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On Elliptic Dunkl Operators

PAVEL ETINGOF & XIAOGUANG MA

1. Introduction

Elliptic Dunkl operators for Weyl groups were introduced in [BuFV]. Another
version of such operators was considered by Cherednik [C1], who used them to
prove the quantum integrability of the elliptic Calogero—Moser systems. The goal
of the present paper is to define elliptic Dunkl operators for any finite group W
acting on a (compact) complex torus X. (Although we work with a general finite
group W, the theory essentially reduces to the case when W is a crystallographic
reflection group [GeM, 5.1] because W can be replaced by its subgroup gener-
ated by reflections.) We attach such a set of operators to any topologically trivial
holomorphic line bundle £ on X with trivial stabilizer in W and to any flat holo-
morphic connection V on this bundle. When W is the Weyl group of a root system
and X is the space of homomorphisms from the root lattice to the elliptic curve,
our operators coincide with those of [BuFV]. We prove that the elliptic Dunkl op-
erators commute, and we show that the monodromy of the holonomic system of
differential equations defined by them gives rise to a family of |W|-dimensional
representations of the Hecke algebra H.(X, W) of the orbifold X/W defined in
[E]; conjecturally, this gives generic irreducible representations of this algebra. In
the case of Weyl groups, the algebra H.(X, W) is the double affine Hecke algebra
(DAHA) of Cherednik [C2], while inthe case W = S, X (Z/¢Z)" (£ = 2,3,4,6)
it is the generalized DAHA introduced in [EGO]. We reproduce known families
of representations of these algebras and also explain how to use the elliptic Dunkl
operators to construct representations from category O over the elliptic Cherednik
algebra—that is, the Cherednik algebra of the orbifold X/G defined in [E].

In future work we plan to use the elliptic Dunkl operators to construct new
quantum integrable systems. Namely, we expect that for any X and a complex
reflection group W acting on X there exists a commuting system of differential
operators Ly, ..., Ly, where d = dim X, whose symbols are generators of the ring
of W-invariant polynomials on the tangent space to X at the origin. This system is
supposed to depend on the same collection of parameters (“coupling constants”)
as the elliptic Dunkl operators (except for the bundle £, on which it should be in-
dependent), and it should be obtained by appropriately symmetrizing the elliptic
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Dunkl operators and then degenerating the bundle £ into the trivial bundle (fol-
lowing the idea outlined in [BuFV]). In the case when W is a Weyl group, this
system is the elliptic quantum Calogero—Moser system. We note that if W is not a
Weyl group then the integrable system L, ..., L, will be somewhat “unphysical”,
since it won’t have a second-order Hamiltonian.

2. Preliminaries

2.1. Finite Group Actions on Complex Tori

Let V be a finite-dimensional complex vector space. A nontrivial element g €
GL(V) is called a reflection if it is semisimple and fixes a hyperplane in V
pointwise.

Let W be a finite subgroup of GL(V), and let I' C V be a lattice that is pre-
served by W. Then we have a W-action on the complex torus X = V/I". (Note
that we don’t assume that X is algebraic, i.e., an abelian variety. For example, if
W is a trivial group then I can be any lattice. However, in interesting examples X
is an abelian variety and, moreover, a power of an elliptic curve.) For any reflec-
tion g € W, let X¢ be the set of x € X s.t. gx = x. A reflection hypertorus is any
connected component of X¢ that has codimension 1. Let X, be the complement
of reflection hypertori in X.

Let H be areflection hypertorus, and let Wy C W be the stabilizer of a generic
pointin H. Then Wy is a cyclic group with order ny. The generator gy is the ele-
ment in Wy with determinant exp(2i/ny). Let S denote the set of pairs (H, j),
where H is a reflection hypertorusand j = 1,...,ny — L.

Under the gy -action, we have the decomposition

V =V @ Vy,

where V& is the codimension-1 subspace of V with a trivial action of gy and
where Vy = ((V*)8%)L, which is a gy-invariant 1-dimensional space. We also
have a similar decomposition on the dual space: V* = (V*)8# @ V3.

2.2. Holomorphic Line Bundles on Complex Tori

Let us recall the theory of holomorphic line bundles on complex tori (see [Mu] or
[La] for more details).

Let X = V/I" be a complex torus. Any holomorphic line bundle £ on X is a
quotient of V x C by the I' action:

y:i(z,8) = (2 + v, x(y,2)8),
where x(y,-): V — C* is a holomorphic function s.t.

X1+ v2,2) = x(y1. 2+ y2)x(¥2,2).

Denote by L£(x) the line bundle corresponding to x.
Let V¥ = Homg(V,C) be the vector space of C-antilinear forms on V. We
have a nondegenerate R-bilinear form
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w:VYxV >R, wl@v)=Ina®).

Then we define 'Y = {@¢ € VY | w(a, ") C Z}. Itis easy to see that 'V is a lattice
in V" and that we have the dual torus X¥ = VY/T'".

To any element @ € X" we can associate a line bundle £, = £(x,), where
Xa(¥,2) = expmiw(a, y)). This is a topologically trivial line bundle on X.

PROPOSITION 2.1.  The map o +— L, is an isomorphism of groups
XV - Pic’(X).

Now suppose that a finite group W acts faithfully on V and preserves a lattice I'.
By using the bilinear form w, we can define the dual W-action on V" that pre-
serves the dual lattice I'”. Hence we have an action of W on the complex torus X
and its dual X".

We define a W-action on Pic’(X) by

w: Lo LY =Ly
We have (£L3)" = £"s.

2.3. The Poincaré Residue

Suppose « is a meromorphic 1-form on an n-dimensional complex manifold X
with a simple pole on a smooth hypersurface Z C X and no other singularities.
Near any point of Z, we can choose local coordinates (zi,...,z,) on X s.t. Z is
locally defined by the equation z; = 0. Then « can be locally expressed as

1 n
o=— Zﬂi(le--"Z”)dzi’
i

where the B; are holomorphic. Then 8| is a holomorphic function on Z and does
not depend on the choice of coordinates. We define the Poincaré residue of « at Z
to be Resz () = Bilz.

More generally, let £ be a holomorphic vector bundle on X, and let s be a mero-
morphic section of £ ® T*X that has a simple pole on a smooth hypersurface Z C
X and no other singularities. Similarly as before, we define the Poincaré residue
of s to be an element in ['(Z, £|z) denoted by Resz(s).

3. Construction of Elliptic Dunkl Operators

3.1. The Sections fﬁj

The goal of this subsection is to define certain meromorphic sections fH ; of the
bundle (CgH)* ® L ® V}; that are used in the definition of elliptic Dunkl operators.

The line bundle (Lg)* ® L, is topologically trivial, and it is holomorphically
trivial if and only if « is a fixed point of w. Because W acts faithfully on V, we can
always find a point & € XV that is not fixed by any w € W; in other words, there
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exists a topologically trivial line bundle £ := £, such that (£")* ® L is nontrivial
for any w € W. From now on, we fix such a line bundle.
Let H C X be a reflection hypertorus.

LEMMA 3.1. For j =1,...,ny — 1, the holomorphic line bundle (Eg;')* ® L has
a global meromorphic section s with a simple pole on H and no other singulari-
ties. Such s is unique up to a scalar.

Proof. Let H={xeX|x+H =H }. Then H is a complex torus. Itis sufficient
to assume in the proof that H = H.
We have a short exact sequence of complex tori:

0— H S x 5 E o,

where £ = X/H is an elliptic curve. This sequence induces in turn a short exact
sequence for the dual tori:

00— EY — XV — HY — 0,

which can be written, using the isomorphism of Proposition 2.1, as
| — Pic%E) 5 Pic%(X) X5 Pic®(H) — 1.

Since u*((LS il)* ® L) is trivial, there exists a topologically trivial line bundle
L’ on E such that v*£' = (ﬁgljf )*® L. Itis well known that £’ has a unique mero-
morphic section, up to a scalar, which has simple pole at zero. Then s = v*s’ is
the required section of the bundle (Egijf)* ® L on X.

Now we prove the uniqueness of s up to a scalar. The section s can be viewed as
a global holomorphic section of the line bundle F = (£glji )*® LR O(H). Since
O(H) is the pullback of O(0) on E, it follows that F is the pullback of the bundle
L' ® O(0) on E. Therefore, H(X, F) ~ H%E, £’ ® ©(0)) = C and s is unique
up to a scalar. O

Now choose a nonzero element « € V}; and consider s ® o, where s is the global
meromorphic section described in Lemma 3.1. Then s ® « is a global section of
the bundle (L57)* ® L ® V5. Its only singularity is a simple pole at H, and it is
defined by this condition uniquely up to scaling.

Next, observe that since X is a torus, the bundle 7*X is canonically trivial, and
we can canonically identify the fibers of 7*X with V* Thus we may consider
the Poincaré residue Resy (s ® o), which is an element in I'(H, ((£glji)* R L) w).
Since ((Cgljf)* ® L)|y is trivial, Resy (s ® «) is a holomorphic function on H;
since H is compact, Resy (s ® «) is a constant. By fixing this constant, we can
fix s ® o uniquely—that is, we have the following lemma.

LEmMMA 3.2. For any (H, j) € S, there exists a unique global meromorphic sec-

tion f,fj of the bundle (L%1)* @ L ® Vys with a simple pole on H, no other sin-
gularities, and residue 1 on H.
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3.2. Elliptic Dunkl Operators

For any g € W there is a W-action on S: g(H, j) = (gH, j). Let C be a W-
invariant function on S. Choose a holomorphic flat connection V on L.

DEeFNITION 3.1 (Elliptic Dunkl operators). For any v € V, the elliptic Dunkl op-
erator corresponding to v is defined as the following operator acting on the local
meromorphic sections of L:

LY _ N L j
DEY =V, — Y CH,)ff )i
(H,j)es
where V, is the covariant derivative along v corresponding to the connection V
and where (-, -) is the natural pairing between V and V *.

REMARK 3.1.  Let V, V' be two flatholomorphic connectionson £. Then V-V’ =
&, where £ € V* is a holomorphic 1-form on X. Therefore,

DEY - DEY =¢£(v).

Hence elliptic Dunkl operators attached to different flat connections on the same
line bundle £ differ by additive constants.

For simplicity, we will use the same notation V for the connection on each bundle
L™ obtained from the connection V on £ by the action of w € W. Then we have
the following result on the equivariance of the elliptic Dunkl operators under the
action of W.

ProPOSITION 3.1.  One has

L,y -1 _ Lv\v
wODv,C ocw _Dwu,C'

4. The Commutativity Theorem

4.1. The Elliptic Cherednik Algebra

Letc(H, j) = %(6’2””'/"” — DC(H, j),and set c(H,0) = 0. Recall from [E] that
the sheaf of algebras H; .0 x,w on X/W is defined as follows. Let U be a small
open setin X/W, andlet U be its preimage in X. Then the algebra H; . o, x,w (U) =
H, .,0(U,W)is generated by the algebra of holomorphic functions O(U), the group
W, and the Dunkl-Opdam operators

Doy=d— Y. C(H.[))u.v)gj.
(H,j)eS

Here ¢ = (¢y) is a collection of 1-forms on U that locally near H have the form
¢u = dlogly + ¢y £y is a nonzero holomorphic function with a simple zero
along H, and ¢}, is holomorphic. For brevity we will denote this sheaf by H. x w.
It is called the Cherednik algebra of the orbifold X/W attached to the parameter
¢, or the elliptic Cherednik algebra.
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The sheaf H. xw sits inside W x Dy, , where Dy, is the sheaf of differ-
ential operators on X with poles on the reflection hypertori. Thus the sheaf
H. xw has a filtration by order of differential operators. It is known [E] that
FOHC’X,W =W OX

4.2. The Commutativity Theorem

One of the main theorems of this paper is the following result.
THEOREM 4.1.  The elliptic Dunkl operators commute; that is, [D,f’cv, DﬁCV] =0.

Proof. Since (f5 j»v) depends only on the projection of v to Vy, which is a 1-
dimensional space, it is easy to check that the commutator [DUL’CV , Duﬁ'cv ] does not
have differential terms. In other words, we have

(DS D= ) esg,
gew

where @, is a meromorphic section of the line bundle (£¢)* ® L.
We claim that ¢, = 0. Indeed, write D,f’cv in the form

DEY = Vo= ) (Fu,v),
H

where Fy = Z;Zfl C(H, j)f,ﬁjgzl. To show that ¢; = 0, it suffices to show that

[(FH»U)7<FK»M)]J’_[(FK’U)’(FH’MH =0

if Wy N Wi # 1. But this is obvious, given that (Fy, v) depends only on the pro-
jection of v to Vi, which is 1-dimensional, and Vi = Vg once Wy N Wx # 1.
The rest of the proof is based on the following key lemma.

LeEMMA 4.1.  The sections @, are holomorphic.

The lemma clearly implies the theorem, since the bundle (£8)* ® L is a topologi-
cally, but not holomorphically, trivial bundle and hence every holomorphic section
of this bundle is zero. U

Proof of Lemma 4.1. The lemma is proved by local analysis—that is, essentially,
by reduction to the case of usual (rational) Dunkl-Opdam operators [DOp]. It is
sufficient to show that the ¢, are regular when restricted to a small W-invariant
neighborhood X, of Wb, where b € X is an arbitrary point. Let W, be the stabi-
lizer of b in W. Then X, is a union of |W/W,,| small balls around the points of the
orbit Wb. Let us pick a trivialization of £ on X},. This trivialization defines a triv-
ialization of the line bundle £¥ for every w € W. With these trivializations, the
elliptic Dunkl operators le ’CV become operators acting on meromorphic functions
on X,.

The remainder of the proof is based on the theory of Cherednik algebras for or-
bifolds. Namely, it is clear from the definition of the elliptic Dunkl operators that
they belong to the algebra H. x w(X}5). Since FOHC, x,w = W x Oy, this implies
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that the sections ¢,, upon trivialization, become holomorphic functions on Xj.
This proves the lemma. U

ExampLE 4.1 [BuFV, Sec. 3]. Let W be the Weyl group of a root system R with

root lattice Q, let V be the complexified reflection representation of W, and let

I' = Q ® nQ, where n is a complex number with positive imaginary part. In this

case we have X = Q ®y E, where E = C/(1, n) is the elliptic curve defined by 7.
Let 9, be the standard Jacobi 6-function

o0
0,(z) = — Z leri(Z+l/2)(n+l/2)+7‘rin(n+l/2)2;
n=—00

it represents a section of the bundle O(1) over E. Consider the function of two

variables,
01(z — w)0;(0)

01(2)01(~w)
which has the following defining properties:
(1) op(z+1) = Gw(Z);
(i) ou(z+n) = e*"0,(2);
(iii) oy, is meromorphic with poles on the lattice generated by 1, and residue 1
at zero.

ow(z) =

Now let H, be the reflection hypertorus in X through the origin defined by a
root . Also, let £ be a line bundle on X defined by the weight A € V*. Then it
follows from the above that

a0 = 06,00 (x, @)
Thus, the elliptic Dunkl operators have the form
Dyl =V — Z Co0(,00) (X, ) (V)Sg,

a>0

where C,, is a W-invariant function on roots and s, is the reflection corresponding
to . These are exactly the elliptic Dunkl operators from [BuFV].

5. Representations of Elliptic Cherednik Algebras
Arising from Elliptic Dunkl Operators

In this section we will use elliptic Dunkl operators to construct representations of
the sheaf of elliptic Cherednik algebras H, x w on the sheaf F := L,
Let us write the elliptic Dunkl operator in the form

DI =Vo= ) (Fg vl
gew

Feo= ). CH.Dfi,
(H,)):g)=g

is a section of (£2)* ® L ® V* Note that Fég = 0 unless g is a reflection.

weW

where
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LEMMA 5.1

(i) Ad w(Fcﬁg) = C wgw*]’ where Ad w denotes the adjoint action of w;
(ii) Vi(F£ . 0) = Vol FE )

(i) Y5 gngm k(FC‘g, OFE ) 81) = 2 gongmi FE g ) (FE ) 8V);

(V) Do gngmi\FE o FE 1) = 2 gungmieAFE o W) (FE s 0).

Proof. Statement (i) follows from Proposition 3.1. Statements (ii) and (iii) fol-
low from the commutativity of the elliptic Dunkl operators, using (i). Statement
(iv), using (iii), reduces to the identity

> ((F& ol (FEu — gu) — (FE L u)(FE, v — gv)) = 0.
h,g:hg=k

Every summand in this sum is a skew symmetric bilinear form in u, v that factors
through Im(1 — g). But if Fég is nonzero then g is a reflection, so Im(1 — g) isa
1-dimensional space. This means that every summand in this sum is zero, and the
identity follows. O

Now we will define the representation of the elliptic Cherednik algebra. We start
by defining an action p = p. v of the sheaf W x Dy, on (local) sections of F
(with poles on reflection hypertori).

For a section 8 of (L*)" we define:

veeW, (p(g)B)(x) = p(gx)

(a section of (L*)8™); if f is a section of Oy, then

p(f)B = fB:

p@,)B = (v + D (FE g )

gew

and, forv eV,

PROPOSITION 5.1 These formulas define a representation of W x Dx, ., on F|x,,-

Proof. The only relations whose compatibility with p needs to be checked are
[0y, 0,1 = 0. This compatibility follows from statements (ii) and (iv) of Lem-
ma 5.1. OJ

COROLLARY 5.1.  The restriction of p to He x w C W X Dx,,, is a representation
of H. x,w on F.

Proof. We need to show that, for any section D of H. x w, p(D) preserves holo-
morphic sections of F. Itis sufficient to check this for D = D, 4, a Dunkl-Opdam
operator. Clearly, we have

pPDug)len =Vot+ Y CH, NESE V) — D v)gh).
(H,))es



On Elliptic Dunkl Operators 301

It is easy to see that each operator in parentheses preserves holomorphic sections,
so the result follows. UJ

Note that the representation p of H. x w belongs to category O, which is the cat-
egory of representations of H. x w on coherent sheaves on X.

6. Monodromy Representation of
Orbifold Hecke Algebras

6.1. Orbifold Fundamental Group and Hecke Algebra

The quotient X/W is a complex orbifold. Thus, for any x € X with trivial stabi-
lizer, we can define the orbifold fundamental group nfrb(X /W, x). It is the group
consisting of the homotopy classes of paths on X connecting x and gx for g € W,
with multiplication defined by the following rule: y; o y; is y, followed by gy,
where g is such that gx is the endpoint of y,. It is clear that the orbifold funda-
mental group of X/W is naturally isomorphic to the semidirect product W x TI.

The braid group of X/W is the orbifold fundamental group 7™ (X eq/ W, x).
It can also be defined as 71(X'/W, x), where X’ is the set of all points of X with
trivial stabilizer.

Now let H be a reflection hypertorus. Let Cy be the conjugacy class in the
braid group nfrb(X reg/ W, x) corresponding to a small circle going counterclock-
wise around the image of H in X/W. Then we have the following result (see
e.g. [BMRo]).

PROPOSITION 6.1.  The group 7™ (X/W,x) = W x I is a quotient of the braid
group nfrb(Xreg/W,x) by the relations T"" =1 forall T € Cy.

Now, for any conjugacy class of H we introduce complex parameters 7y, ...,
Tw,ny,- The entire collection of these parameters will be denoted by 7.

The Hecke algebra of (X, W), denoted H (X, W, x), is the quotient of the group
algebra of the braid group, C[7{™ (X e/ W, x)], by the relations

ny
l—I(T _ lerim/nHeTH,m) =0, TeCy.
m=1

(This relation is a deformation of the relation 7"# = 1, which can be written as
[ (T - e?™im/niy = ().) The Hecke algebra is independent on the choice of x,
so we will drop x from the notation.

REMARK 6.1. It is known from [E] that, if t is a formal (rather than complex)
parameter, then the algebra H (X, W) is a flat deformation of the group algebra
C[W x I'].

ExaMPLE 6.1. Let W be a Weyl group, let V be its reflection representation, and
letI' = QY ® nQY, where QV is the dual root lattice of W and n € C*. Then
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H.(X,W) is the double affine Hecke algebra (DAHA) of Cherednik [C2]. (In
the type-BC case, the result is Sahi’s [S] 6-parameter version of the double affine
Hecke algebra.)

ExaMPLE 6.2. Let W = S, x (Z/LZ)" for £ = 2,3,4,6,1let V = C", and let
I' = A", where A C Cis alattice invariant under Z/¢Z (any lattice for £ = 2, tri-
angular for ¢ = 3, 6, square for £ = 4). Then H.(X, W) is the generalized double
affine Hecke algebra of higher rank of type D4, E6, E7, E8, respectively, defined
in [EGO]. We remark that (a) if £ = 2 then this reproduces the BC case from Ex-
ample 6.1 (Sahi’s algebra) and for (b) n = 1 these Hecke algebras were studied
earlier in [EOR] in connection with quantization of del Pezzo surfaces.

6.2. The Monodromy Representation

The representation p defines a structure of a W-equivariant holonomic O-coherent
D-module (i.e., a W-equivariant local system) on the restriction of the vector bun-
dle @, ey (L*)" to Xyeo. This local system yields a monodromy representation
me.v of the braid group nf’rb(X reg/ W, x) (of dimension |W]). By Corollary 5.1,
this local system is obtained by localizing to X ., an Ox-coherent H, x w-module.
Hence, by [E, Prop. 3.4], the representation 7, factors through the Hecke algebra
H.(X,W), where t is given by the formula

nH—l

Z C(H,j)e_znijm/nﬁ.
j=1

_ 2mi

TH,m - =

Thus, for any collection of parameters 7y, ; with 3 jTH = 0 for all H, we have
constructed a family of |W|-dimensional representations n. v of the Hecke al-
gebra H . (X, W) that is parameterized by pairs (£, V); this family has 2dim V
parameters.

Here is another version of the definition of the representation . v of H.(X, W),
one that refers directly to elliptic Dunkl operators and does not mention elliptic
Cherednik algebras. Consider the system of differential reflection equations

DYy =0, veV. (1)

Let £ be the sheaf of solutions of this equation on X’/W (sections of this sheaf
over U = U/W are, by definition, solutions of this system on U). Then & is a
local system of rank |W| and so has a monodromy representation &, v. It is easy
to see that mp v = “.;‘Zv.

REMARK 6.2.  We could generalize the preceding construction by replacing equa-
tions (1) by the eigenvalue equations
DYy =2y, vev,

where A € V¥ but this does not really give anything new because it is equivalent
to changing the connection V.
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ExaMPpLE 6.3. If W is a Weyl group (Example 6.1), then the relation Zj TH =
0 corresponds to the “classical” case of double affine Hecke algebras (¢ = 1). In
this case the DAHA is finitely generated over its center, and generically over the
spectrum of the center is an Azumaya algebra of rank |W|. Then our construc-
tion yields generic irreducible representations of this algebra. In this case, such
representations can also be constructed by using classical analogues of difference
Dunkl-Cherednik operators [C2].

W =S, x (Z/¢Z)" (Example 6.2), then we obtain (an open part of) the
2n-parameter family of |W|-dimensional representations of generalized DAHA
that was constructed in [EGO] by another method.

In other cases of crystallographic reflection groups, however, the family of repre-
sentations constructed here appears to be new.

CONJECTURE 6.1.  Forany W, V, T, if Zm Ty.m = 0 forall H then the Hecke al-
gebra H (X, W) is finitely generated as a module over its center Z (X, W), which
is the algebra of functions on an irreducible affine algebraic variety M. (X, W) of
dimension 2 dim V. Moreover, this algebra is an Azumaya algebra of rank |W| at
the generic point of M.(X, W), and the family of representations m, v provides
generic irreducible representations of H.(X,W).

This conjecture is known only in the case of Weyl groups (Example 6.1); see [C2]
and, for the case dim V = 1, [EOR]. In particular, the conjecture is open in the
case of Example 6.2 for £ = 3,4, 6.
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