])'??) in contrast with the usual quadratic restrictions which follow from the classical
Szemerédi-Trotter theorem; see [Szemerédi and Trotter 1983; Tao and Vu 2006] for the real setting and
see [Bourgain et al. 2004; Garaev 2010; Rudnev 2017b] for prime fields. On the other hand, the roles
of B, C are not symmetric as well. The thing is that the method of the proof intensively uses the fact
that if |4 B| is small comparable to |A|, then, roughly speaking, for any integer k, the size of (kA)B is
small comparable to k A, roughly speaking (rigorous formulation can be found in Section 5). Of course
this observation is not true in any sense if we replace x to 4 and vice versa.
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Also, we obtain a “quantitative” version of Theorem 3.

Theorem 5. Let A, B C [, be sets, M > 1 be a real number and |AB| < M |A|. For any k > 2 such that
216kM2k+1C3 log® |A| < |B|, one has

TS (4) <

2k+l
24k+oc, log*|A| - |

M |A K2y 2K k=14 4(k—1 2k+1_4 k=
2B 16 M ogt kD41 1A 4 BT EY(4). ()

Here, Cy > 0 is an absolute constant.

As a by-product, we obtain the best constants in the problem of estimating the exponential sums over
multiplicative subgroups [Bourgain 2005a; Garaev 2010] (see Corollary 16 below) and relatively good
bounds in the question of basis properties of multiplicative subgroups [Glibichuk and Konyagin 2007].
Also, we find a wide series of “superquadratic expanders in R” [Balog et al. 2017] with four variables;
see Corollary 35.

In contrast to [Bourgain 2005¢], we prove Theorem 4 and Theorem 5 independently. We realize that
Theorem 4 is equivalent to estimating energies of another sort, namely,

EZ(A):z [{(@a1.....ax.d},....a}) €A% qy —d) = =ag—ay}

(see the definitions in Section 2). Thus, a new feature of this paper is an upper bound for E,': (A) for
sets A with |[AB| < |A| for some large B; see Theorem 27 below. Such an upper bound can be of
independent interest. Let us formulate our result about E,j (A).

Theorem 6. Let A, B C [F), be two sets, k > 0 be an integer, and put M := |AB¥*1|/|A|. Then for any

k > 0 such that
|B|k/8+1/2 > |A] -M2k+123k+1C,£k+4)/4 1ng |ABk|,

where Cx > 0 is an absolute constant, we have
k+1
Efsi (A4) <204BF> 6)

Our approach develops the ideas from [Bourgain 2005c; Shkredov 2014] (see especially Section 4
there) and uses several sum-product observations of course. We avoid repeating Bourgain’s combinatorial
arguments (although we use a similar inductive proof strategy) but the method relies on recent geometrical
sum-product bounds from [Rudnev 2017b] and further papers such as [Yazici et al. 2017; Murphy et al.
2017; Roche-Newton et al. 2016; Shkredov 2017]. In some sense we introduce a new approach of
estimating moments My (f) (e.g., T,j(H ) in Theorem 3 or EIJ{ (A) in Theorem 6) of some specific
functions f: instead of calculating Mg ( f) in terms of suitable norms of f, we compare My ( f) and
My /2 (f). If Mg (f) is much less than My /,( f), then we use induction, and if not, then thanks some
special nature of the function f, we derive from this fact that the additive energy E™ of a level set of
f is huge and it gives a contradiction. Clearly, this process can be applied at most O (log k) number of
times and that is why we usually have logarithmic savings (compare the index in T;rk (A) and the gain
|B|~®=1/2 jn estimate (5), say).

The paper is organized as follows. Section 2 contains all required definitions. In Section 3 we give
a list of the results, which will be further used in the text. In Section 4, we consider a particular case
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of multiplicative subgroups I" and obtain an upper estimate for T ]': (I"). This technique is developed in
Section 5 although we avoid using the Fourier approach as was done in [Bourgain 2005¢] and in the
previous Section 4. Section 5 contains all main Theorems 4-6.

2. Notation

In this paper p is an odd prime number, F, = Z/ pZ, and F; = F \ {0}. We denote the Fourier transform
of a function f : F, — C by f
fE® =" fxe(=¢-x). @)

x€lfp

where e(x) = e271*/P We rely on the following basic identities. The first one is called the Plancherel
formula and its particular case f = g is called the Parseval identity:

Y fom =+ Y F©7®. ®)
x€Fp p £ef,
A particular case of (8) is
2
YD fgy-x)| = 1 IR GIRHGIR )
y€EF, x€f, p SG[F,,
and the formula | R
f@ =< > fE)eE-x) (10)

éekp

is called the inversion formula. Further let f, g : F,, — C be two functions. Put

(f*2)x):= ) f(elx—y) and (fog)x):= ) f(1ely+x). (11)
Y€k Y€k,
Then - X - .
fxg=/fg and [fog=fg. (12)

Put ET (A, B) for the common additive energy of two sets A, B C [p (see, e.g., [Tao and Vu 2006]); that is,
E+(A,B) = ‘{(al,az,bl,bz) €eAXAXxBxB:ay+b1=a> +b2}|.
If A = B we simply write E™(A) instead of E* (A4, A) and E*(A) is called the additive energy in this

case. Clearly,

EF(4.B)=) (A*B)(x)> =) (Ao B)(x)> =) (Ao A)(x)(Bo B)(x)

X X X

and by (9), | ) A
E(4.B) = D 1A@)1PIBE) (13)
&

Also, notice that
EY(4, B) <min{|A]?|B|, |B|?|A|,|A]*/?|B|*/?}. (14)
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Sometimes we write EY( f1, f2, f3. f4) for the additive energy of four real functions, namely,

EV(AL fo fo ) = D A1) o0 f3(x +2) fa(y + 2).

X,V,Z

It can be shown using the Holder inequality (see, e.g., [Tao and Vu 2006]) that

EY(f1, f2. f3. fa) < EFAOET(ET(DET ()2 (15)

In the same way define the common multiplicative energy of two sets A, B C [:
EX(A, B) 2}{(a1,a2, bl,bz) €eAxXxAxXxBXxXB: a1b1 = azbz}’.

Certainly, the multiplicative energy E* (A, B) can be expressed in terms of multiplicative convolutions
similar to (11).

Sometimes we use representation function notations like r4 g (x) or 4+ g (x), which counts the number
of ways x € [, can be expressed as a product ab or a sum a + b with a € A, b € B, respectively. For
example, |A| = r4—4(0) and EY(A) = ra44—a—4(0) =Y, rj+A(x) =Y, ri_4(x). In this paper,
we use the same letter to denote a set A C [, and its characteristic function 4 : F, — {0, 1}. Thus,
ra+B(x) = (A * B)(x), say.

Now consider two families of higher energies. Firstly, let

1 N
TH(A) = [{(ar.....ax.a},....a}) € A* cay +- +ag =d +---+a}}| = ;Z|A(§)|2k. (16)
&
It is useful to note that

TS (A) = [{(a1.....ax.d}.....dy) € A* (a1 + +ag) + (@kt1 + -+ az)
= (@] +--+ap) + @+ +ay)l
= Z rkA()TEAWrea(x + 2)rea(y + 2), (17)
anaz

SO one can rewrite T;_k (A) via the additive energy of the function r; 4(x). Secondly, for k > 2, we put

EF(A) =) (Ao () = > rk 4 (x) =EV(Ar(4), 45), (18)

x€Fp x€fp
where
Ax(A):={(a.a,... a) € A*}.

Thus, E;L(A) = T;"(A) = Et(A4). Also, notice that we always have |A[¥ < E,‘:(A) < |A[k+! and
moreover
Ef (4) <|A[*'E}(4) forall I <k. (19)

Finally, let us remark that by definition (18) one has ET(A) = |A|2. Some results about the properties
of the energies E,': can be found in [Schoen and Shkredov 2013]. Sometimes we use le (f) and E,': (f)
for an arbitrary function f and the first formula from (18) allows us to define E,': (A) for any positive k.
It was proved in [Shkredov 2017, Proposition 16] that (E,j( f ))1/2k is a norm for even k and a real



20 ILYA D. SHKREDOV

function f. The fact that (T;’ (f))Y/2k is a norm is contained in [Tao and Vu 2006] and follows from a
generalization of inequality (15).
Let A be a set. Put

R[A] := {al—a ta,ay,ds EA,az;éa%
ay) —da
and
ap—daz
Q[A] 2:{ :al,az,a3,a4€A,a37€a4}.
as —day

All logarithms are base 2. The signs < and > are the usual Vinogradov symbols. When the constants
in the signs depend on some parameter M, we write <37 and >>s. For a positive integer 1, we set

[n] ={1,...,n}.

3. Preliminaries
We begin with a variation on the famous Pliinnecke—Ruzsa inequality; see [Ruzsa 2009, Chapter 1].

Lemma 7. Let G be a commutative group. Also, let A, By,...,B, C G, |A+ Bj| = «aj|A|, j € [h].
Then there is a nonempty set X C A such that

| X +B1+--+ Bp| <oar...apX|. (20)
Further for any 0 < § < 1 there is X C A such that | X| > (1 —§)|A| and
X + By +--+ Bp| <8y ...0p|X|. 21)

We need a result from [Rudnev 2017b] or see [Murphy et al. 2017, Theorem 8]. By the number of
point-plane incidences Z(P, IT) between a set of points P C [F13) and a collection of planes IT in [FI3) we
mean

(P, 1) := }{(p,n) ePxIl:pe n}‘.

Theorem 8. Let p be an odd prime, P C [F137 be a set of points and 11 be a collection of planes in [F;.
Suppose that |P| = |11| and that k is the maximum number of collinear points in P. Then the number of
point-plane incidences satisfies
P 2
(P, TI) < %+IP|3/2+k|P|. (22)

Notice that in R we do not need in the first term in estimate (22).
Let us derive a consequence of Theorem 8.

Lemma9. Let A, Q CFp be two sets, A, Q # {0}, M > 1 be a real number, and |QA| < M|Q|. Then

(M2|Q|4 M3/2|Q|3)

+
ET(Q) = Cs YT

(23)

where Cy > 1 is an absolute constant.
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Proof. Put A = A\ {0}. We have

ET(Q)={q1 +92=¢3+q4:91.92.93,94 € O}
= |A*|_2|{QI +62/a =(3 +574/a/ ‘41,493 € Q’ 62764 € QAv aval € A*}l

The number of the solutions to the last equation can be interpreted as the number of incidences between
the set of points P = Q x QA x A; ! and planes IT with |P| = |I1| = |A«||Q||QA|. Here k = |QA|
because A, Q # {0}. Using Theorem 8 and a trivial inequality |Q A| < |Q||A|, we obtain

A2 2 A2 M2 4 M3/2 3

as required. O

Finally, we need a purely combinatorial Lemma 10. It is a new (for k > 2) and simple tool which
allows us to estimate the restricted higher energy > . p rﬁ_ 4(x) via some energies of A4 and P; see
(25), for example.

Lemma 10. Let G be a finite abelian group and A, P subsets of G. For any k > 1 one has

2
(Z r@(x)) <|AF Y rk_4()rp—p(x). (24)
xeP X
In particular,
4
( > ok A(x)) <|AP*ES (AHET(P). (25)
xeP

Proof. Clearly, inequality (25) follows from (24) by the Cauchy—Schwarz inequality. To prove estimate
(24), we observe that

2 2
(Zrﬁ_A(x)) =( > |Pﬂ(A—x1)ﬂ---ﬁ(A—xk)|)
xeP X1seee Xk €A
<14F Y Pn@A-xpn-nA-x)P =14 rp_p)rk_4(x),
X150 Xk P
as required. O

Combining Theorem 8 and Lemma 10, we obtain a corollary.

Corollary 11. Let ACFp,and B, P C I]:; be sets. Then for any k > 1 one has

K ¢ okt PI* . |PP
(ZFA—A(X)) < C«|A| Ezk(AB)(T-i-lB'l/z)- (26)

xX€eP

Proof. By Lemma 10, we have

2
( ) rjf_A(x>) < 1A S rp_p (o).

xeP
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Further, clearly for any b € B we have

ra—a(x) <rap—aB(xb).

2 Ak
(Zr];_A(x)) S%erw an(D)rp_p(x) = | B| ZrAB B (B Py ().

X beB

Using the Cauchy—Schwarz inequality, we obtain

(

To estimate the sum ) _, rlzg( P—P) (x), we use Theorem 8 similar to the proof of Lemma 9 (see [ Yazici et al.
2017]). Indeed, taking P = (p1,b’ p2,b’), 1 = (b, p, bp2), where (b,b', p1, p2, p}, py) € B® x P4,

we have
> rBp—py®) =B, pr. p2. pi. ph) € BZ x P*:b(p1 — p2) = b (p) — ph)}|
* ={(x,y,2) €P, (b, p},bp2) € L :bx + y — piz = bps}| = Z(P, 1)

B]2|P|*

| |2k

ZrA A(x)) = B2 zk(AB)Z’”B(P p)(x)

xeP

Thus,

) 4<C|A|2k . (AB) [PIt, 1PP O
A = p o IBIY2)

xeP

4. Multiplicative subgroups

In this section we obtain the best upper bounds for T,': (I), E:(F) and for the exponential sums over
multiplicative subgroups I'. We begin with the quantity T,j ().

Theorem 12. Let I' C [ be a multiplicative subgroup. Then for any k > 2, 264k C4 < |T'| one has

|F|2k+

T+ () < 24K+6C, log* T - F16F° R og*®=D 1. T Y S ER D), @)

2/{
where Cy is the absolute constant from Lemma 9.

Proof. Fix any s > 2. Our intermediate aim is to prove
+ 41 4 |T|* 25—1/27+
T5,(I') <32Cxs" log™ |T'| - T +|T| T,(I) ). (28)

By (17), we have
THM) = Y rar()rse (0rer(x + 2)rer (v + 2).

X,¥,Z
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T+ 3s :
Putp—TZS(F)/(16|F| ). Since

Y. rr)rr(rsr(x+2)rr(y +2) < p|T1* = T5(1)/16

x,y,z:rs7(X)<p
it follows that
+ 4N
T3 (D) S 3D kayzrsr (rr (e (x + 2)rr (v +2) + €.

where the sum Y is taken over nonzero variables x, y, z with rsr (x), 750 (), 757 (X +2), 750 (y +2) > p
and

£ <4rs0(0) Y rsr(Mrsr ()rr(y +2) 4rr O TPTHT) <40 THD). (29)
v,z
Put P; = {x : p2/7! < rep(x) < p2/} C F5. If (28) does not hold, then, in particular, T2+S(F) >
25|I‘|2s_1/2T;"(F) > 2°|T'|35~1/2 and hence the possible number of sets P; does not exceed L :=
slog |T|. Indeed, for any x one has rsr(x) < [T'|*~! and hence p2/~! = 2j_5T;rs(F)|F|_3S must be
less than |[[S~! otherwise the correspondent set P; is empty. In other words,

2773 < PP THI) < ITPTV2 2% < 128
as required. By the Dirichlet principle there is A = p2/°, and a set P = Pj, such that
T5, (D) < FL*QA)'ET(P) + € =Th(I) +&£.

Indeed, putting f; (x) = P;(x)rsr(x), and using (15), we get

/

L
S rr R Orr G+ e+ < Y S AW L0 flr+2) fiy+2)

XY,z i,j,k,l=1x7yiz
L

< > EYMETUHETSET (/i)

i,j,k,l=1
L 4 L
— (T E ) <1 () = L mxET ().
i=1 i=1 '

Moreover we always have |P|A2 < T;F(T") and | P|A < |T'|%. Using Lemma 9, we obtain

|P|* |P|3)
ET(P)<Cyu|l — + )
(P) = ( p T2

Hence,

4 saaf1P1* PP 4 L IT1*[PPA*
T5s(I) < 3(16Cx)L*A (7+|r|1/2 < 3(16C4)L ) + Tz )’ (30)

Let us consider the second term in (30). Then in view of |P|A%2 < T (T") and | P|A < |T'|*, we have

[PPA* = (PAPPA* < |TPTHD).
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In other words, by (29), we get

r 4s
(D) < §(16C*)L4(% T |r|23—1/2T:(r)) 4T (D)

r 45
<32C,s*1og* T (L + |F|25—1/2TS+(I‘))
p

and inequality (28) is proved.
Now applying formula (28) successively k—1 times, we obtain

|F|2k+1

TH (D) <2%46C, log* |T| - ———— + 16" CF 1 log®=V || |2 ++4= 51 EH(T)

| |2k+1

< 24k+6C* 10g4 [ — 2k+1

1657 Ch 1 10g4 =D 1) T 2T S EH D). 31)

To get the first term in the last formula we have used our condition 264¥C2 < |T'| to ensure that |T'|1/2 >
24k+1C, 1og* |T). O

Remark 13. The condition 264% C2 < |I'| can be dropped, but in that case we will have the factor
16K% (Cy log |T'|)*~! in the first term of (27).

Splitting any I'-invariant set onto cosets over I and applying the norm property of T;", we obtain:
Corollary 14. Let I C I]:; be a multiplicative subgroup, and Q C F; be a set with QT = Q. Then for
any k > 2,204kC% < |T'| one has

2k+1 k+7 k
TH(0) <2%+6C, togt 1] 12 162 k1 1og =D |0 rF () 0P . (32)

p
Let I" be a subgroup of size less than ,/p. Considering the particular case k = 2 of the formula in
Theorem 12 and using ET (") < |T'|>/27¢, where ¢ > 0 is an absolute constant (see [Shkredov 2013]),
one has:

Corollary 15. Let I' be a multiplicative subgroup, |I'| < /p. Then

[ log* ||

TS < +Ir[°7.

In particular, |4T'| > |T'|2T¢.

Previous results on TI_: ('), || = /p with small k had the form T,j (I') < |T|2¥—2+¢k with some
cr > 0; see, e.g., [Konyagin and Shparlinski 1999]. The best upper bound for T; (T") can be found in
[Shteinikov 2015].

Now we prove a corollary about exponential sums over subgroups, which is parallel to results from
[Bourgain and Garaev 2009; Bourgain et al. 2006; Garaev 2010]. The difference between the previous
estimates and Corollary 16 is just a slightly better constant C in (34).
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Corollary 16. Let T be a multiplicative subgroup, |T'| > p®, 8 > 0. Then for all sufficiently large p one
has

A _§/p7+2871
max |['(§)] < |T|- p~3/2 : (33)
£#0
Further we have a nontrivial upper bound o(|T"|) for the maximum in (33) if
log |T'| > M (34)

~ loglog p’
where C > 2 is any constant.

Proof. We can assume that [I"| < ,/p, say, because otherwise the estimate (33) is known; see [Konyagin
and Shparlinski 1999]. By p denote the maximum in (33). Then by Theorem 12, a trivial bound E*(I") <
IT'|3 and (16), we obtain

2k+1

IT1p?" " < pTou(T) <24 +6C, Tog? T[T P 164" CE1og*®—D 1| T2 T =+ D/2 ), (35

provided 264¥C2 < |T'|. Put k = [2log p/log|T'| +4] <2/8 + 5. Also, notice that

plog*®=D |

|F|—k/2 <1, (36)

because k > 2log p/log|I'| + 4 and p is a sufficiently large number depending on § (the choice of k is
slightly larger than 21og p/ log |T'| to “kill” p by division by |I'|¥/2 as well as logarithms 1og4(k_1) [T)).
Also, since |T| > pS, it follows that 264K C# < |I'| for sufficiently large p. Taking a power 1/2%%1 from
both parts of (35), we see in view of (36) that

-5
p < T|(T|727 4 r 71257 =2 ) p

To prove the second part of our corollary just notice that the same choice of k gives something nontrivial
if 282 < glog || for any & > 0. In other words, it is enough to have

21
k+2<=26P 7 loglog|T|—log(1/e).
log ||
It means that the inequality log || > C log p/(loglog p) for any C > 2 is enough. O

Remark 17. One can improve some constants in the proof (but not the constant C in (34)), probably,
but we did not make such calculations.

Now we estimate a “dual” quantity E; (Q) for I'-invariant set Q (about duality of T,':/Z(A) and E]': (A);
see [Schoen and Shkredov 2013] and (40)—(43)). We give even two bounds and both of them use the
Fourier approach. Our first estimate (37) relatively quickly follows from Corollary 14 and the price for
it is the appearance p in the bounds. The second estimate (39) is more delicate but requires more work.
Theorem 18. Let I C [} be a multiplicative subgroup, and Q < [y be a set with QT = Q and | Q 12|T| <
p2. Then for 0 < k, 204K C% < |T'| one has

S (Q)
k+2 k+1 k+1 2 _ _ _k+1
<223 log|OD? T QP (2% FOC, log* |Q] + 16K CE T 10g* ® D 0T T2 p). (37)
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Further let k > 1 be such that
%272 > 10[10g*™ | 0. (38)
Then
Ef (0) < @PCF Y012 )2, (39)

Proof. We begin with (37) and we prove this inequality by induction. For k = 0 the result is trivial in
view of our condition |Q|2|T'| < p2. Put s = 2K, k > 1. By the Parseval identity and (12), we have

1 ~ A
E5,(Q) = pr=l Y 0GP 102 (40)
X14+x25=0
25| O 2ET, 1 . .
BB T 602 1O P 1)
p p x1+-+x25=0
x; 70 for all j

+
_ 2S|Q|2Ep25_1(Q) +E/25(Q) (42)

Put L =log|Q|. By the Parseval identity

S IV 16 ) LT T e

p2s—1
X1+ +x25=0
x; 70 for all j
~ 1 ~ ~ ~
2 2 2 2 2s—1
=max |0~ ), [0 100 = max|O(x)2+ Q2.
x# P X1+t x25=0 x#
x; 70 for all j

Hence, as in the proof of Theorem 12, consider p? = E;LS(Q) /(4s]Q]*~1) and the sets
Pj={x:p2"1 <|0(x)| = p2} C ;.
Using the Dirichlet principle, we find A = p2/° > pand P = Pj, such that

4L*(2A)%
B55(Q) < %Ti(m. (43)

Here we bound the number of sets P; by the number L because of

2272 < |0 /p? < 4s|Q1»TES(0) < |0]/4

and the last inequality follows if (37) does not hold. Clearly, PI" = P (and this is the crucial point of
the proof, actually). Applying Corollary 14, we get

Ezs(Q) <
24S+2L2s A4S

P2S _ _ k47
e (2 ecaogt I 16 ot e ).

By the Parseval identity, we see that
A*|P|<|Q]p. (45)
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Hence
E,.(0) < 245421 25 |25 . (24k+6C*L4 4 16k2C,,’f_1L4(k_1) ) |F|—"'2j E+(T) p). (46)

Using a trivial bound ET(T") < |T'|3, we get

_ _ _k+1
EIZS(Q)S24S+2LZS|Q|2S_(24k+6C*L4+16kzcic 1L4(k 1)|F| o p) (47)

Applying a crude bound (19), namely, E5,_,(Q) < |Q|*"'E}(Q), the condition |Q|?|T'| < p2, and
induction assumption, we get
25|01°E5,1(Q) _ 25|0FT'Ef(Q)

p p
s+1
< 2s|0|

CLEQPF 2220, LY 4 16% D R LA R 2 )

<2822 HFOC, L4 4 168 CHI LR T ),

Hence combining the last estimate with (47), we derive
k42 k+1 k+1 2 _ _ _k+1
B (Q) =27 LT 0P YOO, L + 16 CET LAETD T p)

and thus we have obtained (37).
To get (39), put / = 25¥~1 k > 1 and consider E;LZ(Q). Further define g(x) = rlQ_Q(x) and notice

that g(€) >0, g(0) = E;L(Q). Moreover, taking the Fourier transform as in (40) and using the Dirichlet

principle, we get

E*(9)
p3

1
EL(Q) =) Qo)) =) g*x) = = D EE(NE(x +2)E(y +2)

X,Y,Z

<BOS @S T B0+ R +2)
v,z

p x#0,y#0,z#0

§ 4EF(Q)ES(0) N 4L4(§w)4
p

where G = {§ 0w < g(§) <2w} CF},and w > 2_3EZFI(Q)|Q|_3I := px because the sum over g(§) < p«
by (10) does not exceed

ET(G), (48)

404 o o ~
;3 3 BB +2)8(r +2) = 4pg®(0) = dpul 0.

XY,z

Further in view of the Parseval identity, we see that

©?G) = Y g(§)* < pES(0). (49)
teG
and by (10),
w|G| <) g = pg0) = plo|. (50)

teG
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Clearly, G is a I'-invariant set (again, this is the crucial point of the proof). Further returning to (48) and
applying Lemma 9, we see that

+ E 26 140,4 E+ E 26C*L4 4/71G14 GI3
EF(0) < (Q; (Q) - E+H(G) < (Q; 1(Q) . 2 (Ipl +||r|1|/2)
45 (Q)E5(Q) |,
:%"‘EM(Q)-

Applying (49) and (50), we get

26C, L*(0|G|)%0?|G]|

6 4 4] 6 4 21 1/2
723 <2°C, L4 0" +29C. L QP E,(Q)IT|

E, (0) <2°C.L* Q" +

It follows that
4E (Q)EZ(0)

I 101* 1
EII(Q)S++26C*L4|Q|2 E;’(Q)(E;,(Q)+|F|1/2)' (51)

Further estimating the first term of (51) very roughly as

E/ (Q)E], (Q) 01D, (Q) |Q 2 1ES, (Q)
p p )4

we get in view of our condition |Q|?|T"| < p? that this term is less than L4|Q|2’E (9N 1/2 Hence

21 1
E;(0) < 27C*L4|Q|21E;(Q)(E'+Q('Q) + |F|1/2)' (52)

Notice that the term |Q|* /ES, (Q) +1/|T'|'/2 <2-max{| Q|*! /E},(Q). 1/|T'|}/2} < 2. Applying bound
(52) exactly 0 <s <k tlmes where s is the maximal number (1f it exists) such that the second term
1/|T|*/2 in (52) dominates, we obtain

|2k—s+l

S 1 Asiri—s k k—s+1 |0 1
51 (Q) = @COPLUITIOP e 0)( 4 = S+I(Q)+|F|1/2). 53)

Now by the definition of s, we see that the first term in (53) dominates. Hence, using (51), (52) one more
time (if s < k), we get

Efe i (0) 2Q8C) L¥|T7/2| 0| 10|

From the assumption |T'|*+2)/2 > |Q|log4k |0, it follows that || > |Q[*/*+2) 10g8k/<k+2) |0].
Hence bound (54) is much better than (39) if s < k. If s = k, then by the same calculations, we
derive

zk-‘rl_zk—s-‘rl 2k—S+l

=2028C) LB T2 10T (54)

_ k+1_
By (Q) = @S C) LT 2ET (0)1 0P 2,
Since |Q|2|T| < p2 by Lemma 9, it follows that ET(Q) < 2C4|Q|3/|T'|'/2? and hence

_ k+1
E;_k—H(Q) < (28C*)k+1L4k|1—~| (k+1)/2|Q|2 +1'
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Further by the choice of k, namely, |['|*+2)/2 > || 10g4k |Q| we see that the last bound is bet-
ter than (39). Finally, if s = 0, then by definition EJ, (Q) < 102" IT'|1/2 and hence Efei(Q) <

10122, 0

Remark 19. From the second part of the arguments above one can derive explicit bounds for the energies
EF(Q) for small s. For example,

|QI”E3(Q)
p

E4(0) < + (log [T*Q|* + (log IT)*|QIPE(Q)IT 7Y/,

Now we obtain a uniform upper bound for the size of the intersection of an additive shift of any I'"-
invariant set. Our bound (56) is especially effective if the sizes of Q1,(0> are comparable with the size
of T, namely, |Q1], Q2] < |T'|€, where C is an absolute constant (which can be large). In this case the
number k below is a constant as well.

Corollary 20. Let ' C [} be a multiplicative subgroup, |I'| > p%.8>0,and 01,05 C [} be two sets

with Q1T = Q1, Q2T = 02, 011|T'| < p?, |Q2[*|T| < p?. Put Q = max{|Q1].|Q2l}. Then for any
x # 0, one has
_8/27+2871

101N (Q2+X)| < V|Q1]]Q2]log O - p
Further choose k > 1 such that |T'|*+2/2 > 0 log4k Q. Then, for an arbitrary x # 0,

101N (02 +x)| < V01102 - IT|7H/427, (56)

Proof. From the conditions |Q1|2|T| < p2, |02|2|T'| < p2, it follows that |T'| < p2/3. Put L = log Q.
On the one hand, applying the Cauchy—Schwarz inequality, we obtain

3 2 0, 0) = (e (Q0) V2 (E,, (02)1V2.
y

(55)

On the other hand, by formula (37) of Theorem 18 and I'-invariance of O, O, we have
2k+1

D0 N Q2+ 0P <> 2 ()
y

k+1

=22 L2 (04102 @M FOLY 4168 CET LA r T ),
provided 264¥C# < |T'|. As in Corollary 16 choosing k = [2log p/log|T'| + 4] < 2/8 + 5 and applying
an analogue of (36) which holds for large p, namely,
pLA&=D)

T <!

we obtain
_ k+2 _ k+2
101N (Q2 + )| < LV[01][Q2]- (1T 4 |0 71/277)
1 k42 _e/n7428— 1
< LV]101]10:2/IT17Y27 < LY]01]|02]p78/? :

and it easy to ensure that inequality 2064k C2 < |I'| takes place for sufficiently large p.
To derive (56), we just use the second formula (39) of Theorem 18 and the previous calculations. [J
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Remark 21. It is known (see, e.g., [Konyagin and Shparlinski 1999]) that if I' C [F; is a multiplicative
subgroup with |T'| < p3/4, then for any x # 0 one has [T N (T + x)| < |T'|2/3 and this bound is tight in
some regimes. One can extend this to larger I'-invariant sets and obtain a lower bound of a comparable
quality. It gives a lower estimate in (55).

Indeed, let I' C [ be a multiplicative subgroup with |I'| < p'/2. Consider R = R[] and Q = Q[I].
It was proved in [Shkredov 2016b] that | R| 3> |T'|?/log |T"| and one can check that R = 1 — R; see, e.g.,
[Murphy et al. 2017]. Finally, the set Q is I'-invariant and it is easy to check [Shkredov 2016a] that
|Q| < |T'|3. Hence

rP QP
— >
IOoN(1—-0)|>I|R| > log || > log|0]

Also, notice that if || < p'/2 and |Q[T']]2|T| < p2, then |Q[T]| > |T'|?>*¢ for some ¢ > 0; see the

first part of Corollary 35 from the next section.

Corollary 20 gives a nontrivial upper bound for the common additive energy of an arbitrary invariant
set and any subset of [,.

Corollary 22. Let I' C I]:; be a multiplicative subgroup, |T"| > p‘s, §>0,and Q C [Fl"; be a set with
OT = Q,|Q?|T| < p>. Then for any set A C Fp, one has

E*(4,0) < 1011412 p~/2"*  log 0] + 4| 0. (57)
Further, for an arbitrary o # 0,
EX(4,0 +a) < Q11412 p=2"  10g 0] +14] 0. (58)
In particular,
|4+ Q1> Q] min{| ], p#3 log™1 O]}, (59)
and 5
A(Q + )| > Q|- min{| 4], p77+2" log™! | Q. (60)

s
If k > 1is chosen as |[T|*+2/2 > | Q| log4k |Q|, then one can replace the quantity p27+2~" log™! | Q|
above by |F|_1/4'2_k.
Proof. Inequalities (59), (60) follow from (57), (58) via the Cauchy—Schwarz inequality, so it is enough

to obtain the required upper bound for the additive energy of A and Q and for the multiplicative energy
of A and Q + «. By Corollary 20, we have

EFN(A.0) = ra—a®)rg—o(x) = 4|10+ Y ra—a(x)ro_g(x)
x x#0
log |Q].

_e/n74+25"1
< |Al|Q]+ 10|14 p~3/2

as required. Similarly

_§/p7+2571
EX(4, 0+ ) <A[1Q1+ Y raja(®)rotay/o+a)(®) K |A[|1Q]+ Q|4 p~0/2 log|Q|.
x#0,1



SOME REMARKS ON THE ASYMMETRIC SUM-PRODUCT PHENOMENON 31

because in view of Corollary 20 one has

_3/274—23—1

rQ+a)/(@+a)(X) =0 N(xQ +a(x - )| K|Q]-p log|Q|.

8 _
So, we have obtained bounds (57)—(60) with p27+25=T Jog™! |Q|, and to replace it by |T'|~1/42 “ one
should use the second part of Corollary 20. O
From (59) one can obtain that for any multiplicative subgroup I" C [F; there is N such that NI" = [,
and N < §71457" . The results of comparable quality were obtained in [Glibichuk and Konyagin 2007].

5. The proof of the main result

In this section we obtain an upper bound for T]': (A) (see Theorem 23) and an upper bound for EIJCr (A)
(see Theorem 27) in the case when the size of the product set AB is small comparable to A, where B is a
sufficiently large set. From the last result we derive our quantitative asymmetric sum-product Theorem 5
from the introduction. Let us begin with an upper bound for T]j (A).

Theorem 23. Let A, B C [, be sets, M > 1 be a real number, and |AB| < M|A|, |A| > 1. Then for any
k > 2,216k 12" €2 1068 | 4| < | B|, one has

k k+1
> AP 2k+1_4

TS (4) <2%+6C, log* |A|- F16F° CR1 2" 10g4®=D) | 4] 4] 1B~ T E*(4A).

(61)

Proof. We have B # {0} by the condition 21k M C2log®|A| < |B|, for instance. We apply the
arguments and the notation of the proof of Theorem 12. Fix any s > 2 and put L := slog|A|. Our
intermediate aim is to prove

2k+1

L4ﬁs L4Ps

BN

T(4) < Cs*M> log* | 4] - ( Tj(A)), (62)

where C = 25Cy. As in the proof of Theorem 12, we get

TH(A4) < 2L*QA)ET(P) + ¢,
where
E<4APTITS(A). (63)

Further, A > T;FS(A)/(16|A|3S) is a real number and P = {x : A <rg4(x) <2A} C [}. Moreover, we
always have | P|A2 < T (A). Notice also
IPIA <D rea(x) <) rea(x) <|AP.
x€P X
To proceed as in the proof of Theorem 12, we need to estimate | PB|. Observe that for any x € PB

one has rg4p(x) > A. Thus, we have

|PBIA < Y reap(x) <|AB|" < M¥|AF. (64)
xePB
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Hence using Lemma 9, we obtain

M2S|A|2S|P|2 M3s/2|A|3s/2|P|3/2)

J’_
E (P)EC*( Azp A3/2|B|1/2

Hence in view of estimate (63), combining with | P|A < |A[® and | P|A% < T} (A), we get

M25|A|ZS|P|2 M3s/2|A|3s/2|P|3/2

TH(A) = g(16c*)L4A4( )+

Azp A3/2|B|1/2
M23|A|ZS|P|2A2 M3s/2|A|3s/2|P|3/2A5/2
_ 4 4 25—11+
= $(16Cx)L ( + B2 )+4|A| Ty (4)
M2S|A|4s M3s/2|A|3s/2(|P|A2)(|P|A)1/2
4 4 25—11+
<4(16C,)L ( + VilE )+4|A| TH(A)
M?25| 4|45 M3s/2 Al TH(4
p |B|1/2

and inequality (62) is proved. Here, we have used a trivial inequality | B|}/2 < | 4| which follows from

|B| < |AB| < M|A| <|B|"/?|A| because M2 < 216k pr2" ' C210g8 | 4| < |B).
Now applying formula (62) successively k—1 times, we obtain

Tox (4)

2k|A|2k+1

2k+1 2k+1

524k+6C* 10g4|A|. +l6k2M Cf_110g4(k_1)|A|'|A| —4|B|—k%lE+(A)’ (65)

where the exponent 2k+1 _ 4 comes from the sum 2 + - + 4; to get the first term on the right-hand
side of (65), we used 216X M2 "' C2 < |B| to ensure that |B|/2 > 24k T1C, M2 log* |A|. O

Remark 24. It is easy to see that instead of the assumption |AB| < |A| we can assume a weaker
condition | A% - Ay (B)| < |A5, 1 < s < 2K71; see (64).

The same arguments work in the case of real numbers. In this situation we have no characteristic p
and hence we have no any restrictions on the parameter k.

Theorem 25. Let A, B C R be finite sets, M > 1 be a real number, and |AB| < M |A|. Then for any
k > 2, one has

TS (4) < 168 CHF 13 G =D 10g4 k=D g1 | 427 =1 B 7+/2, (66)

Corollary 26. Let A C R be a finite set, M > 1 be a real number, and |AA| < M |A| or |A/A| < M|A]|.
Then for any k > 2, one has

12K A s> |A|VTRI2pg=3/2CQ5 1) g4k | 4] (67)

Bounds of such a sort were obtained in [Konyagin 2014] by another method. The best results con-
cerning lower bounds for multiple sum sets kA, k — oo of sets A with a small product/quotient set can
be found in [Bush and Croot 2014].
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To obtain an analogue of Theorem 18 for sets with |[AA| < | A|, we cannot use the same arguments as
in Section 4 because the spectrum is not an invariant set in this case. Moreover, in R there is an additional
difficulty with using Fourier transform: the dual group of R does not coincide with R of course. That is
why we suggest another method which works in “physical space” but not in the dual group.

To formulate our main result about E,’:(Q) for sets Q with small product QI" for some relatively large

set I we need some notation. Let us write Q®) = |OT*=1| for k > 1 and Q® = |Q| for k = —1.

Theorem 27. Let I', Q C [, be two sets, and k > 0 be an integer. Suppose that |oT**1||oT*||T| < p2;
further Q®|T| < p, and M = |QT**1|/|Q|. Then either

k k k+1 _ _
Efesr () < (MZ H13kH1cEAD/ 1o5k 9y o277 41 P =k/8-1/2 (68)
or

k+1
Exi1(Q) =2(0%)?
In particular, if we choose k such that |T|K/8+1/2 > || -Mzk‘HZ3k‘HC,£k+4)/4 logk 0% then

Efi1 () <2(0%)

Proof. Without loss of generality one can assume that O ¢ I". Fix an integer / > 1 and prove that either

2k+1. (69)

1/4 -
Ed»(0) <8C *log|Q|-101"/2E5, (QI) 1| ~1/* (70)
or
ES () <2102, (71)
Put g(x) = rlQ Q(x) L =log|Q]|, and E. l/z(Q) = Esl/z(Q)_ |0]%1/2 > 0. We will assume below that
E/5 ; /2(Q) -1 E;l /2(Q) because otherwise we obtain (71) immediately. Using the Dirichlet principle,

we find a set P and a positive number A such that P = {x : A < g(x) <2A} C I]:; and

sl/z(Q) =L Z FSI/Z (x).

xeP

Applying Corollary 11, we obtain

/ [P|* PPV
EL 5(0) < LAY rh o () <3G LAY 0112 (Ef, (Qr))”“( p +|F|l/2)

xeP

A6|P|4 A6|P|3 1/4
<3C1/4L|Q|l/2(E (QF))1/4( IT|1/2 )
We have A|P| < E;F(Q), A?|P| < EJr (Q) and hence AS|P|* < (E (Q))z(EJr(Q))2 It follows that

(ELON2ES(0)? (B, (Q))3)1/4
p |T|1/2 '

E212(0) < 3C L0 e ory 4 (<2
To prove that the first term (E (Q))Z(E+(Q))2/p is less than (E (Q))Z’/|I‘|1/2 we need to check that

(EF (0)2ITY? <ES(Q)p.
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But using the Holder inequality, we see that the required estimate follows from

2(—=1 _4l
(EF (Q)AIT|V2 < (Bf,(0)) 21 | Q|21 |T |2 <Ef,(Q)p
or, in other words, from
104 |1|@I=D/2 < X (0) p? 1. (72)

Finally, we can suppose that for any s > 2 one has, say,
E;}—(Q) > |Q|S+1 |F|—1/810gs—1/2’

because otherwise estimate (68) follows easily. Our assumption Q®)|T'| < p implies that |Q||T'| < p

and whence
1
|Q|21—1|F|§10g21+l §p21_1|F|1+1/810g21_l EPZZ—l,

and thus (72) takes place for [ > 2. For [ = 1, see the calculations below. Hence under this assumption

and the inequality E, 1/2(Q) 1E;FI/Z(Q), we have

ES5(0) <8C! *1og|0]-10|"2ES (QT) 1| !/8

and we have proved (70). Trivially, it implies that

2(0) =8¢ 10g|0]-|0P'ES (OD) || 7V®
and subsequently using this bound, we obtain
k/4 k—1 k _
Eferi (0) = @ Ci/f 10t | Q¥ M2 2 g P2 (Qr K D /8
= ¥ M> 210k |orF ) - @ 2T e (O T RS,
At the last step, we need to check rc-1r < p, and it is guaranteed by our assumption ©r <p
P g y p
(for k = —1 we just need |Q||T'| < p). Now recalling the assumption |QT¥+1||QT¥||T"| < p? and
applying Lemma 9, we get
k k+4)/4 - k+1 —k/8—
Efean (Q) = (M 123K F1 I jogk | ok o P4 R/8 12,
In particular, this final step covers the remaining case / = 1 above. O

Remark 28. Let " be a multiplicative subgroup and QI' = Q. Then by Theorem 27 if |Q||I"| < p and
a number k; is chosen as |T[¥1/8+1/2 > | 0| 1logk! | 0|, then E2k1+1(Q) <k, |Q|2k1+l. Let us compare
this with Theorem 18. By the second part of this result (see condition (38)), choosing k» such that
|F|(k2+2)/2 10 10g4k2 |Q], we get E2k2+1 (Q) <k, |Q|2k2+1 |I‘|1/2. After that applying the second
part of Corollary 20 n := 2k2+1 times, we obtain

Eir12(Q) <y 1017777 4+ ES, 11 (Q)(1 QD[ 1/4272)n

+2 +1
<, 0727 11022 ) 2102 < |0

Thus, Theorem 18 gives a slightly better bound (in the case of multiplicative subgroups), but of the same
form.

2k +2

|22k2+2
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Remark 29. From formula (40), it follows that for any / one has E?'(Q) > |02/ p'~!. Hence the
upper bound (69) has a place just for small sets Q. For example, taking the smallest possible / = 2 and
comparing |Q|? with |Q|*/p we see that the condition |Q| < /P is enough. If Q0 = OTI', where I' is a
multiplicative subgroup, then it is possible to refine this condition because in the proof of Theorem 18
another method (the Fourier approach) was used. We did not make such calculations.

Now we can obtain analogues of Corollaries 20 and 22.

Corollary 30. Let T', Q1, Q2 C [ be sets. Take k > 0 such that for j = 1,2, one has

10;TF2||0, T*+H T < p2, |, T¥|IT| < p. |Q;T| < M|Q;|. 10;T% 2 <M|Q;|,

and
k
|F|k/8+1/2 > |Qj| M*M2 +123k+1C>£k+4)/4 Ing |Q1Fk| (73)
Then, for any x # 0,
_ —k
1010 (Q2+x)| <2MM/]01]]Qo] - T|7H/2C7), (74)

Proof. Denote by p the quantity |Q1 N (Q2 + x)|. On the one hand, applying the Cauchy—Schwarz
inequality and the second part of Theorem 27 for sets I'Q; and I"'Q», we obtain

k+1
Y rtor-ro, () < Efy MO V2 (ES 4 (TQ2))'?
y k k k k+1 k
< 22210110, < 23K 22 M2 (10411027

On the other hand, it is easy to see that for any y € I'x one has rrg,-rg,(y) > p. Thus,

k+1 k k41
P2 T < 23K 22 2 (1041102

and hence
_ —k
p=2MM/]011Qa| -T2,
Here we have used the inequality k > 5, which easily follows from |[I'| < |Q;I'| < M|Q;| and (73). O

In the next two corollaries we show how to replace the condition | OT'¥| « | Q| with a condition with
a single multiplication, namely, |QT'| < |Q].

Corollary 31. Let I, Q be subsets of F,, M > 1 be a real number, |QT'| < M|Q|. Suppose that for
k > 1 one has 2M)*+1Q||T'| < p, and

k
|F|k/8+1/2 > |Q| . (2M)(k+3)2 C£k+4)/4 logk((2M)k|Q|) (75)
Then, for any A C [,

1A+ Q] >273|Q]-min{|A], 2~ “+0 p—*+3) 3270y (76)
and for any o # 0,

|A(Q + )| =273 Q] -min{| 4], 2 ¢+0) pr—*+) 3270y (77)
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Proof. Using Lemma 7, find a set X € Q, |X| > |Q|/2 such that, for any /,
XTI < @M)'|X|. (78)

Also, notice that |[XT| < |QT| < 2M|X|. We apply Corollary 30 with M replacing by (2M)k+2,
My =2M and see that, for any x # 0,

— —k
01N (Q2+x)] < 25F4M*+3 /10105171270,

Here, 01 = X and Q5 = X or Q» = aX. We will check the condition |Q,; T%+2||Q,; T**1||T| < p?
of Corollary 30 later and notice that the assumptions |Q; I‘k| IT| < p,|O;T| < M«|0Qjl,|0; l"k+2| <
M| Q| easily follow from (78) and our condition (2M Ye+11 Q||| < p. Now using the arguments from
Corollary 22, we estimate the energies ET (A4, X), EX(A4, X 4+a). In particular, we obtain lower bounds for
the sum set from (76) and the product set from (77). It remains to check condition (2M)2**+3|Q2|T'| <
p2. But it follows from (2M)*+1|Q||T| < p if M < |T'|/2. The last inequality is a simple consequence
of (75). O

Now we prove an analogue of Corollary 30 where we require that |Q; I'|, j = 1, 2 are small comparable
to |Q;|. For simplicity, we formulate the next corollary in the situation |Q’| = |Q|, but of course the
general bound takes place as well.

Corollary 32. Let T, Q, Q' be subsets of Fp, |Q'| =|Q|, M > 1 be a real number, |QT|,|Q'T| < M|Q|.
Suppose that for k > 1 one has @M)**1|Q||T'| < p, and

st awEn > |0 M*kFIZ kT4 ook (p a2 | g))

Then for any x # 0 one has

0N (Q'+x)| = 4M|Q|- T 2570 ", (79)
Proof. Let Q = Q N(Q' 4 x). Then |OT| < |QT| < M|Q| = M|Q|/|0|-|0| := M|Q|. Similarly,
|(Q —x)T| <|Q'T| < M|Q]|. Applying the second part of Corollary 31 witha =x, Q = Q, A =T,
and M = M, we get

M|Q| = (0 —x)T| = 27 TR Q| i~k r 327" = o=y =43 G febd o =49 ppp2
provided
/A2 = o) a8 ¢ F 9% 108k (201)F | Q)
> |0]- @) &+ T 10k (201)4| O).

This gives us
1 2—k

10| <4M|Q|- ||~ 26+

(80)

Now if the last inequality does not hold, then

M|Q|/M =|0| > 4M|Q|-|T| 2502 "
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~ 1 —k ..
and thus M < |T'|2®+92 " /4. Hence the condition

1 k

is enough. O

Now we are ready to prove the main asymmetric sum-product result of this section.

k+1 —
Corollary 33. Let A, B, C C [, be arbitrary sets, and k > 1 be such that | A| |B|1+2<k+4>2 y < p and

|BI5 2055 = 4] %D 10gk (14] | B). (81)
Then . .
max{|AB|, |4+ C|} = 273|A| -min{|C |, | B|"FH> "}, (82)
and for any a # 0,
max{|AB|, |(A +@)C|} > 273|A| - min{|C]|, | B| 252 "}, (83)
Moreover,
|APIC1> . Lok
|AB|+mz2 44| -min{|C|, |B|7&FH2 "}, (84)
and, for any o # 0, we have
|A12|C|? 4 . -
AB|+ ————1 >27%4]- C|,|B|F®FH2 "}, 85
| |+EX(A+O(,C)_ |A|-min{|C], | B| } (85)

provided
k 1
|B|s VA s > 4] cETY 4 10gk (1 4]|B)).

Proof. We will prove just (82) because the same arguments hold for (83). Put |[AB| = M|A|, M > 1,
and apply Corollary 31 with Q = A, I' = B, A = C. Supposing that

|B|k/8+1/2 > |4 .2(k+3)2kM(k+3)2k C£k+4)/4 logk((ZM)klAI), (86)
we obtain

|A+C| =273 A]-min{|C|, 2~ &9 pr~*+3) g|227" (87)

Put My = 2_2|B|2<k1+4>2_k and consider two cases: M > Mg and M < M. If M > My, then there is
nothing to prove. If not, then we apply (87) and obtain the same. In other words,

max{|AB|,|A+ C[} > 273|A| -min{|C|, | B|7®F52 "},
To check (86), we use M < My and see that the inequality

|B|k/8+1/2 > |A| '2(k+3)2kM(§k+3)2kC>£k+4)/4 logk((2M0)k|A|)

follows from our condition (81). The condition (2M)*+1|4||B| < p gives us |A||B|1+2<](k7%2_k <p.
To prove (84), (85), we use Corollary 32 instead of Corollary 31 and apply the arguments of the proof

of Corollary 22. We obtain E* (4, C), EX(A + &, C) < 2|4||C| + 4|A||C|?- M - | B|"2&+52 ", After

that it remains to compare M with the optimal value My = 27!|B| swrn2 " O
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Notice that one cannot obtain any nontrivial bounds for min{E* (4, B), E¥ (A4, C)}. Just take B equals
a geometric progression, C equals an arithmetic progression, |B| = |C|,and A = BUC.

Remark 34. The results of this section take place in R. In this case we do not need in any conditions
containing the characteristic p.

Corollary 33 gives us a series of examples of “superquadratic expanders” [Balog et al. 2017] with four
variables, i.e., functions f(x1, ..., x,) such that for any finite A C R one has

(S Cenn e xn) s (xpae xn) € A7 > |A|>e,

where ¢ > 0 is an absolute constant. The first example of such an expander with four variables was given
in [Rudnev 2017a], namely the cross-ratio function

(y=x)(w-z)

(z—x)(w—y)

(see also [Rudnev 2017b]). It would be is interesting to find an example of a rational superquadratic
expander with three variables.

f(x»y,Z»w)Z

Corollary 35. Let ¢ : R — R be an injective function. Then for any k < %2_16 and an arbitrary finite
set A C R, one has |R[Alp(A)| > |A|>T*. In particular,

R[A]Az{%:x,y,z,we&x;éz}

is a superquadratic expander with four variables.
Moreover, for any finite sets A, B, C, D of equal sizes one has

‘{%:xm,ye&zec,weD,x;éz}‘>>|A|2+'<. (88)
Proof. By a result from [Jones 2013; Roche-Newton 2015], we have |R[A]| > |A4|?/log |A|. Further
R[A] = 1 — R[A] and R™![A] = R[A]; see Remark 21. Hence applying estimate (83) of Corollary 33
with A = R[A], B =C = ¢(A), and @« = —1, we obtain

1 2—k

|R[Alp(A)| > |R[A]| - | A| &+
provided

A5 To®E > [R[A]] - 22K CEFD 1ok | 4] > |R[A]]- CEFD 4 logk |R[Alp(A)].  (89)

Put | R[A]| = C|A|*>T¢/log|A|, ¢ >0, and C > 0 is an absolute constant. Then taking k = 16 + 8c, say,
we satisfy (89) for large A. It follows that

1

IR[A]p(A)] > |4 T zmomsa? ™ jog™1 |4,

One can check that the optimal choice of ¢ is ¢ = 0. Finally, to prove (88) just notice that from the
method of [Jones 2013; Roche-Newton 2015] it follows that

“[Z%Z:aeA, beB, ceC, c;«éa}| > |42/ log |A|

for any sets A, B, C of equal cardinality. After that, repeat the arguments above. O



SOME REMARKS ON THE ASYMMETRIC SUM-PRODUCT PHENOMENON 39

Remark 36. Let us show quickly how Corollary 33 implies both Theorems 1, 2 for sets A with |A| <
pl/ 27¢ (the appearance /P bound was discussed in Remark 29).

Let B, C be sets of sizes greater than p® such that max{|AB|, |4 + C|} < p®|A| or max{|(A + «)B|,
|A+ C|} < p%|A| for some a # 0. We can find sufficiently large k = k() such that condition (81) takes
place for B because |A| < p'/27¢ < p and |B| > p®. Applying Corollary 33 for 4, B, C, we arrive to
a contradiction. Finally, to ensure that | A4| |B|l+%zik < p just use the assumption |A| < p1/27¢,
inequality | B| < |AB| < p®|A|, and take sufficiently small § = §(¢) and sufficiently large k = k(g).

Let A C R be a finite set. We consider a characteristic of 4 (see, e.g., [Shkredov 2016a]) that gener-
alizes the notion of small multiplicative doubling of A. Namely, put

A) + B|?
d T (A) := inf min —'f( )+ B ,
f B#o  |A||B|

where the infimum is taken over convex/concave functions f.

Problem. Suppose that d *(A4) < |A|® and & > 0 is a small number. Is it true that there is k = k(g) such
that E;7 (A4) < |A[*F?

Notice that one cannot obtain a similar bound for T,j (A). Indeed, let A = {12, 22 ... ,nz}. Then
one can show that for such A, the quantity d*(A4) is O(1) (see, e.g., [Shkredov 2016a]) but, clearly,
|kA| <k |A|?>. This means that it is not possible to obtain any upper bound for T,‘c" (A) of the form
T,j (A) <« |A|*~27¢ ¢ > 0, and hence any analogues of Theorems 23, 25 for sets A with small d T (4).

Acknowledgements

The author thanks Misha Rudnev and Sophie Stevens for careful reading of the first draft of this paper and
for useful discussions. Also he thanks the referee for valuable suggestions, remarks and careful reading
of our article. This work is supported by the Russian Science Foundation under grant 14-11-00433.

References

[Balog et al. 2017] A. Balog, O. Roche-Newton, and D. Zhelezov, “Expanders with superquadratic growth”, Electron. J. Com-
bin. 24:3 (2017), art. id. 3.14. MR Zbl

[Bourgain 2003] J. Bourgain, “On the Erd6s—Volkmann and Katz-Tao ring conjectures”, Geom. Funct. Anal. 13:2 (2003),
334-365. MR Zbl

[Bourgain 2005a] J. Bourgain, “Estimates on exponential sums related to the Diffie-Hellman distributions”, Geom. Funct. Anal.
15:1 (2005), 1-34. MR Zbl

[Bourgain 2005b] J. Bourgain, “Exponential sum estimates over subgroups of Z}, ¢ arbitrary”, J. Anal. Math. 97 (2005),
317-355. MR

[Bourgain 2005¢] J. Bourgain, “More on the sum-product phenomenon in prime fields and its applications”, Int. J. Number
Theory 1:1 (2005), 1-32. MR Zbl

[Bourgain 2007] J. Bourgain, “Exponential sum estimates in finite commutative rings and applications”, J. Anal. Math. 101
(2007), 325-355. MR Zbl

[Bourgain and Garaev 2009] J. Bourgain and M. Z. Garaev, “On a variant of sum-product estimates and explicit exponential
sum bounds in prime fields”, Math. Proc. Cambridge Philos. Soc. 146:1 (2009), 1-21. MR Zbl

[Bourgain et al. 2004] J. Bourgain, N. Katz, and T. Tao, “A sum-product estimate in finite fields, and applications”, Geom.
Funct. Anal. 14:1 (2004), 27-57. MR Zbl


http://www.combinatorics.org/ojs/index.php/eljc/article/view/v24i3p14
http://msp.org/idx/mr/3691531
http://msp.org/idx/zbl/1373.52021
http://dx.doi.org/10.1007/s000390300008
http://msp.org/idx/mr/1982147
http://msp.org/idx/zbl/1115.11049
https://doi.org/10.1007/s00039-005-0500-4
http://msp.org/idx/mr/2140627
http://msp.org/idx/zbl/1102.11041
http://dx.doi.org/10.1007/BF02807410
http://msp.org/idx/mr/2274981
http://dx.doi.org/10.1142/S1793042105000108
http://msp.org/idx/mr/2172328
http://msp.org/idx/zbl/1173.11310
http://dx.doi.org/10.1007/s11854-007-0012-2
http://msp.org/idx/mr/2346549
http://msp.org/idx/zbl/1183.11046
http://dx.doi.org/10.1017/S0305004108001230
http://dx.doi.org/10.1017/S0305004108001230
http://msp.org/idx/mr/2461864
http://msp.org/idx/zbl/1194.11086
http://dx.doi.org/10.1007/s00039-004-0451-1
http://msp.org/idx/mr/2053599
http://msp.org/idx/zbl/1145.11306

40 ILYA D. SHKREDOV

[Bourgain et al. 2006] J. Bourgain, A. A. Glibichuk, and S. V. Konyagin, “Estimates for the number of sums and products and
for exponential sums in fields of prime order”, J. London Math. Soc. (2) 73:2 (2006), 380-398. MR Zbl

[Bush and Croot 2014] A. Bush and E. Croot, “Few products, many /-fold sums”, preprint, 2014. arXiv

[Erd6s and Szemerédi 1983] P. Erd6s and E. Szemerédi, “On sums and products of integers”, pp. 213-218 in Studies in pure
mathematics, edited by P. Erd6s, Birkhéuser, Basel, 1983. MR

[Garaev 2010] M. Z. Garaeyv, “Sums and products of sets and estimates for rational trigonometric sums in fields of prime order”,
Uspekhi Mat. Nauk 65:4 (2010), 599-658. In Russian; translated in Russian Math. Surveys 65:4 (2010), 599-658. MR Zbl

[Glibichuk and Konyagin 2007] A. A. Glibichuk and S. V. Konyagin, “Additive properties of product sets in fields of prime
order”, pp. 279-286 in Additive combinatorics, edited by A. Granville et al., CRM Proc. Lecture Notes 43, Amer. Math. Soc.,
Providence, RI, 2007. MR Zbl

[Jones 2013] T. G. F. Jones, “New quantitative estimates on the incidence geometry and growth of finite sets”, preprint, 2013.
arXiv

[Konyagin 2014] S. Konyagin, “i-fold sums from a set with few products”, Mosc. J. Comb. Number Theory 4:3 (2014), 14-20.
MR Zbl

[Konyagin and Shkredov 2016] S. V. Konyagin and I. D. Shkredov, “New results on sums and products in R”, Tr. Mat. Inst.
Steklova 294 (2016), 87-98. In Russian. MR Zbl

[Konyagin and Shparlinski 1999] S. V. Konyagin and I. E. Shparlinski, Character sums with exponential functions and their
applications, Cambridge Tracts in Mathematics 136, Cambridge University Press, 1999. MR Zbl

[Murphy et al. 2017] B. Murphy, G. Petridis, O. Roche-Newton, M. Rudnev, and I. D. Shkredov, “New results on sum-product
type growth over fields”, preprint, 2017. arXiv

[Roche-Newton 2015] O. Roche-Newton, “A short proof of a near-optimal cardinality estimate for the product of a sum set”, pp.
74-80 in 31st International Symposium on Computational Geometry, vol. 34, edited by L. Arge, Schloss Dagstuhl. Leibniz-
Zent. Inform., Wadern, Germany, 2015. MR Zbl

[Roche-Newton et al. 2016] O. Roche-Newton, M. Rudneyv, and I. D. Shkredov, “New sum-product type estimates over finite
fields”, Adv. Math. 293 (2016), 589-605. MR

[Rudnev 2017a] M. Rudnev, “On distinct cross-ratios and related growth problems”, preprint, 2017. arXiv

[Rudnev 2017b] M. Rudnev, “On the number of incidences between points and planes in three dimensions”, Combinatorica
(2017).

[Ruzsa 2009] I. Z. Ruzsa, “Sumsets and structure”, pp. 87-210 in Combinatorial number theory and additive group theory,
edited by M. Castellet, Birkhduser, Basel, Switzerland, 2009. MR Zbl

[Schoen and Shkredov 2013] T. Schoen and I. D. Shkredov, “Higher moments of convolutions”, J. Number Theory 133:5
(2013), 1693-1737. MR Zbl

[Shkredov 2013] I. D. Shkredov, “Some new inequalities in additive combinatorics”, Mosc. J. Comb. Number Theory 3:3-4
(2013), 189-239. MR Zbl

[Shkredov 2014] I. Shkredov, “Energies and structure of additive sets”, Electron. J. Combin. 21:3 (2014), art. id. 3.44. MR
Zbl

[Shkredov 2016a] I. D. Shkredov, “Difference sets are not multiplicatively closed”, Discrete Anal. (2016), art. id. 17. MR Zbl

[Shkredov 2016b] I. D. Shkredov, “On tripling constant of multiplicative subgroups”, Integers 16 (2016), art. id. A75. MR
Zbl

[Shkredov 2017] I. Shkredov, “Some remarks on the Balog—Wooley decomposition theorem and quantities D+, D*”, Proc.
Steklov Inst. Math. 298 (2017), 74-90.

[Shteinikov 2015] Y. N. Shteinikov, “Estimates of trigonometric sums over subgroups and some of their applications”, Math.
Notes 98:3-4 (2015), 606-625. MR

[Szemerédi and Trotter 1983] E. Szemerédi and W. T. Trotter, Jr., “Extremal problems in discrete geometry”, Combinatorica
3:3-4 (1983), 381-392. MR Zbl

[Tao and Vu 2006] T. Tao and V. Vu, Additive combinatorics, Cambridge Studies in Advanced Mathematics 105, Cambridge
University Press, 2006. MR Zbl


http://dx.doi.org/10.1112/S0024610706022721
http://dx.doi.org/10.1112/S0024610706022721
http://msp.org/idx/mr/2225493
http://msp.org/idx/zbl/1093.11057
http://msp.org/idx/arx/1409.7349v4
http://msp.org/idx/mr/820223
https://doi.org/10.1070/RM2010v065n04ABEH004691
http://msp.org/idx/mr/2759693
http://msp.org/idx/zbl/1293.11017
http://msp.org/idx/mr/2359478
http://msp.org/idx/zbl/1215.11020
http://msp.org/idx/arx/1301.4853
http://mjcnt.phystech.edu/en/article.php?id=84
http://msp.org/idx/mr/3341776
http://msp.org/idx/zbl/06459590
https://doi.org/10.1134/S0371968516030055
http://msp.org/idx/mr/3628494
http://msp.org/idx/zbl/1371.11027
https://doi.org/10.1017/CBO9780511542930
https://doi.org/10.1017/CBO9780511542930
http://msp.org/idx/mr/1725241
http://msp.org/idx/zbl/0933.11001
http://msp.org/idx/arx/1702.01003v2
http://msp.org/idx/mr/3392771
http://msp.org/idx/zbl/1378.11020
http://dx.doi.org/10.1016/j.aim.2016.02.019
http://dx.doi.org/10.1016/j.aim.2016.02.019
http://msp.org/idx/mr/3474329
http://msp.org/idx/arx/1705.01830v1
http://dx.doi.org/10.1007/s00493-016-3329-6
https://doi.org/10.1007/978-3-7643-8962-8
http://msp.org/idx/mr/2522038
http://msp.org/idx/zbl/1221.11026
http://dx.doi.org/10.1016/j.jnt.2012.10.010
http://msp.org/idx/mr/3007128
http://msp.org/idx/zbl/1300.11018
http://mjcnt.phystech.edu/en/article.php?id=66
http://msp.org/idx/mr/3284125
http://msp.org/idx/zbl/06367620
http://www.combinatorics.org/ojs/index.php/eljc/article/view/v21i3p44
http://msp.org/idx/mr/3262281
http://msp.org/idx/zbl/1301.11010
https://doi.org/10.19086/da.913
http://msp.org/idx/mr/3555199
http://msp.org/idx/zbl/06637022
http://msp.org/idx/mr/3573427
http://msp.org/idx/zbl/1364.11034
http://dx.doi.org/10.1134/S0081543817070057
https://doi.org/10.4213/mzm10629
http://msp.org/idx/mr/3438516
http://dx.doi.org/10.1007/BF02579194
http://msp.org/idx/mr/729791
http://msp.org/idx/zbl/0541.05012
https://doi.org/10.1017/CBO9780511755149
http://msp.org/idx/mr/2289012
http://msp.org/idx/zbl/1127.11002

SOME REMARKS ON THE ASYMMETRIC SUM-PRODUCT PHENOMENON 41

[Yazici et al. 2017] E. A. Yazici, B. Murphy, M. Rudnev, and I. Shkredov, “Growth estimates in positive characteristic via
collisions”, Int. Math. Res. Not. 2017:23 (2017), 7148-7189.

Received 1 Dec 2017.

ILYA D. SHKREDOV:

ilya.shkredov @ gmail.com
Steklov Mathematical Institute, ul. Gubkina, 9, Moscow, Russia, 119991

and

IITP RAS, Bolshoy Karetny per. 19, Moscow, Russia, 127994
and

MIPT, Institutskii per. 9, Dolgoprudnii, Russia, 141701

MJCNT — published in partnership with the :.
Moscow Institute of Physics and Technology msp


http://dx.doi.org/10.1093/imrn/rnw206
http://dx.doi.org/10.1093/imrn/rnw206
mailto:ilya.shkredov@gmail.com
https://mipt.ru/english/
http://msp.org

Moscow Journal of Combinatorics
and Number Theory

EDITORS-IN-CHIEF
Nikolay Moshchevitin

Andrei Raigorodskii

EDITORIAL BOARD

Yann Bugeaud
Vladimir Dolnikov
Nikolay Dolbilin
Oleg German
Grigory Kabatiansky
Roman Karasev
Gyula O. H. Katona
Alex V. Kontorovich
Maxim Korolev
Christian Krattenthaler
Antanas LaurinCikas
Vsevolod Lev

Janos Pach

Rom Pinchasi
Alexander Razborov
Joél Rivat

Tanguy Rivoal
Damien Roy
Vladislav Salikhov
Tom Sanders
Alexander A. Sapozhenko
Ilya D. Shkredov
J6zsef Solymosi
Benjamin Sudakov
Jorg Thuswaldner
Kai-Man Tsang
Maryna Viazovska

PRODUCTION
Silvio Levy

msp.org/moscow

Lomonosov Moscow State University (Russia)
moshchevitin@gmail.com

Moscow Institute of Physics and Technology (Russia)
mraigor @yandex.ru

Université de Strasbourg (France)

Moscow Institute of Physics and Technology (Russia)
Steklov Mathematical Institute (Russia)

Moscow Lomonosov State University (Russia)
Russian Academy of Sciences (Russia)

Moscow Institute of Physics and Technology (Russia)
Hungarian Academy of Sciences (Hungary)

Rutgers University (United States)

Steklov Mathematical Institute (Russia)

Universitit Wien (Austria)

Vilnius University (Lithuania)

University of Haifa at Oranim (Israel)

EPFL Lausanne(Switzerland) and Rényi Institute (Hungary)
Israel Institute of Technology — Technion (Israel)
Institut de Mathématiques de Luminy (France)
Université d’ Aix-Marseille (France)

Institut Fourier, CNRS (France)

University of Ottawa (Canada)

Bryansk State Technical University (Russia)
University of Oxford (United Kingdom)

Lomonosov Moscow State University (Russia)
Steklov Mathematical Institute (Russia)

University of British Columbia (Canada)

University of California, Los Angeles (United States)
University of Leoben (Austria)

Hong Kong University (China)

EPFL Lausanne (Switzerland)

(Scientific Editor)
production@msp.org

See inside back cover or msp.org/moscow for submission instructions.

The subscription price for 2019 is US $310/year for the electronic version, and $365/year (4-$20, if shipping outside the US) for print

and electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Moscow Journal of Combinatorics and Number Theory (ISSN 2220-5438 electronic, 2220-5438 printed) at Mathematical Sciences
Publishers, 798 Evans Hall #3840, c/o University of California, Berkeley, CA 94720-3840 is published continuously online. Periodical

rate postage paid at Berkeley, CA 94704, and additional mailing offices.

MICNT peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/

© 2019 Mathematical Sciences Publishers


http://msp.org/moscow/
moshchevitin@gmail.com
mraigor@yandex.ru
production@msp.org
http://dx.doi.org/10.2140/moscow
http://msp.org/
http://msp.org/

Moscow Journal of Combinatorics and Number Theory

vol.8 no.1 2019

To the reader
Nikolay Moshchevitin and Andrei Raigorodskii

Sets of inhomogeneous linear forms can be not isotropically winning
Natalia Dyakova

Some remarks on the asymmetric sum-product phenomenon
Ilya D. Shkredov

Convex sequences may have thin additive bases
Imre Z. Ruzsa and Dmitrii Zhelezov

Admissible endpoints of gaps in the Lagrange spectrum
Dmitry Gayfulin

Transcendence of numbers related with Cahen’s constant
Daniel Duverney, Takeshi Kurosawa and Iekata Shiokawa

Algebraic results for the values ¥3(m7) and ¥3(nt) of the Jacobi theta-constant
Carsten Elsner, Florian Luca and Yohei Tachiya

Linear independence of 1, Li; and Li;
Georges Rhin and Carlo Viola

15

43

47

57

71

81


http://dx.doi.org/10.2140/moscow.2019.8.1
http://dx.doi.org/10.2140/moscow.2019.8.3
http://dx.doi.org/10.2140/moscow.2019.8.15
http://dx.doi.org/10.2140/moscow.2019.8.43
http://dx.doi.org/10.2140/moscow.2019.8.47
http://dx.doi.org/10.2140/moscow.2019.8.57
http://dx.doi.org/10.2140/moscow.2019.8.71
http://dx.doi.org/10.2140/moscow.2019.8.81

	1. Introduction
	2. Notation
	3. Preliminaries
	4. Multiplicative subgroups
	5. The proof of the main result
	Acknowledgements
	References
	
	

