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Mirror Theorem for Elliptic Quasimap Invariants of
Local Calabi—Yau Varieties

HYENHO LHO & JEONGSEOK OH

ABSTRACT. The elliptic quasi-map potential function is explicitly cal-
culated for Calabi—Yau complete intersections in projective spaces in
[13]. We extend this result to local Calabi—Yau varieties. Using this
and the wall crossing formula in [5], we can calculate the elliptic
Gromov—Witten potential function.

1. Introduction

For a nonsingular variety X that has a GIT representation W //gG, we can define
the moduli spaces of e-stable quasi-maps with genus g, k-markings to X with
degree B, denoted by Q;k(X, B), for any g and k with 2g — 24+ k>0, B €
Homy (Pic® (W), Z) unless 2¢ —2+k=0and g =0. For each Qi,’k(X, B), we
can define the canonical virtual fundamental class

[Q5 4 (X, B € Au(Q5 1 (X, B)) ®2Q
of degree
SW).B + (dime X —3)(1 — g) +k.
See [7] for details.
Especially, for a Calabi—Yau variety X, since c?(W) =0, every [Q?O(X , ﬁ)]Vir
for any B # 0 has degree 0. So, we can define the generating function

O50:= qf deglQf ((X. I
B#0

for each ¢. In particular, when ¢ is small enough, that is, & = 0+, it is called the
elliptic quasi-map potential function of X.
Throughout this paper, let X be a total space of vector bundles

O[pmfl (_li)lx’ @ OPnfl (_lé)|x/ @ e @ O[pmfl (_l;/n)|x/

over X', where X' is a complete intersection in P"~! defined by deg /; polyno-
mials fori =1,2,...,r and [,, 11/7 > 0 for all a, b. We assume the Calabi—Yau

condition
Y la+ > ly=n.
a b
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Note that X has a natural GIT representation and is a Calabi—Yau variety. In this
paper, we give an explicit formula of this elliptic quasi-map potential function
for this X. Kim and Lho [13] already computed the elliptic quasi-map potential
function in the case m = 0. Basically, we follow their idea to prove the main
theorem, which we introduce, except for the computational part. It is as follows:
By the quantum Lefschetz hyperplane section theorem [ | 2], quasi-map invariants
of X can be represented as twisted quasi-map invariants of P"~!, which also have
natural GIT representations. Moreover, we apply the torus localization theorem
for the latter since P! has a natural torus action.

To state the main theorem, we first need some preparations. Givental [8] intro-
duced the equivariant I-function for X, which is an Hif P Q(, ¢)-valued
formal function in formal variables ¢, z, ty:

I5(1,9)

o0
= etHH/Z quetyd
d=0

lid l''d—1
1_[;=1 [[{=1 U H +k2) 1_[;',;1 [lizo (CUiH —kz+¢)
X
[Ty Ty (H — & + k2)

where T = (C*)" is the torus group acting on P A, ..., A, are the T-
equivariant parameters, and ¢ is the C*-equivariant parameter for C*-action act-
ing diagonally on the fiber of X over X’; Q(A, ¢) denotes the quotient field of the
polynomial ring in Ay, ..., A, ¢, H is the hyperplane class, and ¢ =ty H. Denote
by It the specialization of 11‘: with

)

¢ =0.
Denote by It the specialization of It with
A,-:exp(Zni\/—l/n), i=1,...,n. (1.1)

Let us define the formal functions Bi(q,z) € Q[H]/(H" — 1) ®q Qllg, %]]
and Ci(q) € Qllg]l for k =0, 1, ...,n — 1 inductively as follows. First, set By :=
11(0, g) and choose Cp(g) by a coefficient of 1 = H in Bo(g, z = 00). Now,
suppose Bx_1(q, z) and Cr_1(q) are defined. Then, define By (g, z) by

d\ B
Bi=(H+zg— | ———

dq ) Cr—1(q)’
and Ck(q) by the coefficient of H kin By (g, 00). We can easily check that Cy(gq),
k=0,1,...,n— 1, which are the so-called initial constants, are of the form 1 +

0O (q), and also that
Ci(@)H* = Bi(g,00), k=0,1,....n—1.

Note that Q[H]/(H" — 1) is isomorphic to Hy (P"=1y modulo (1.1).
Now we are ready to state the main theorem.
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THEOREM 1.1.

—1—r—m)? —
<>(1)J(F) 3n—1-r m:8+n r+m-— log<1—ql_[ll l—[( l)l)
a=1

nr2

-5 Z ( )bgck(q)

k=m
Define Ig and / f by the 1/z-expansion of
Ifli=o=1I§ + I} /24 0(1/2).

Denote by Iy and I; the specializations of Ig and [ f with ¢ = 0. It is easy to

check that Ig = Ip = Cy. Ciocan-Fontanine and Kim [5] proved the wall-crossing
formula.

THEOREM 1.2 ([5]).

¢
<>O+ ! — Xtop(X) log Iy — i 1 Cd]mX 1(Tx)
U VES 24
+ <)1,0|qdr—>q‘1exp(fdm“e] Ii/1p):

Here, we consider cqim x—1(Tx) as an equivariant Chern class to define integra-
tion on X by localization. Combining these two theorems, we get the following
theorem.

THEOREM 1.3.

o
( >l Olqd'_)qd eXP(fd“me] II/IO)

1
24Xt0p(X)10g10+_/ —cdimx—1(Tx)

3n—1—r—ml+n—r+m-— I I
_ o log<1—q}_[11 ]‘[( 1)

ln r—2 .
- 5 < >10gck(fI)-

When m = 0, Theorem gives another proof of the result in [13]. Also, when
r = 0, it gives another proof of the result in [ 1]. If both are nonzero, then this
gives a new result.

2. Elliptic Quasimap Potential Function of X

In this section, we simplify the elliptic quasi-map potential function of X. We
closely follow the notation in [13] and state the results in [13] without proof in
this and next sections.
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2.1. Quantum Lefschetz Theorem and Divisor Axiom

We will write elliptic quasi-map potential function as a generating function
of quasi-map invariants of P"~!, which is much easier to deal with. Consider
Qg:’;{ (P"~!, d). Here and further, since the degree of a quasi-map to P"~! can be
regarded as a nonnegative integer, we used the notation d instead of 8. Denote
by f the universal map from the universal curve C of ngk(]P’”’] ,d) to the stack

quotient [C" /C*]:
c— L s even.

QYR @1 d)

Since the domain curves of objects in QgﬁC (P*~!, d) have no rational tails for
any g and k, every irreducible component with genus 1 in the domain curves
of objects in Q?I)(P”_l ,d) must have a positive degree if it exists. So, we can
apply the quantum Lefschetz hyperplane section theorem in [12] to get following
formula:

gk )l Q05 X, DI = e(Ey i ® Eg ) QYK )™
forg=0,k=2,3,...and g =1,k=0,d > 0. Here,
Q0.0 QX O
if d > 0 and
Jo0: Q5 (X, 00 = X x Moy —P'~! x Moy = Q01" 0),

where M is the moduli stack of stable curves with genus 0 and k-markings.
Also,

Egra =R f*[(E x C")/C*], E} s g = R'm, f*[(E' x C")/C*],

where E = @, E, (tesp. E' =@, E,), E, (resp. E}) is the one-dimensional
C*-representation space with weight [,60 (resp. —I,6), where 6 : C* — C* is the
identity map, and e stands for the Euler class. So, we can rewrite the potential
function as

OV =" g'deg(e(Er 04 ® Ef ) NIQTHE )™, @.1)
d#0
On the other hand, denote by

Qi@ a)

the moduli space of genus g, degree class d stable quasi-maps to P*~! with or-
dinary k pointed markings and infinitesimally weighted s pointed markings. We
can also define their natural virtual fundamental classes

[Qg s @ )™
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(see §2 of [4]). Using this, we define the invariants

] 0+,0+
My 1 8D g ks

ev ()i | | €vie))
‘/e‘(Eg,kls,d@E;.'k_ryd)m[Qgi’(;ﬁ—(Pn_] L)V U [T e S 17[ JN

fory; e H*(P""H®Q(1), §; € H*([C"/C*],Q),and for g =0,k =2,3,...and
g=1,k=0,d >0, where y; is the psi-class associated with the ith marking,
and ev; (resp. €v;) is the evaluation map to P! (resp. [C"/C*]) at the ith (resp.
Jjth) marking (resp. infinitesimally weighted marking); E¢ k|5, = RO, f*[(E x
Cc™y/C, E;,kls,d = Rz, f*[(E’ x C")/C*] with f and 7 defined as

f

c——1 ~crcH

|

0+,0+ mn—1
Q,xs E".d)
where C is the universal curve. Note that in the definition of invariants, there is a
constraint on g and k because the quantum Lefschetz theorem holds only in this
case. So, in this case, we can interpret these invariants as invariants for X that are
basically defined without constraint on g and k.

Here, we are focusing only on Q?I)]?Jr (P"=!, d), which is isomorphic to the
universal curve of Q?JB (P"~1, d). Define the generating function

00
0+ . dy;. 17\0+.0+
(H)L()H = Zq {; H)I,O\l,d’

d=1

where H € H?([C"/C*], Q) is the hyperplane class. Then, by the divisor axiom
we have

d 0 7\ 0
QE(MI):(H)]’J(F)‘] (2.2)

2.2. Localization

Now, we will calculate it by using T-equivariant quasi-map theory. Recall that
T = (C*)" is the n-dimensional torus acting on P*~! in a standard way. Let {p;};

be the set of T-fixed points of P"~!. The T-fixed loci of Q(l)’JB’l(l)Jr (P*~1, d) can be

divided into two types according to whether the reduced image is a point in P"~!
or not. A quasi-map is called a vertex type over p; if its regularization map is
constant over p;. For the definition of regularization map, see [7]. Otherwise, the
quasi-map in Q?B](l)+ "1, )T is said to be of loop type. A loop-type quasi-map
is said to be of loop type over p; if the infinitesimally weighted marking of the
quasi-map maps to p;.



470 HyENHO LHO & JEONGSEOK OH

Define QVerl ia to be the substack of Q?Jg’l?+(]P’”’],d)T consisting of vertex

type over p;. Define QE)OP’ iato be the substack of Q?B]?*’(IP’”” )T consisting
of loop type over p;.

By the virtual localization theorem, (H >(1),—~(_)|1 can be divided into the sum of the
localization contribution Vert; from all the vertex types over p; € (}P’”’l)T and
the localization contribution Loop; from all the loop types over p; € (Pr—hHT,
that is,

)Y, = Z Vert; + Z Loop;., (2.3)

where
T ~ KT
e (El,Oll,d@Ei,0|1,d)|Q3cm‘dev1(H)

T vir
JVir e (N ; 040+ ot 1)
Qrerial Qrop P 1d)
T / ~k T
e (£ Olld@El’oll’d”Q?«;op.idevl(H)

Loop; := qd/ : ,
l az(:) [or . ¥ eT(NVIr 0+,0+ mon—1 )
# Pl Qlaoptd/Qloll =)

)

Vert; .= Zq /

d;éO Qverl i, d

where el stands for the T-equivariant Euler class, and N V‘r O+:04 o1
vcrtt d/Ql ,011 @"=.d)

(resp. NV 04,04 ) is the virtual normal bundle of Qvem 4 (resp.

Qloopld/Ql 0\1 ®=1.d)
Qloop i 4) into Ql 0| TP, d). Here, we regard the hyperplane class H as a
T-equivariant class in H%([(C”/ C*1, Q).
2.2.1. Vertex Term. Let
oY@ aytn
be the T-fixed part of Q?fg (P"=1, d) the elements of which have domain compo-
nents only over p; under the regularization map. Then, ng‘ ;.4 18 isomorphic to

the universal curve of Q?JB (P!, d)T-Pi . So, by the divisor axiom,

eT(El,O,d @ Ei,(),d)lQ?J(r)([pm—l)d)T,l’i
Vert; —q— Z / wot T T (NYE : %
d#o Q (P d)*Pi] Q?B(Pll_l’d>T,pi/Q(1),+()(P”_l'd)
On the other hand,

T
€ (El ,O‘d) | Q(I)B(]pn—l ’d)T,I’,'

= eT (l_[ ﬂ*OC (lai) ® Ea)
=e’ (]‘[ 7:01,5(1a%) ® Ea)eT (]‘[ R7,.0c ® E)
a a

T Oc® E,)
= T * X aA Ea - (l_[an* : ;
e <1:[7T Olax(l X) ® eT(Ha Rn,0r ® E))’
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where X is base loci on a universal curve C, and 7 is a projection from C to
Q?‘B (P!, @)T-Pi The first equality comes from the idea in [6], and the second
equality comes from the long exact sequence
0— Oc — O¢(laX) — O 3(1X) — 0.
Similarly, we can show that
T 1 ’
T,/ T e (I, R mOc ® Eyp)

e (E . o =€ 7O Q E .

(Ev0.0)l gt @r1.ayrr (l;[ "R ® b) eT([1, 7+Oc ® Ey)

Also, we can see that

e NVlr
A °+(IP’”*1,d)T"’f/Q?fB(lP"*l,d))

=" (Rm.0c®) ® Ty, P ")
et (7.0c @ T, P 1)
eT"(R'71,.Oc ® Ty, PP 1)

=el (1. 0;%) ® T),,P" )

On the other hand,
QL@ )" ="M 04/ Sa.

where Sy is the symmetric group of degree d acting on Vl,ou by a permutation
of infinitesimally weighted markings. Furthermore, Ml,o‘d is smooth, and

. 1 1 Vi
[Q?B(PWI Ld)ToPiqvir — E[Ml,ou]

under the isomorphism. Here, [Ml,ow] is the fundamental class of M1,0|d- There-
fore,

Vert; =g / (1+ ¢ (Ve(E)) Fig.
dq d;éO My 0q
where

" ([1, 7:0,,50®) ® Eo)e" ([1, 7.0y 5 ® Ep)

Fiqg:= 2.4
. T (7, 03}) ® T, P 1) 24

with X := Z‘;:l xj, the sum of loci of infinitesimally weighted markings in the

universal curve; E := (R! m+O¢)Y is the Hodge bundle on MLQM, and c; (1) is the
element in Q(A) uniquely determined by

'Y @ T, P" e (O, ® Elp)e" (B ® E'|))
T((f)M1 o ® Ty, P~ DeT(EY ® E|pl.)eT(OmW QE|)

14 c¢;(Me(E) =

So, by a simple computation we can check that
() = Z Fym—y
JF#
Note that ¢; (A) is iﬂdependent of d and that e(IEI)2 = 0 because [E comes from the
Hodge bundle on M ;.

laAi
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By the same argument as in [13], we can relate the genus one invariants with
the genus zero invariants.

ProPOSITION 2.1.

q‘ q‘
g A

d#0 M0 d0
d
824Zd#0qd/d!fﬁho‘d Fi'd — Z q_ / F d
= . i,d>
d#0 d! Mo31a

where the classes F; g4 on M0,2|d and M0,3|d are defined in the same way as in

(2.4).

In conclusion, we have

Vert, = L 4 C'(K)Zﬁf F; 4 +log Zﬁf F; (2.5)
24\ 2 gy, id d Jigyye ")) T

d#0

3. Localized Invariants

3.1. Localized Generating Functions in Genus Zero Theory
In order to do equivariant quasi-map theory of P"*~! instead of that of X, we

need to use E x E’-twisted Poincaré metric on Hy (P*1) ® Q(1), that is, for
a,be Hy(P"" 1) @ Q(),

@ b)ExE/:/ eT(E)yUaUb
’ ]mel CT(E/)

’

where eT(E) (resp. eT(E")) is the T-equivariant Euler class of E (resp. E’).
Here, we used the notation E (resp. E’) instead of [(E x (C"\{0}))/C*] =
D, Opn-1la) (resp. [(E' x (C"\{0}))/C*]1 = @), Opn-1(—I})) by avoiding abuse
of notation. Let ¢; be the basis of Hy (P"~1y ® Q(1) such that

1 ifi=,
¢i|pj= o .
0 ifi#j,

and let ¢ be its dual basis with respect to E x E’-twisted Poincaré metric.
Also, as in [13], we need to use the twisted virtual fundamental class

eT(Eoka ® E) 1) N1QY L@ )™

in genus zero quasi-map theory. By using this, we will define local correlators.
Let

Qi@ a)Tr
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be the T-fixed part of ng( (P!, d) with elements having domain components
only over p;. By using the twisted virtual fundamental class
T (Eoka @ Ej . o) N1QG B!, d)T-Piie

T vir
e (N
( ngk(w],d>T-Pi/Q8Tk<P"*1,d>)

we define it as follows:

a ap\ 0+, pi
(V28 /AN 731 k)o,k)dl
= 0 o | | evf v
— eT(EO.k,de;E(/)’k,d)m[QO’*];(Pni1'd) Nz Jvir i Vz i
T ViT i
(N )
&0t @=Ly ™ P o0 )

0+, pi
7R AN VA FeA

d
q 0+, pi —
:=§ :mel,...,ykl/f“k,t,...,no,kﬁw, forr € Hy(P"~1) @ Q(n),
s, d

where ; is the psi-class associated with the ith marking, ev; is the ith evaluation
map, and g is a formal Novikov variable. Here, we used the notation Eq k4 (resp.
E(’),k’d) instead of Eo’k,d|Q8ﬁ<(Pn71’d)T‘pi (resp. E(’)’k,degﬁ{(P,,,lyd)Tﬂ ) by avoiding
abuse of notation.

Let z be a formal variable. We define the following T-local generating func-
tions:

Di = ei{(1, 1, D)5 =14 0(g),
0+, pi
ui =i (1, 1) 5" =tl), + 0(q),
0+, pi
0+, pi . 1
S =g ,
el =),
= e'ylp +0(q) fory € Hi(®"™") @ Q)I4I.

0+, p; 1 O+’pi t
JUTE =g m o =elp+0(9),

where the unstable terms of Sto +pi (y) and JoPi are defined by using the quasi-
map graph spaces QGg’JB,d(]P’”_l) or QGg’JE!O(lP’"_l) as in [2; 3]. Also, the un-
stable term of u; (this is the only case of m = d = 0) is defined to be 0. So, in
particular,

TP 2o = Ixli=0.p;- 3.1)
Here the front terms e; are defined by the formulas ¢i = e;¢;. The parameter z
naturally appears as the C*-equivariant parameter in the graph construction (see
§4 of [3]). It is originated from the C*-action on Pl
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/ zd—D |¢=0-
Mo 31q
So, applying it to (2.5), we have
q d
Vert, = — .
Mq(@A S o 7 Juteo

+log D,-|f-o). (3.2)

On the other hand, it is easy to check that

/ ld—u|t 0,
Mo,21q

a’;éO d;éO

To describe this by using /-function for X, we need more generating functions.
Denote by QGg . d(]P’"_l) the quasi-map graph spaces (see [3]) and by

QGqh @7

the T-fixed part of QGg . d(]P’”_l) with elements having domain components only
over p;. Asin[13], we define the invariants and generating functions on the graph
spaces: for y; € Hy(P"~") ® HZ.(P") ® Q(A),

G, p

(78 AP /2 A

*
eT (RO f* EQR my f* ENNIQGY Y =1y TPipvir l_[ev v

T<Nv1r
¢ oGt @ I)Tpl/QG0+ @1y

v @y 267

d 0+ .
= qjﬂm#“‘, 20 T fort e HEPTH) @ Q).
s,d

Here we denote by ev; the ith evaluation map to P"~! x P! from the quasi-map
graph spaces and regard ¢ as the element  ® 1 in Hy Py ® HE (PH @ Q).
We used the notation E (resp. E’) instead of [(E x (C"))/C*] (resp. [(E’ x
(C"))/C*]) by avoiding abuse of notation. The maps f and m are defined as
follows:

f

C——=[C"/C*].
QGg} @~ HTr

Here, C is the universal curve.
Let poo be the equivariant cohomology class in H, (P') defined by

p00|0=07 poo|oo=_Z.

Exactly as in [ 3], we can have the following factorization.
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ProposITION 3.1.
JO*F,P,‘ — S?+api (POJF,P;‘)’
where o
. G, p;
PP = e (1@ o)) C 7.
By the uniqueness lemma in §7.7 of [3] we have
0+, pi i
STy =€y,
Hence Proposition gives the expression
JONP = (i + 0(), (3.3)
where r; 0 € Q(A)[[¢, g]l is the constant term of PO*:Pi in z. By the following
result we can easily see that expression (3.3) is unique.
COROLLARY 3.2. The equality
log JOTPi = u; /z +logri o + O(2) € Q) ()7, 11
holds as Laurent series of z over the coefficient ring Q(A) in each power expan-
sion of t and q, after regarding t as a formal element.

Also, as in [13], we have the following result.

COROLLARY 3.3.
1

Dili=0 = .
ri,0l1=0

In conclusion, applying these to (3.2), we have
q d (( 1 1 1 )
Vert; = — — + + Uili=0
Y] dq ; Aj— A ; laki ; l[;)»,' i

- 10g(ri,0|z=o)>, G4

where u; and r; ¢ are defined in terms of factors in J 0+.Pi asin (3.3). Also, u; li=0
and r; o|;=o are related to the factors in IT by (3.1).
To describe the vertex term more concretely, denote by

04,0+ -1 T, pi
QYL @t ayTr

the T-fixed part of QZ:Z’|?+ (P"~1,d), the domain components of which are only
over p;.
For y; € Hif(IP’"_l) ®Q(1), 1,8; € H([C"/C*],Q), denote

. 0+,0+
v, o™ 6, (SS)O,k\s,d

[ Jevianw [ [évie):
J

/eT(Eo,ks,deaEa_wm[Qgi’.S*(P"',d>l“‘ i

(v oot



476 HyeNHO LHO & JEONGSEOK OH

d
q Lz 2 0+,0+,
ZFWW“H...,WW", feos D)o ks’
s,d
. 04,0+, p;
<J/11/’a] L] kaal\’ 81’ Tt 3m>0,k|s,d t

— AN AL DS Y.
- /;T(Eo,k\x,d@% k‘Sd)m[Q8t(-|S+<pn—l'd>TaPi]vir | |€U,' (Vt)l/fi | |evj(51)7
i J

TV, or T.p; | 0+.0+ )
s n—1 \Di s n—1
5Tt @=Ly TPi /004 =1 a)

0+,0+, p;i
(R AL VAT FY A

d
q L~ ~ 04,0+, p;
:ZFWlwalyn-ka‘/fak’t’ --'vt>0’k‘s,d E
s, d
Consider

& 0+,0+
S(y) :=Z¢’<<Z_lw,y>> ;

0,2

bi bi 04,0+ 1
Vii(x, y) := ; =——+0(g);
() <<x v y- ¢>>0,2 ei(x+y) +04a)

Ui =i (1, g5 """ =171, + 0(g);

. 1 04,0+, pi /2
S, (y) i=e 7 =ey|p + 0(q);

v 0,2
or 1 0+,0+, p; - 0+
J »Di = €<<7>> =€t| l+0(q):J s[’i| :0+0(f)
‘Nzz =) 0.1 g l
As before,

0+, pi i/z .
S; P () = Vil iy s

0 U - k 3-5)
JoHpi = Ui/ (ZRi,kz + 0(z’"+1))
k=0

for some R; ; € Q)7 q] (after regarding f as a formal element).
Denote by I the infinitesimal /-function JO-0F defined and calculated explic-

itly in [4]:
Snf d !
1) = <6XP(Z —l<zq— + H) >>1T|z=0,
i=0 < dq

By (3.5) and the fact that | ,, = J%*+7 we have

m
Il = e/ (Z Ri 2" + 0(zm+‘>).

k=0
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Hence,
m
H|f~=0,Pi = eUi|f=0/Z (Z Ri,k|t~=()zk + O(Zm+l)> )
k=0
On the other hand, since I|;_y = It|;=0 € H{f(IP’"’l)[[q, %]] and It|;,—o is homo-
geneous of degree 0 if we set
deg H =deg); =degz=1 and degqg =0,
then after the specialization

A,-:Aoexp(Zm'v—l/n), i=1,...,n,degro=1, 3.6)

Il;—o € QLH]/(H" — Ap)llq. %]] is also homogeneous of degree 0. Since ]1|;:pri =
ll7=0, g=s, and A} = Ag, Il;—0, ,, modulo (3.6) is a series in Qllg. 2i/z, $1. So, we
obtain

Tljzg, ; = €"@H/2 (Z Rk<q><z/xi)k) 3.7)

k=0
for some ©(q) € Q[¢]l and Ri(q) € Q[[¢]l. Here, = means modulo (3.6). Even
if we put A9 = 1 to match the specialization (3.6) with (1.1), then (3.7) still holds
modulo (1.1). Since p(g)A; = Ujl;—o modulo (3.6), u(g) € qQllgll. Note that
u(q) and Ry (g) are independent of i. Hence,

_ _Aitg/z
H'f:lHI:I,pi =e H/ (1T|f=0>f1'—>q€1HsPi)

o0
= ehitn/2gnlaet iz (Z Ry (qet”)(z/?w)k> '

k=0
Thus,
Uili—y, i = %i(tn + pn(ge™)) and
Rikl_,, g = Ri(qe™)/ ()", (3.8)
Since

7i,0li=0 = Ri 0l7—g»
Uili=0 = Ui|f:o, and

w0=(255)
J 1

JF#

we conclude that

—logrioli=0 ¢i (Muilr=0
ZVert, —q—(z 1 + Z 24 )
—nlog R
dq( n o§ o(q) 24 (Z Z ( ))M(q)) 3.9

where 1 and Ry are defined in terms of factors in IT.
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3.2. Loop Term

By the same argument as in [9], we can represent the loop term with genus zero
invariants.

PRrROPOSITION 3.4.

1/ d
Loop; =7\ i, Vili= .
tg=

x lim < “UA Y 0 (x, y)—L>
x,y—0 xX+Yy

ri(14+qu'(q))

N | =

, 1
x  lim (ekf“(q><1/x+‘/>)eivi,~(x,y)|,~_0——+ ) (3.10)
x+y

x,y—0

The second equivalence comes from (3.8).
Now consider the equivariant cohomology basis

{1, H:=cl©oW),...,H" 1

of the T-equivariant cohomology ring
n
Hi " H=QlA, ..., A, h]/<l_[(h - x,-)), H > h.
i=1

There is the expression of V-correlators in terms of S-correlators by Theo-
rem 3.2.1 of [6]:
1 Z]SZ =x,i= O(H )|P: z=y,I= O(H )|Pz

eiVii(x, y)l; =0 = Xty
€i

3

where H/" is the dual of H/ with respect to E x E’-twisted Poincaré metric g;;
modulo relations (3.6);

(la) 1 ;o
gij_ a 1 )Z k= )3r mitjnk—1 forO<i,j<n—1.

We can calculate the S;_y(H k) in terms of It by the Birkhoff factorization
method as in [13]. So, we can express ¢;V;;(x, y)|;—o and Loop; in terms of
factors of Ir.

Using the Birkhoff factorization method and the calculation in [14], we obtain

1
li =M@ /x+1/Y) o 7 _
L;El)()(e eiVi;(x, )’)|t =0 X4y

)Ln—Z

T (T, P YL(g) T dg Loop(g),
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where
—1/n

L(g) = (1 —q HIZ; H(—lg)’é) :

1
Loop(q) = (n— 1 —22— —2 )u(q)

bllb

3(n—1—r—m)2+(n— N
- . Dog(1-a [Tt TTe-1" )
a b

"~ (n—r—k
- ( ) >logck<q).
k=m

Thus,
n— -2

1 d
Loop; = Z2:(1 + a1 (@) T, q—LOOP(q) (3.11)

e ]P’" DL(g)"d
Using the fact that equivariant IT-function satisfies the Picard—Fuchs equation
PFIrli—gy.t = 0,
-1
PF := (z%) -1 —qHH(az— —i—kz) l_[ H (—ll’,z% —kz)
a k=1 =0
and the asymptotic form of
Itli=ty H, p; >
we can calculate p and Ry:
u(q)=/0q #dx, Ro(q) = L(g)" "D/,

For calculations, see [14]. Therefore,

n—1

1 d A
lZLOOpi = EQELOOP(Q)ZW

d
- —q—Loop(q) / qu—Loopm) (3.12)

3.3. Proof of Main Theorem

By combining (3.9), (3.12), and (2.2) we have

d 3mn—1—r—m?+n—r+m-3
—{()?B-I- 28 log( 1

~a Tt TT0")

a=1 b=1

"I fn—r—k
5 2 ( 5 )logck<q)}=

k=m
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because of (2.3). Finally, since

—1=r—=—m)? -
{(>(1)B+3(n 1—r m:8+n r4+m— log<1—ql_[ll“ 1—[( l)lb>
a=1

1" n—r—k
+3 Z( 5 )10ng(Q)}

we are done.

=0,
q=0

3.4. Corollaries
First of all, if m > 2, then I =1 and / f = 0. Thus, we have the following:

COROLLARY 3.5. If m > 2, then

05 =015
3n—1l—r—m?*+n—r+m-—
=— % log( Q{}_[lllﬂl_[( l)’b)
ln r—2 _
—5 < )long(q).

If m=1,then Ip =1 and
-

/ HUCdimX—l(TX):( ) lﬁ——~
X a

a=1

Thus, we have

COROLLARY 3.6. If m =1, then

Li(q) ((n n n
o0 p—
OTolggen = =, (<2> - Ea oo ﬁ)

3(n—r—22%4n—r—2 . )
3m—r=2"4n-r log<1—ql_[l£,"~(—li)l‘>
a=1

48

Z:j ( )logck@

where 11(q) € Qllq]l is the coefficient of H in If.

If m =0, then

r

/ H U cdimx—1(Tx) =( > lﬁ
X a

a=1

Thus, we have the following:



Mirror Theorem for Elliptic Quasimap Invariants 481

COROLLARY 3.7. If m =0, then

1 1 Ii(q) n
0704 gelt @100 = 24Xt0p(X) oglo+ — 24 To@) (( ) - ;E)

3mn—1-=rY4+n—r-3 .y
- R log(1—q [ ]
a=1
n—r—2

- Z ( )logck(q)

where 11(q) € Qlq]l is the coefficient of H in I]C.

4. Example

Let X be the total space of Opi(—2) & Opi(—2) on P! x P!, Then it can be
obtained by pull-back of Op3(—2) on P under Segre embedding i : P! x P! <

IP3. Note that the image of i is a quadric hypersurface in P*. Using identification
Hy(X,7) = Hy(P! x P!, Z) £ 7 x Z, define the Gromov—Witten invariants

> deglM (X, (di, )"
di+dr=d

for positive integer d. In this section, we 1 calculate N4, d > 0, explicitly by using
main theorem.

First, we apply Theorem to X by puttingn =4, r=1,m=1, and [} =
11 =2 and obtain

“.1)

1 1 1
OFh = —75 log(1 — 169) - Elog(l + gL 1@)

T4q To(@)
where Io(g) and I1(q) are defined by
quﬂ 1QH +k2) [Ty (—2H — ko)
[Tio TTi=y (H = 2 + k2)

H 1
=)+ hig)—+ 0(7)-
4 Z
4.2)

Here, the left-hand side of (4.2) is It(0, ¢), and “=" means modulo (1.1). Pre-
cisely,

4 12d\?
Io(@)=1, and 1@):2%( ) 4.3)

d>0 d
By Theorem and Corollary we obtain
1
OFolgtgtexpian@n = 73 1@) + 070 (4.4)

Let us define
Q:=gqexpli(q) and T :=logQ.
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Then, combining (4.1), (4.3), and (4.4), we have

T 1 dq
% (0)=— + =log( (1 —16¢4)71/0477/6 =% 45
OT0(Q) 513 0g<( q)" g a7 4.5)
1 1, 124 , 4
=——g—-—qg°*— — o0 4.6
39~ 54 5 4 +0(q") (4.6)
because
2 400 5 4
Li(@)=T —logg=1+4q + 13¢q +Tq +0(@q"
and

d dT 2 3 4
1+g—NL(g)=q— =1+4qg +36g~ +400q° + O(q").
dq dq

We have to mention is that in [10] it is proved that
T o0 1 ~1/6-7/6 94
—— =1 1—16 / /6211,
5+ 0%@ =5 og(( 0T
which is exactly (4.5).
On the other hand, using
Q =qexpli(q) =q +4q” +26q° + 0(q*).

we have

o
(5@ =Y NsQ*
d=1
= Nig + (4N + N2)g® + 26Ny +8N2 + N3)g> + O(g).  (4.7)
Then, comparing (4.6) and (4.7), we have
N1=—1, N2=_1, N3=_9,
3 2 ) 9
Also, note that these numbers appeared in [ 1], where it is also shown that

00 T
()1,0(Q)=E—10g77(f), (4.8)
where 7 is the Dedekind eta function, and
Q=P1/2—4P+6P3/2+, p=e27TiT’
that is,

00 00
n(7) zenir/IZ 1_[(1 _e2nnir) =p1/24 1_[(1 _pn).
n=1

n=1
Indeed, mirror curves of X are a family of elliptic curves. If we regard t as a
parameter of a family of elliptic curves, which corresponds to

C/(Z &7,

then they have shown (4.8) by modular properties and the behavior at the dis-
criminant of the family of elliptic curves of partition function at genus 1, which is
defined exactly in the same way as —% +(O)7%(QD).
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