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On the Equation t(A(n)) = w(n) +k

A. GLIBICHUK, F. Luca, & F. PAPPALARDI

1. Introduction

For every positive integer n, the function 7(n) counts the number of divisors of
n, the function w(n) counts the number of distinct prime divisors of n, and the
Carmichael function A(n) is the exponent of the multiplicative group of the invert-
ible congruence classes modulo n. The value of the function A(7n) can be computed
as follows:

1 if n =1,
202 if n=2% o > 2;
An) = >3
(n) P U p-1 if n = p* and p=-o
p=2,a=2

(piD), .., A(p&)] if n = p{*--- p¥s.

In [6], Erd6s, Pomerance, and Schmutz proved a number of fundamental prop-
erties of A. In the process of proving the lower bound A(n) > (logn)cologloglogn
for all large n (provided ¢y < 1/log 2), they proved the inequality

n < (44(m))’ ™.
Numerical calculations suggest that the stronger inequality
n < A(m)r 1)

holds except for n = 2,6,8,12,24, 80,120, 240. This will be proved in Corol-
lary 1. One of the tools for proving (1) is the inequality 7(A(n)) > w(n), which
holds except for n = 2,6,12,24,30, 60, 120, 240; we will prove this in Proposi-
tion 1 and Proposition 2.

This motivates us to compare t(A(n)) with w(n). Since t(A(n)) > w(n) holds
for all positive integers n (see Proposition 1), we can write t(A(n)) = w(n) + k,
where k is some nonnegative integer depending on n. We then fix k > 0 and
investigate the positive integers n such that t(A(n)) = w(n) + k.

Throughout this paper, we use x to denote a positive real number. We also use
the Landau symbols O and o and the Vinogradov symbols > and < with their
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usual meanings. We write log x for the maximum between 1 and the natural loga-
rithm of x. For a set A of positive integers we write A(x) = AN [1, x]. We write
p and g with or without subscripts for prime numbers.

Let us set

Ar =1{n:1t(A(n)) = w(n) + k}.
We will show in Theorem 3 that if k is a positive integer and
b =2(k4+1)* + 3 + [loga2(k + )*> + k + 1),

then the upper bound
x(loglog x)"*

(logx)?
holds as x — oo. Here, log; a stands for the base 2 logarithm of the positive

number a. Furthermore, in Theorem 2, we will show that if k¥ > 4 then the lower
bound

#AL(x) <

X
#AL(X) > (logx )2

holds as x — oo. We will also give complete descriptions of the sets A, A,
and A, (Proposition 2, Proposition 3, and Proposition 4). We will show that A
contains eight integers and that the infiniteness of .4; and .4, would follow if it
were known that there exist infinitely many primes of the form 2¢g + 1 with g also
prime. Finally, in Proposition 5 we deal with the cases k = 3,4 and prove that, if
either A3 or A4 are infinite, then there exists an even positive integer ¢ such that
the set of primes of the form p = cq? + 1 (with g prime and 8 < 4) is infinite.
This explains the difficulty of proving the infiniteness of A, for k = 1,2, 3, 4.

ACkNOWLEDGMENTS. This paper started during very enjoyable visits of A. G. to
the Mathematics Department of the University Roma Tre and of F. P. to the Math-
ematical Institute of the UNAM in Morelia. These authors would like to thank
these departments for their hospitality and support. The authors would also like
to thank Sergei Konyagin for some useful comments.

2. Determining .4, for Small Values of k

PROPOSITION 1. For any positive integer n, we have

T(A(n)) = w(n).
More precisely,
T(AM(n)) = w(n/2%,n)) + T (A(n")),
where n' is the product of the primes dividing n and where A°(m) denotes the odd
part of A(m). That is, A°(m) = L(m)/(2°°, A(m)).

Proof. Let us first note that, if n | m, then A(n) | A(m) and therefore t(A(n)) <
7(A(m)). Thus, we can assume that n is square-free (indeed, if n’ is the product
of the distinct primes dividing 7, then w(n) = w(n’) and T(A(n)) > t(A(n"))).

Suppose that n is odd and n = pyp, - - - p,, where p; < --- < p, are primes.
Let2 < gy < --- < g, be all the odd prime factors of A(n) and write
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As

P1—1=2a”q§[12"'615 s

A2

pr—1=2%1g82 g,

Ars

pr—1=2%4y"--¢;
If A, = max{way;,...,a,;} fori =1,...,s, then
@) =t([pr—1,...,p, =1 = (A1 + D(A2 + 1D --- (A; + 1).

Consider now the matrix

(075 cee Oy

We know that the entries of the matrix consist of nonnegative integers. The ele-
ments in the first column are positive and less than or equal to A;. For each i =
1,...,r, the elements of the ith column are nonnegative integers less than or equal
to A;.

Furthermore, for each fixed natural number s, the number of rows r is less than
or equal to the maximum number of distinct s-tuples (ay, ...,a,) with a; € [1, A{]

anda; €[0,A;] fori =2,...,s. This follows because (2% [T qfi’)i:l 77777 , are
distinct positive integers. Hence,
r<Ai(Az2+1)---(A; + D).
From the foregoing discussion we deduce that
t(A(n) = (A1 + DA+ 1 --- (A, +1)
> r+t((n) = o) + (1),

where A°(n) = A(n)/(2%°, A(n)) is the largest odd divisor of A(n). As a result, if
n is square-free and odd then

T(A(n) = w(n) + 1,
but if n is square-free and even then
T(A(n) = 1(A(n/2)) =z 0(n/2) + 1= w(n);
this concludes the proof. O

Lemma 1 is the main tool we use to determine the set A, for k < 2.
ProrosiTION 2. Ay = {2,6,12,24, 30,60, 120, 240}.

Proof. Letn € Ag. Applying Lemma 1, we obtain that if » is odd then 7 (A(n)) >
w(n), which is impossible.
If n is even then, by Lemma 1, the condition 7 (A(n)) = w(n) implies that

T(A°(n')) = 1.
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This is possible only if A(rn") = 2% for some ¢ € N. If n = 27 and t(A(27)) =1,
then y = land son = 2.
Assume now that n is not a power of 2 and write

n=2°2" +np"-.. 2" + 17,

where y; > 1(j =0,...,7),0 < @ < --- < a,, and the numbers 22" + 1
are primes for each i = 1,...,r. Plugging our expression for » into the identity
T(A(n)) = w(n) yields

max{t(L(27°)),2% +1} - y1---y, =71 +1,

which is satisfied only for r = 1 or r = 2 (because we can now gather that
r41>2%41>2"141).

If r = 2 then necessarily oy = 1. This forceso; = 0, y; = y» = l,and 1 <
yo < 4, which correspond to the four values for n of 30, 60, 120, and 240. Finally,
if r = 1 then «; = 0; this forces y; = 1 and 1 < yy < 3, which correspond to the
three values for n of 6, 12, and 24. O

We are now ready to prove the motivating inequality (1).

COROLLARY 1. Let ¢ denote the Euler function. Excepting onlyn = 2,6,8,12,
24,80, 120, 240, we have
n < a(n)T¢m,

Furthermore, ¢(n) < A(n)**") except forn = 24. Finally, the inequality p(n) <
A(n)®™ holds unless n is a power of 2 times a product of distinct Fermat primes.

Proof. Let v,(m) be the exponent of the prime p in the factorization of the posi-
tive integer m. We know that A(n) divides ¢(n). We also know that if p odd then

up(p(m) =Y v, (P = 1)

1Pn

=< w(”)(?;ﬁj{vp(lﬂ“(l _ 1))}) < UP(A(n)w(n))’

while vy (¢p(n)) = va(n) — 1+ Z”n vl = 1) <1+ w(r)vy(A(n)).

Necessarily, then, ¢(n) | 2A(n)®™. Furthermore, the only circumstances in
which ¢(n) = 2A(n)*™ is when ¢(n) is a power of 2. If this happens, then 7 is
necessarily a power of 2 times a product of distinct Fermat primes. In all other
cases we have ¢(n) < A(n)®™, and this proves the third inequality.

In order to prove the second, it is enough to notice that t(A(n)) > w(n) by
Proposition 1; hence we need only show that ¢(n) < A(n)**™) when ¢(n) =
2% and n # 24. Observe that the latter is certainly true when n is a power of 2,
since ¢(2%) = 2971 < 2@=D@=D —  2*)TAQY) for ¢ > 2. In the other cases, if
we write

n=2%.2" 412 +1)

with @y < --- < «,, then
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(p(n) — 22"”+~~+2°"+max{ao—l,0}

. -1 _
< 2441/ 2441/ max{ao—1,0) < P3M+1

where M = max{log,(A(2%°),2%}. Similarly,
)L(n)f()»(”)) — 2M(M+1).

Finally, 3M +1 < M(M + 1) for M > 2 while for M < 2 we have r < 2 and so
ne{3,6,12,24,48,5,10, 20, 40, 80, 15, 30, 60, 120, 240}; the only value of n from
this set that does not satisfy the inequality ¢(n) < A(n)*™*") is n = 24. This
completes the proof of the second statement.

Observe that for n € A the first statement holds if and only if n € {30, 60}. So
we can assume that n ¢ A and thus t(A(n)) > w(n) + 1. This implies that

A()**D) > X (n)p(n)

unless ¢(n) is a power of 2. In order to conclude the proof we must verify that
the statement holds when ¢(n) is a power of 2 and n # 2,8, and we must also
show that

A(n)e(n) = n.
We claim that this inequality holds unless n € {2, 3, 6, 12,24} (values for which

the statement is verified directly). Indeed, let p be the greatest prime divisor of n.
If p > 5, then

n l 3
=H—§ZPSP—1§)»(H)-

Similarly, if p = 3, then n/p(n) <3 < A(n) unless n € {3,6,12,24}. Finally, if
p=2,thenn/p(n) =2 < A(n) unless n = 2.

If ¢(n) is a power of 2, we proceed as in the proof of the second inequal-
ity. Observe that if n = 2% then n < A(n)**"") unless ayp = 1,3. If n =
200. (22" 1) ... Q¥ 4+ 1) witha; < --- < a, and if M = max{log,(1(2%0),2%}
so that 2¥M+D — 3 ()T () then

ag ar
n < 22020 < 952

Since SM +2 < M(M + 1) for M > 5, we are left with checking the statement
for integers that divide 27.3.5 .17, and this is done by a short calculation. O

PROPOSITION 3.
A ={1,3,4,8,10, 15,20, 40,48, 80, 126,252,480, 504,
510, 1020, 2040, 2730, 4080, 5460, 8160, 8190, 10920,
16320, 16380, 21840, 32760, 65520, 64, 12¢, 244},

where g = 2p + 1 is prime with p > 2 also prime.
Proof. We follow the same method as in the proof of Proposition 2.

If n > 1is odd then, by Lemma 1, A°(n”) = 1. This implies that A(n") = 2% for
some « > (. Thus,
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n=0Q" 4" 27 7,

wherey; > 1(j=1,...,r),0 <a; <--- < o, and again 22% 4 1is prime for
i=1,...,r
The equation 7(A(n)) = w(n) 4 1is equivalent to

QU +Dyr--yy=r+L

Since «, > r — 1, the preceding equality is satisfied only if r = lorr = 2. If r =
1 then necessarily &y = 0 and y; = 1, son = 3. If r = 2 then we have «; = 0,
a=1,and y; =y, =1,s0n = 15.

Assume now that n is even. If n = 27, then t(A(n)) = 2 is satisfied only for
n=4orn=2_.

If n is not a power of 2, then Lemma 1 yields t(A°(n")) < 2. This can happen
only if A(n") = 2% or A(n’) = 2%p with p an odd prime. If A(rn") = 2¢ then

n=2v.0* 4+ pn...Q¥ 4+,

where y; > 1(j =0,...,r),0 <a; < --- < a,, and again 22% 4 11is prime for
i=1,...,r
If we plug the preceding expression for n into the identity 7 (A(n)) = w(n) +1,
we obtain
max{t(A(27°)),2% +1} - y1---y, =r +2,

which can only be satisfied for » < 3 because r +2 > 2% +1 > 214+ 1. A
quick computation shows that y; = 1forall j > 1, and we have only the following
possibilities:

r (ag,...,a,) n
1 (0) 48
(1) 10, 20, 40, 80

2 —
3 (0,1,2) 510, 1020, 2040, 4080, 8160, 16320

The next case to consider is when A(rn") = 29p, so that each odd prime dividing
n is of the form 22” + 1 or of the form 2#p + 1. Hence,

n=2Y0. (22“' + 7. (22“" + 17 (2/31p + 1T (Zﬂ‘p + 1)V,

where y; > 1(j =0,...,r +5),0 <o < -+ < o, 22" + 1 is prime fori =
L,...nl< By <. < By, and2ﬂkp+lisprimefork =1,...,s.

We now distinguish two more subcases: p? | n and p? { n. If p? | n, then the
equation t(A(n)) = w(n) + 1 translates into

max(T(A(27)),2% + 1, B+ 1} - y1 -+ Yoy =7 + 5 + 2. 2)

In this case, there exists a j < r such that y; > 2; since max{a, b} > (a + b)/2,
the LHS of (2) is greater than or equal to 2% + 14 B, + 1. Using that v, > r — 1
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and B, > s, we once again obtain 2r-1 4+ 1 < r 4+ 1, which implies that » = 1
orr =2.

If r =1, then necessarily «; = 0, y; = 2, s = 1, and 81 = y, = 1. This im-
plies that n = 270 .32.7and yo = 1,2,3. If r = 2, then necessarily o) = 0, ap =
1, and s < 2 (since the LHS of (2) is greater than or equal to 2s + 2). Checking
all possibilities, we find that n = 270 . 32.5.7.13 and yo=1,2,3,4.

For the other subcase, if p? { n then the equation 7(A(n)) = w(n) + 1 trans-
lates into

2-max{t(A2"),2* + LB+ 1}y Vs =r+s+2. 3)

For the same reasons as before, it follows thatr =lorr =2ands =1ors = 2.

If r = s = 1 then we have the family of solutions n = 27° - 3. (2p + 1), where
yo =1,2,3 and 2p + 1 is prime with p > 3. If r = s = 2 then we have the so-
lutions n =270 . 3.5 -7 13, where yy = 1,2, 3, 4. The remaining cases (r =1,
s =2;r =2,s = 1) produce for the RHS of (3) a value equal to 5 and so do not
lead to any more solutions. O

PROPOSITION 4. We have that Ay = Fi U F, U F3 U F, ULy UZ, U3, where:
5,24,25.3,2%.5,28.3226.3.5,

1<a <o,
Fi=120.3.17,2¢.5.17,3.5-17, 1;2;3 ,
27.3.5.17 =F=
2¢.38.5.7,38.7,3.5.7.13 -4
F=q203 5320307, | O ST
29.5.7-13 v
F3={29-3.52.11|1 <a <4},
- 20.38.7.19, l<a=<4 |
Y7 12¢.36.5.7.13.19.37 | 1<B,8 <3|

i ={2-Qp+1D|2p+1, p>3primes, 1 <a <3},
I ={3-Qp+1)|2p+1, p >3 primes},

I3={2a-3-5.(25p+1) Zﬂp+l’PZ3primes,}

I<a<4, =12

Proof. We follow the same approach as in the previous results and obtain that, in
order for n to satisfy T(A(n)) = w(n) +2, we must have A(n’) = 2% p# witha >
0 and B = 0,1, 2. This implies that n should be of the form

n=2".A.B-C,
where A, B, and C are either 1 or of the respective forms
A= + 1. Q¥ + 17,
B=QPp+ 1. QPp 17,
C = @"p? et @02 I,
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Here we assume the following conditions: y; > 1for j =0,...,r +5+10 <
ay < - <a, 22 +lisprimefori =1,....r,1 < By < --- < By, 2P p + 1 is

prime fork =1,...,5,1 < § < --- <&, and25lp2+1isprimef0rl =1,..

We allow any one of r, s, ¢, ¥ to be zero with the obvious meaning.
The equation t(A(n)) = w(n) + 2 is equivalent to
O Ay Vegser =1 +s +1+minfl, yo} + 2,

here:
where 1 if(s4+t>0and p®|n)or(s+7=0)

or (t =0,s > 0and p? | n);
®=13/2 ift>0andp?|n;
2 ift =0,s >0, and p?{n;
3 ifr>0and p*fn;

L.

“4)

and A = max{r (A(27°)),2% + 1, By + 1,6, + 1}. The terms B; + 1 (resp. §; + 1)

should be omitted if s = O (resp. ¢ = 0).
If s =t = 0, then these remarks imply that » < 3 and

n =20 .3%.5% 178,

In this case, all possible solutions of 7(A(n)) = w(n) + 2 are

r (80, 01,682,83) n

0 (4,0,0,0) 24

1 (0,0,1,0) 5
6,2,0,0), 8 =1,2,3 2.322%2.3223.32
(5,1,0,0) 25.3
(5,0,1,0) 2.5

2 (6,1,1,0) 20.3.5
6,1,0,1),1<8<6 2°.3.17,1<6<6
6,0,1,1),1<8<6 2°.5.17,1<86<6

3 (0,1,1,1) 3.5.17
(7,1, 1,1) 27.3.5.17

These solutions are exactly the 22 elements of F;.
When ¢t = 0 and s # 0, equation (4) simplifies to
O Ay Vrps =r +s +minfl, yo} + 2,

where:
1 if p2 | n,
0= {

2 if pin;

(&)

A = max{t(A(270)),2% + 1, B; + 1}, and the middle term is omitted if » = 0. In
such a case, we have p f n and s < 8, < (s +min{l, y})/2. This is possible only
for n even and s = B; = 1. This implies that n = 2Y°(2p 4+ 1) with yy = 1,2, 3,

which are exactly the elements of Z;.
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If» > Othenthe LHS of (5) is greater than or equal to 2% + §,+2, which implies
that 2% < r +min{l, yo}. From this inequality it follows that » < 2 4 min{l, yp}.

We distinguish the two subcases p = 3 and p > 3. In the first subcase, s <
r + min{l, yo} and B; < (r + s + min{l, y})/2. This implies that

n =20 .30 .5% 78 135

In this subcase, all possible solutions of 7 (A(n)) = w(n) + 2 are

(r,s) (80,861,082, 083,04) n

(1,1) (0,6,0,1,0), 6 =1,2 3.7,32.7

(1,2) (,1,0,1,1),1<6<4 20.3.7.13
6,2,0,1,1),1<8<4 29.32.7.13
6,0,1,1,1),1 <6 <4 20.5.7.13

2,2) (©O,1,1,1,1) 3.5.7.13
0,2,1,1,1) 32.5.7.13

2,1 (,1,1,1,0,1<6 <4 20.3.5.7
6,2,1,1,0),1 <6 <4 20.32.5.7
6,1,1,0,1),1<8<4 2%.3.5.13
6,2,1,0,1),1<8<4 29.32.5.13

These solutions are exactly the 32 elements of F5.
In the subcase where r > 0, s > 0,¢ = 0, and p > 3, we have 8; > 2s — 1.
Thus,

29 4+ 25 +1<2% 4+ B+ 2 <r+s+ min{ygy, 1} +2

ands < r+14+min{yg, 1}—2% < 1, whichimplies thats = 1and 8; < 2. Note that
o, < 1 and note also that r cannot be 3 since this would imply s = 1,2% +1 > 5,
7(A(n)) > 10, and w(n) > 8, which is impossible because w(n) <r +s+3 < 7.
Therefore,
n =2% .3% 5é (zﬂlp + 1)53

with p > 3. If 5% | n then we have the solutions n = 2%-3-5%.11 (« = 1,2, 3, 4),
which are exactly the elements of F3. If 52 { n then we have the solutions n =
3-(2p + 1), which are elements of Z,, andn = 2% -3-5- (2% + 1) witha =
1,2,3,4 and 8 = 1,2, which are elements of Z3.

The last case to consider is when ¢ > 0, so that there is a prime dividing n of
the form 27 - p2 + 1. Now equation t(A(n)) = w(n) + 2 is equivalent to

O-A-yYi-  Yrases =F +s +1t+min{l, yo} + 2, (6)

where
1 if p3|n,

®=132 if p’ln,
3 if p?1{n,
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and A = max{t(A(27?)),2% + 1, By + 1,8, + 1}. Here the terms 2% + 1 (resp.
Bs + 1) are to be omitted if 7 = 0 (resp. s = 0).
We claim that , s # 0 (and will show this later). Hence, from (6) we may de-
duce that
2% 4+ By 468, +3 <r+s+t+min{l,yo} + 2.

On one hand, this relation implies that 2*° < r — 1 4+ min{l, y}, so that 9 > 1
and eitherr =land oy =0orr =2, o, = 1, and @y = 0. On the other hand, the
same relation implies that s + ¢ < B, + 6; < 2r.

Ifr =1thens =t = B, =8, = 1, and since 2p> + 1 is prime we necessarily
have p = 3. Therefore,

n=2Y0.3% .72 .1973,
and the only solutions of T (A(n)) = 6 of this form are the first nine elements of F;.

Ifr =2,then4 < s+t < B, +§ < 4. This implies that s = ¢t = 2 and
(/3]9,32’81’82) = (192’172); hencep = 3’

no=2Y0.3Y1.5Y2 . Y3 |3V3 . |Q¥4 . 37V5

and the only solutions of 7(A(n)) = 9 of this form are the last twelve elements
of .7:4.

Finally, we must prove the claim for 7,5 # 0. If » = 0 and s # O then we de-
duce from (6) that

3(s+1t+2)/2<3(Bs+6+2)/2<s+1t+3,

which implies s + ¢t < 0—a contradiction. A similar argument rules out the pos-
sibility r = 0 and s = 0. Lastly, if r # 0 and s = 0, then from (6) and from §, >
t we deduce that

3 +t4+2)/2<r+1t+3,

which is also a contradiction and thus ends the proof of the proposition. O

3. Lower Bounds on the Counting Functions of A
THEOREM 1. Ay is nonempty for all nonnegative integers k.

Proof. Let py = 3, pp = 5, p3 = 13, and ps = 31. Then, for each m > 3
and for each r € {4,5,6,7}, the number n = 2"+ .7 .11 . p1--- p:—3 satisfies
w(n) =tand t(A(n)) = t(2"'.3.5) = 4m. This means that 7 (A(n)) —w(n) =
4(m — 1) — (t — 4) can assume all possible values > 8. Finally, 3 € Ay, 4 € A;,
5€ Ay, 7€ A3, 17 € Ay, 13 € As, 62 € Ag, and 31 € A;. This completes the
proof. UJ

In what follows, we show that if k is sufficiently large, then .A; contains “many”
elements.

THEOREM 2. Forallk # 0,1,2,3,4, we have the lower bound

X
#AR(X) >y —(logx)2 as x — 0o.
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Proof. The proof uses the famous Theorem of Chen that we state in the following
form (see also [4; 7, Lemma 1.2; 8, Chap. 11]).

LEMMA 1. Let a € N be an even number. There exists a constant ¢ = c(a) such
that, if x > xo(a), then the number of primes p € [x/2,x] suchthat p = 1 (mod a)
and (p — 1)/a has at most two prime factors, each of which exceeds x''°, is at
least c,x/(log x)2.

We write k = 4s + r fors > 1 and r € {0, 1,2, 3}, distinguishing two cases as
follows:

Case 1. r # 3;
Case 2. r = 3.

In Case 1, we apply Chen’s theorem with the choice a = 2° and obtain that there
are either (a) at least M, >, x/(logx)? primes p < x/42 with p — 1 = 2%q and
g prime or (b) at least N, >, x/(logx)? primes p < x/42 with p — 1 = 2%q,q,,
where ¢, and g, are distinct primes exceeding x /17

For (a), consider the M, integers n < x of the form n = 7pT, where

1 if r=2,
T=412 ifr=1,
6 if r=0.

These choices yield w(n) = 4 —r, A(n) = 2° -3 - ¢q, and t(A(n)) = 4(s + 1);
therefore, t(A(n)) — w(n) =4s +r = k.
For (b), consider the N, integers n < x of the form n = 2pT, where

1 ifr=2,
T = 3 if r=1,
15 if r =0.

For s > 2 and for s = 1 with r # 0, we have w(n) =4 —r, A(n) =2° - q1 - q2,
and 7(A(n)) = 4(s + 1), so that again T (A(n)) — w(n) = k.

In Case 2, we apply Chen’s theorem with the choice @ = 2**! and obtain that
there are either (a) at least M, >, x/(log x)? primes p < x/510 with p — 1 =
25%1g and g prime or (b) atleast N, >>, x/(logx)? primes p < x/510 with p—1 =
25%t1g,q», where ¢ and g, are distinct primes that exceed x /10,

Given (a), consider the M, integers n < x of the form n = 210p. For s > 1 we
have w(n) = 5and 1 (A(n)) = 4(s +2),s0 t(A(n)) —w(n) = 4s+3 = k. Given
(b), consider the N, integers n < x of the form n = 510p. For s > 3 we have
w(n) =5and 1(A(n)) = 4(s + 2), so again t(A(n)) —w(n) =4s +3 =k.

Next assume that k = 7. Then we apply Chen’s theorem with the choice a = 2
and obtain that there are either (a) at least M, >, x/(log x)? primes p < x/192
with p — 1 = 24 and ¢ prime or (b) at least N, >, x/(logx)? primes p < x/192
with p — 1 = 2q,g,, where ¢, and ¢, are distinct primes exceeding x'/1°,

For (a), consider the M,, integers n < x of the form n = 2%3p. We have w (n) =
3 and T(A(n)) = 1(2%p), so T(A(n)) — w(n) = 10 — 3 = 7. For (b), consider
the N, integers n < x of the formn = p = 2q;9> + 1. We have w(n) = 1 and
T(A(n)) = 8,s0again t(A(n)) —w(n) =8—-1="17.
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Finally, we treat the case k = 11. Here we apply Chen’s theorem with the choice
a = 4 and deduce that either (a) there exist M > x/(log x)? primes p < x/4510
such that p — 1 = 4q with g prime or (b) there exist N > x/(logx)? primes
p < x/4510 such that p — 1 = 44,q,, where g, and g, are distinct primes that
exceed x'/19,

Given (a), we note that, for large x, all M positive integersn = 2-5-11-41-p =
4510p (where p < x is of the form 4¢g 4 1) are < x and satisfy both w(n) = 5 and
rMn)=23-5. q; hence t(A(n)) = 16 = w(n) + 11. Given (b), it follows that, for
large x, the N positive integers n = p (where p < x is such that p — 1 = 4q,q>,
with distinct primes ¢; and g, that exceed x'/!°) have the property that T (A(n)) =
T(4¢192) = 12 = w(n) + 11. Thus, #A4;;(x) > max{M, N} > x/(log x)% which
completes the proof of this theorem. UJ

The remaining cases are k = 0, 1,2, 3,4 and must be treated separately. Propo-
sitions 2, 3, and 4 address the first three cases, and certainly there is no hope of
showing even that A; is infinite for k = 1,2. Although the next result is not as
precise a characterization of Ay for k = 3,4 as Propositions 2—4 for the smaller
values of k, its aim is to demonstrate the impossibility of showing that either one
of these two sets is infinite.

PROPOSITION 5.  Assume that A3 U Ay is infinite. Then there exists an even pos-
itive integer ¢ such that the set of primes of the form p = cq® + 1, with q prime
and B < 4, is infinite.

Proof. Assume that n € A3 U A4. Then t(A(n)) < w(n) + 4. Write m = A(n)
and note that w(n) is at most the number of divisors of m of the form p — 1 for
some prime p. Hence, m can have at most four divisors d such that d + 1 is com-
posite. Write m = 2%, where £ is odd. If @ > 9, then 23,25,2°,27,2° are five
divisors of m and none of the form p — 1 for some prime p. Therefore, @ < 8.
If (£) > 6 then ¢ (and hence m) has at least five odd divisors > 1, and certainly
none of them is of the form p — 1 for some prime p. Thus 7(£) < 5, which shows
that either £ = ¢? for some prime ¢ and some B < 4 or £ = ¢,q», where ¢, and
q» are distinct primes.

Assume that £ = g” holds for infinitely many n. Then there exist infinitely many
primes p of the form p — 1 = 2%¢g?# for some ag € {1,...,9} and B € {1,...,4},
which implies the conclusion of the proposition.

Assume now that £ = g;¢, holds for infinitely many n. Suppose further that
q1 < g». We then distinguish two cases. The first case is when ¢ remains bounded
for infinitely many such n. Then 2%g can take only finitely many values. Since we
have infinitely many values for n, there must exist some fixed even positive integer
c (an even divisor of a number of the form 2°g; over all the finitely many possi-
bilities for q;) such that p — 1 = cg, holds for infinitely many primes p, which
implies the conclusion of the proposition. The second case is when ¢, tends to in-
finity as n tends to infinity in A3 U A4. If for infinitely many such n we have that
either 2¢g; + 1 or 2¢g, + 1 is prime, then the conclusion of the proposition follows
with ¢ = 2. Assuming this is not the case, we derive a contradiction.
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Observe first that o < 3, for otherwise 2°, g1, q2,2q1,2q- are five divisors of
n, none of which is of the form p — 1 for some odd prime p. Assume now that
o = 1. Then T(A(n)) = t(2q192) = 8 and so w(n) > 4. Since the only prime
factorsof n arein {2,3,2q,+1,2¢g>+1,24q1q> + 1}, we deduce that one of 2¢; + 1
and 2¢, + 1 must be prime—a contradiction. Finally, if « = 2 then t(A(n)) =
7(49192) = 12, so w(n) > 8. Because all the prime factors of n belong to
{2,3,5,2q1 + 1,2q, + 1,491 + 1,492, + 1,2q192 + 1,4q19> + 1}, again it follows
that one of 2¢q; + 1 or 2¢, + 1 must be a prime, which is the final contradiction. [J

4. Upper Bounds on the Counting Functions of A

Our first result in this section shows that, for numbers n € Ay, w(n) is bounded
in terms of k.

PROPOSITION 6.  Ifn € Ay, then w(n) < 2(k +1)? + 1.

Proof. We use the same idea and notation as in the proof of Proposition 5. Let
n € Ay and put m = A(n) = 2%, where « is a nonnegative integer and £ is odd.
If @ > 2k + 3, then 23,25,..., 223 are k + 1 divisors of m and none of the form
p — 1 for some prime p, which is a contradiction. If 7(¢) > k + 2 then ¢ (and
hence m) has k + 1 odd divisors > 1, and obviously none of them is of the form
p — 1 for some prime p, which is again a contradiction. Hence o < 2k + 2 and
() <k+1,s0

omn)=1t(A(n)) —k=12%) —k=(a+D1(l) — k
<Qk+3)k+1)—k=2k+1>+1. 0

An upper bound for the counting function #.A4,(x) of Ay follows from Proposi-
tion 6 with a little extra work. Let us set

b =2(k+1)% +3 + [log2 2k + 1)> +k + 1)].

We then have the following result.

THEOREM 3. For all nonnegative integers k we have the upper bound

log log x)"*
#Ak(x) <k ‘M as x — 00.
(logx)?

Proof. Let K > 2 be any fixed positive integer. Let mx(x) be the number of
primes p < x such that w(p — 1) < K. We begin with the following lemma.

LEMMA 2. There exists an absolute constant c( such that the following estimate

holds:
) < x(loglog x + co)¥*!
TT, — Q.
KA (K —Dl(logr? =F

Proof. Let P(x) = {p < x : w(p —1) < K}. Put y = x'/loglogx apnd 4 =
log x/logy = loglogx. For a positive integer n we write P(n) for the largest
prime factor of n. Let
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Y(x,y) ={n <x:P(n) <y}
By a result of de Bruijn ([2]; see also [3; 9, Cor. 3; 13, Chap. II1.5]), the bound

#W(x,y) < xexp(—(+o(1)ulogu) < @)

X
(logx)?
holds as u — oo, where u = log x/log y and provided that u < y'/?, which is
satisfied for our choice of y.

Therefore, if Pj(x) = P(x) N W(x,y) then

X
#P1(x —_—.

1(x) K (log 1)
Now let Pr(x) = {p < x :¢q> | p — 1 for some g > y}. For afixed g > y, the
number of 1 < n < x such that g> | n — 1 and is < x/g?. Thus,

X ®dt  x X
#P < — — K == .
2(x) < ;qz <<x/y 7 <5 0<(logx)2>

Put P3(x) = P(x)\(P1(x) UP,(x)). Write p—1 = Pm,where P = P(p—1).
Since P > y and p ¢ P,(x), we deduce that P(m) < P. Thus, w(m) < K — 1.
Fix m. By Brun’s sieve (see e.g. [8, Thm. 2.3]), the number of primes p < x such
that p — 1 = mP for some prime P is

x 1 X x(loglog x)?
@(m) (log x/m)2 p(m)(logy)? — ¢(m)(logx)?’
Summing now over all the acceptable values of m, we obtain

x(loglog x)? Z 1

(log x)?

#P3(x) K o)

m<x
w(m)<K-1

x(log log )c)2
= e Z >
(log x)? =y
w(m)

x(loglog x)? = < 1 )k
<o e N - -
~ (logx)? ; k! 2 p i p—="D

pr=x

x(loglog x)?
< Wzk'<z_+o(”>

p=x

w(m)

x(loglogx)2 -
_— —(loglogx + ¢

Togx)’ ; (loglog x + o)
It remains only to observe that the last term dominates as x tends to infinity, which

finishes the proof of Lemma 2. O

We are now ready to prove Theorem 3. Assume that k > 3, since otherwise the
result follows immediately (from Propositions 2—4 and Brun’s sieve) even with a
smaller by (i.e., by =0,b; =1,and b, = 1).
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Now note that if p | n and n € Ay, then
207 < g(p—1) <t(AM(n) =w(n) +k <2k +D*+k+1

(by Proposition 6) and so w(p — 1) < K = [log>(2(k + D2+k+1)]. Lemma?2

shows that
x(loglog x)X+1

(logx)?

We put A, 1 (x) for the set of n € A (x) such that either P < y = x!/loglogx o p2
divides n. As in the proof of Lemma 2,

#{p<x:w(p—1 <K} <Lk ®)

#Ar < 9)

X

(log x)?°

Let Ay »(x) stand for the complement of A ;(x) in Ax(x). Now writen € Ay 2(x)

asn = Pm, where P = P(n). Hence P > y = x!/1°¢glogx P2 does not divide n,

and w(m) = w(n) —1 < 2(k+ D> Fixing m, the number of values for P < x/m

such that w(P — 1) < K is, by (8),

x(loglog(x/m))k+! x(loglog x)X+1
m(log(x/m)? " m(logy)?

x(loglog x)K+3

g (x/m) L

* T m(log x)2

If we sum the preceding inequality over all the values of m < x with w(m) <
2(k + 1)2, then it follows that the number of possibilities is

x(loglog x)K+3 1
#A _ —
k2 (X) Kk (log.x)? mZ;C -

@ (m)<2(k+1)2

2
x(log log x)K+3 2“‘2*5) 1 ( 5 1 )‘
kT Qoo 0)2 0 e
(log x) = 2! P
x(log logx)K+3+2(k+1)2
(log x)? ’
this, together with (9), completes the proof of Theorem 3. O

k

A more careful analysis (along the lines of the proof of [1, Thm. 4.1]) shows that
Theorem 3 holds with a somewhat smaller b;. Furthermore, it is clear that one
could write down a formula for the implied constant in terms of k. We do not enter
into such details.

5. A More General Statement

Let f(x) > 1 be any function that tends to infinity with n and that is monotoni-
cally decreasing for x > xq. Let

By ={n:t(A(n)) — w(n) < exp((loglogn)/f(n))}. (10)

We can then show the following result.
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THEOREM 4. If By is the set appearing in (10), then

X
#Bf(x) < W as x — oQ.

We start by proving the following lemma.

LEMMA 3. Let Py ={p:w(p—1) <2(loglog p)/+/f(p)}. Then

X
#Pr(x) < W as x — o0. (11)

Proof. Let x be large, put y = x!/1°¢1°2* and et
Pa(x) ={pePr(x): p—1¢W(x, ).

If pePyr(x)then p — 1= QOm,where Q = P(p—1) > yandm < x/y. Fix m.
By Brun’s method, the number of primes Q < x/m such that p = Om + 11is also
prime is

< x - x _ x(log log x)?

p(m)(log(x/m))> ~ @(m)(log y)> ~ ¢(m)(logx)*’

Using the minimal order ¢ (m)/m > 1/loglog x of the Euler function in the in-
terval [1,x], we get that if m is fixed then the number of acceptable primes p €
Pa(x) with (p —1)/P(p—1) =m is

x(loglog x)?

m(log x)2
Let M (x) be the set of acceptable values for m. Since w(p—1) < 2(loglog p)/
V. f(p), f is increasing for large x, and p > y for all p € P,(x), it follows that

2logl
2 = max|2(loglog p)/v/F(p) : p€Pa(x)} < —o2E%

Vi)

as x — oo. Furthermore, M(x) C {m <x:w(m) < z}. As aresult,

x(loglog x)3 x(loglog x)3
#P2(x) K Wme;m . L —/—— (logx)? Z Z 13)

= o(loglogx) (12)

k<z m=x
w(m)=k

Put

S =Y %

w(m)=k

Then unique factorization, the multinomial formula, and Stirling’s formula im-

ply that . .
log 1 + 0
gk(x)sﬁ<zz ) <<e oeloe <>>,

p=<x a>1

where we have used the obvious fact that
> Z =0()
p=2 a>2

together with Mertens’s formula
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1
Z — =loglogx + O(1).

p<x

For every fixed value of A > 1, the function (eA/r)" is increasing for r < A and so

Si(x) < <elog log;c + 0(1)> = exp(zlog(e(loglogx + O(1))/2))
2loglog x
< exp( 2B 1og(0(/70))) = explotioglog )
V)
= (logx)°®  for k < z. (14)

Hence, the inequalities (12) and (13) together with the estimate (14) yield

x(loglog x)?
#P2(x) K (loglog ) > Si(x)
k<z

(logx)?
x(loglog x)* X
_ S k<z}=——-+——;
(10gx)2 max{Sy(x) =z (]og x)2+o(l)
combining this with estimate (7) implies inequality (11) and completes the proof
of Lemma 3. O

Now partial summation immediately yields our next result.

COROLLARY 2. If Py is the set of primes appearing in Lemma 3, then

> L o).
PEPf

Proof of Theorem 4. Let again y = x'/1°210¢% ) — x/(log x)?, and

Bi(x) = {n < w}UW¥(x,y).

By (7) we have
2x

(log x)?

once x is large. Let Bo(x) = {n < x : w(n) > 10loglog x}. It follows from re-
sults of Norton [11; 12] that

#B(x) < 15)

X
#B —_
2(x) K (log )"

where A = 1+ 101og(10/e) > 2; therefore,

#B,(x) < (16)

X
(logx)?’
Now put

Bs(x) = By (x)\(Bi(x) U Ba2(x)),

and assume that n € B3(x). Replacing f(x) with min{ f(x),logloglogx}, we
may assume that f(x) < logloglogx. Then p — 1 | A(n) for all prime factors p
of n and so
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207D < t(a(n)) < w(n) + exp((loglogn)/f(n))
< 10loglog x + exp((loglogx)/f (w))

1.1(log 1
< exp<_( ;?w())gx)>’

50 1.6(loglog x)
< —_—

V. f(w)
where we used the fact that 1.1/log2 < 1.6. Let B4(x) = {n € B3(x) : P(n) > w}.

Since w > p/(log p)? holds for all p € [w,x] once x is large, it follows that if
p = P(n) for n € B4(x) then

w(p—1) a7

1.6(loglog x) - 2(loglog p)
f(p/(log p)?) Je(p)

holds for large x. Here g is the function g(¢) = (f(¢/(logt)?))?, which is increas-
ing for large t. Thus, p € P,. Let us now write n = Pm, where m < x/p <
(log x)?, and let us fix m. Then p € P,(x/m) and, by Lemma 3, the number of
such choices for p is

w(p—-1<

X X
m(logx/m)*to® " m(logx)2+e®’

Summing this inequality for m < (logx)?, we have

#B.0 < Y #Pg(%)

#P(x/m) <

m<(logx)?
X 1
< _
— 2+o0(1) Z
(logx) m=loas)? m
X
= (10gx)2+”(1) ’ (18)

because 1
Z - < loglogx = (logx)°®.
m=(logx)2

From now on we assume that n € Bs(x) = B3(x)\B4(x). Let n = Pm, where
P = P(n) € [y,w]. Since 1.6loglogx < 2loglogy < 2loglog P for large x
and since f(w) > f(P), it follows that
1.6(loglogx)  2(loglog P)

fwy T f@y

In particular, P € Pr2. By Lemma 3, if m < x/y is fixed then the number of
choices for P is at most

#Pp2(x/m) <

WP —1) <

X X X
= <
m(]og(_x/m))2+0(l) - m(log y)2+0(1) - m(lng)2+0(1) >

where we have used that x/m > y and logy = log x/loglogx = (logx)'*°®.
Let M(x) be the set of acceptable values of m. Then
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x x 1
#B < < —. 19
SO S D o = (g 2 19
meM(x) meM(x)

Let Q(x) be the set of primes dividing some m € M(x), and note that Q(x)
consists of the primes ¢ < x satisfying inequality (17). We put

. ( <log log x ))
v = exp|exp —\/m
and split the primes in Q into two subsets as follows:
Qi={g=vINQ;
Q=N [v,wl
Observe that if g € Q5 then
2log logq 2loglogx 210g log x

VIg) vf(q)f(w f(w)

therefore, Q> C Pr. This argument shows that

> o= M (Z)

me M(x) m qeQ1UQs N a=>0 4

5exp<z +Z +0<ZZ )) (20)

qeQ qEQz q=2 oz>2

>w(g —1);

Since
Z - < Z = loglogv 4+ O(1) = o(loglog x)

qEQ] q<v

(by Mertens’s formula),

IEEDIPELL

%) q q€7’f

> Z = o,

q=>2 a>2

(by Corollary 2), and

it follows from (20) that

l — o()
Y. — <explo(loglogx)) = (log )",
meM(x) m

which together with (19) gives

x
#Bs(x) < W- (21
Since B3(x) € B4(x) U Bs(x), by estimates (18) and (21) we have that
#B5(x) < (22)

(log x)2+oM ’

which together with estimates (15) and (16) completes the proof of Theorem 4. [
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6. Average and Normal Orders of 7(A(n)) — w(n)

Our last result addresses average and normal orders of the function

h(n) = t(A(n)) — w(n).

THEOREM 5. (i) There exist positive constants cy, c| such that the inequalities

[ logx 1 [ logx
— | < - h < _— 23
xp (co loglog x ) X ’; (n) = exp (Cl loglog x ) 23)

hold for all x > 1.
(ii) The inequality
h(n) = 90.5(1+0(1)(loglogn)*

holds for almost all positive integers n.

Proof. (i) In [10] it is shown that inequalities (23) hold with some constants cg
and ¢, for the function 7 (A(n)) = h(n) + w(n). Since the average value of w(n)
is loglog x = exp(o(y/log x/loglog x )), the required inequality follows.

(ii) In [5] it is shown that the normal order of both w(p(n)) and Q2 (¢(n)) is
0.5(loglog n)2. Since w(A(n)) = w(p(n)) and Q2(A(n)) < QL(¢(n)), it follows
that the normal order of both w (A(n)) and 2 (A(n)) is also 0.5(log log n)>. Finally,
since

20)(}»(7!)) <t(A(n)) < QQ(K(H))

and since the normal order of @ (n) is log log n = 2°(1°¢1em?) the desired inequal-
ities follow. U

7. Remarks

We suspect that for every k > 1 there exist constants a; > 0 and c¢; > 0 such that

BAE) = ag(1 + o(1)) 210818 DT e (24)
(log x)?
Widely believed conjectures concerning the distribution of Sophie Germain primes
p together with Proposition 3 seem to support conjecture (24) at k = 1 (with ¢; =
0 and some a; > 0). Note that an upper bound for this shape is given in Theorem 3.
We would like to leave this conjecture as an open problem.
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