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The Trace of an Automorphism
on H°(J, O(n®))

ISRAEL MORENO MEJiA

1. Introduction

Let X be a projective smooth complex curve with group of automorphisms G. Let
J be the Jacobian of X and let ® be the theta divisor of J. Then G acts on J and
O is invariant under the action of G. Given & € G, our goal is to compute the trace
of h on H°(J, O(n®)) in order to decompose this space into a sum of irreducible
representations of G. Dolgachev computed the decomposition of H%(J, O(20))
when X is the Klein quartic and used it to study some invariant vector bundles on
this curve; see the proof of Corollary 6.3 in [4].
The strategy is as follows. Consider the exact sequence

00— O0nB®) > O((n+1)B) »> Og((n+1)B) — 0. (€))
By the Kodaira vanishing theorem we have
HJ,0((n 4+ 1)®)) = H(J,0(n®)) ® H(©,0((n +1)0))

for n > 1. Then, all we need to do is to compute the decomposition for
H%®,0(n®)). The problem can be reduced to work with H°(S871X, K&",),
where S4~'X is the g — 1 symmetric product of X, g is the genus of X, and K1y
is the canonical line bundle of S¢~'X (see Lemma 2.3). Now, to compute the
trace of h € G, we use the holomorphic Lefschetz theorem. There is no problem
in applying this theorem if (%) \ {1} is contained in a conjugacy class of G (see
Proposition 3.2), and the problem in general is how to compute the characteris-
tic classes required in the theorem. If the fixed point set of 4 in S4~'X is finite,
then it is still possible to compute the trace of . If the components of the fixed
point set of & in S8~'X have dimension at most 1, then by studying the function
field of X one could proceed as in the example of [14] to compute the characteris-
tic classes. We do not need to do the last in our examples; in fact, we have written
a Maple program to compute the trace of 4 on HO(S*X, Kﬁ,’;) when (h) \ {1} is
contained in a conjugacy class of G. The program was used in our examples and
can be obtained from me upon request. Our main results are Theorem 3.3 and
the decomposition of H°(J, O(n®)) for the Klein quartic, the Macbeath curve of
genus 7, and the Bring curve of genus 4. This work is based on results from my
thesis [13].
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2. The Symmetric Products

The aim of this section is to prove Lemma 2.3, which will allow us to apply the
holomorphic Lefschetz theorem on the symmetric products of X rather than on
the Jacobian. We start by mentioning some facts about the symmetric products of
curves (see [12] for more details). In the cohomology of S”X there are the classes

1,9, 0; satisfying the following relations: ¥ = Y %_, 0y, 0;0; = 0j0;, and 67 =

0. For b = a +d (a,d > 0) and distinct iy, ..., i,, we have 0;,0;, - - - ;. n¢ = n’.

Then, ifa +d = b,
¢ = al <g)nb. )
a

In general, the total Chern class of the tangent bundle of S”X is given by
(1 + nt)(b—g-‘r])e—l?f/(H—m‘), (3)

where g is the genus of X (see [1, p. 339]).
Leta: S87'X — @ be the Abel-Jacobi map and let K = a*Og(®).

LEMMA 2.1.  We have K" = K&y
Proof. See [1, p. 258]. UJ
LEMMA 2.2, x(K&™My) =né — (n — 1)S.

Proof (see [15, Prop. 10.1(3)]). We have

d—g+1 &
td(SdX)z( 1 ) [Ta+em
i=1

1—e "
d—g+1 & iai
B <l—e"7) Z it @
i=0
where
_neT e =1
S on—e

By formula (3), the Chern class of K S%’ll  is 1+ nw#; hence the Chern character of
K?ﬁ»ﬂx is

8
ch(K&My) =" = H(1 + noy).
i=1

So, by Hirzebruch-Riemann—Roch:

g
X(Kﬁﬂlx) = deg{ 1_[(1 + oi(t + n))}

i=1 g—1
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Notice that none of the terms in the expression

8
[[a+oix +n)

i=1
is divisible by a square of any o;, so we can assume oy = --- = 0, = 1. Then
what we want to compute is the coefficient of 747! in the following expression:

8
T— e”> (n—(n—1e N

A+n(t+n)s = (
that is,

—(n=De "\¢
X(K&My) = Reg(u> _
r]:

I—e™

Then, setting z =1 — e~ 7 yields

g—1
esw=;<‘§>(n—1)"=ng—(n—l)g- O

=0 z8(1—2)
LEMMA 2.3. Forn > 2 we have H(®, O(n®)) = H!(S¢7'X, K™).

We need Theorem 2.4 to prove this lemma.

A line bundle A on a variety X is called semi-ample if, for some u > 0, the sheaf
MM is generated by global sections. Let X be a projective variety and let A be an
invertible sheaf on X. If HO(X, A#) = 0, then the sections of A* define a rational
map

bu = it X — P(HO(X, 1)),

The litaka dimension k (1) of X is given by
—00 if HO(X, M) =0 W,

Kk(A) = . 0 .
Max{dim¢,(X) | H”(X, ") # 0} otherwise.

THEOREM 2.4. Let X be a projective manifold defined over a field K of charac-
teristic 0, and let A be an invertible sheaf on X. If A is semi-ample and k(A) =
n =dim X, then

H (X, 2™ =0 for b <n.

Proof. See [8, Cor. 5.6(b)]. O

Proof of Lemma 2.3. Notice that, since « is surjective, the natural map
a*: H9O,0(n0)) - HYS*7'X,a*O(n®))

isinjective. From the exact sequence (1) we see that h%(®, O(n®)) = n8—(n—1)8;
thus, by Lemma 2.2, x(K") = h%(®, O(n®)). On the other hand, since O(n®)
is ample, *Og(n®) is semi-ample. Notice that the Iitaka dimension of K" is
g — 1 = dim S¢7'X, because « is a birational map between S8~'X and ®. Then,
by Theorem 2.4 and the Serre duality theorem,
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H (S X, 0*O(n®) @ Kge-1iy) =0 for i >0 and n > 1.

Hence o™ is an isomorphism for n > 2. O

3. The Fixed Point Theorem

Let E be a vector bundle on a smooth variety X, and let G be a finite group acting
on X. We say that G acts on E if, for each g € G, there is an isomorphism of vec-
tor bundles ¢, : g*E — E such that, given g,h € G, we have ¢,., = ¢g 0 g*(d1)
(see the definition of G-linearized vector bundle in [4]).

Suppose that X is a variety with a trivial action of a finite group G, that is,
suppose every element of G acts as the identity. Let V, ..., V,, be the complex ir-
reducible representations of G. Then any vector bundle E on X with action of G
is isomorphic to a vector bundle of the form

PV ek,

where E; is a unique vector bundle (which, of course, depends on E) with trivial
action of G. For h € G and E as before, define

chy(E) = ) xi(h) - ch(Ey), 5)

where ch(E;) is the Chern character of E; and x;(h) represents the trace of h|y,
(see definition of chu(g) in [2] just before 3.1).
If G acts on E and & € G acts trivially on X, then E has a decomposition E =
P o E(v'), where E(v") is the subvector bundle of E on which i acts as v/ (v =
e27/P) and p is the order of &. For each vector bundle E(v?), define the character-

istic class o
. 1—e /vt \
wor e
J

where {x;}; are the Chern roots of EW'); see [2, (4.5)].

THEOREM 3.1 (Holomorphic Lefschetz Theorem; see [2, Thm. 4.6]). Let X be
a compact complex manifold, V a holomorphic vector bundle over X, and h a
finite-order automorphism of the pair (X, V). Let X" denote the fixed point set of
h and let N" = @;:11 N(v/) be the normal bundle of X" decomposed according
to the eigenvalues of h. Then

A chy(VIxn) - T, UNOI)) - 1d (X"
—Ditr(h| g = ! )
2D trlhl iy, vy) /Xh det(1 — (hlgyry)

Notice that Theorem 3.1 is a generalization of the Atiyah—Bott fixed point theorem.

Now let 4 be an automorphism of our curve X, and assume that & has order
p # 1. Let b be a positive integer and choose integers m, [ such that b = mp + [
withm > 0and 0 <! < p. From [14] we know that the components of the fixed
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point set of 4 in §?X are isomorphic to S¥Y, where Y = X/(h) and 0 < k < m.
The components of dimension k are parameterized by a set A, of invariant divi-
sors of degree dy = b — pk; namely, for each D € A; we have an embedding

ip: Sy <y gpky A2y gpktdiy 7

where i sends Z € S*Y to the divisor f*Z € SP*X (f: X — Y = X/(h) is the
quotient map) and Ap sends Z € SP*X to Z + D e SP¥Hdrx.
Let K denote the canonical line bundle of S”X and let N, be the normal bundle

of the component of the fixed point set of 4 in S”X corresponding to the divisor
D e A;. Then

L(h,K") := Z(—l)" tr(h| gigshy, kny) = Z Z A(k, D),
k=0 DeAy

where )
ch, (ijK") - ]_[jZ/{(ND(vf)) - td(S*Y)

Mk,D) =
( ) /Sky det(1 — h|Ng)

Let N4, be the normal bundle Ngpty,/svx With respect to the embedding Ap in (7).
Given D € Ay, define the class of D to be the vector (ry,...,r,_1), where r; is the
rank of i*N 4, (v/).

ProrosITION 3.2, Let (ry,...,1,—1) be the class of the divisor D € Ay. Then
(@) det(l — hlyy) = p*T1/Z;(1 = vP=7)" and
(b) Chh(iEK") — vnae[(gflfb)'ﬂrpl?]m,

where )
p(p—1 .
a= —kT — ;]rj.

If (h) \ {1} is contained in a conjugacy class of Aut(X), then

p—1 p—1 _ N
; —nt 1—e v/ \
_ A —nt\—A _tDq(e” M)
[Tup ) = phme)= e H<—1— i ) :
j=1 j=1
where m(z) = Y12 2, q(2) = —zm'(2)/m(2), A = k+ (y = @)/(p — 1), and
y is the genus of the quotient curve Y.

Proof. The action of & on i} K is multiplication by det(h |’73 Ty X)’l. By Remark 3.4
in [14] we have part (a) and det(h|,-[*)TshX)’1 = v% The Chern class of Kgvy is
14-[(g —1—b)n+ U]t and so, using [14, Lemma 2.2], we see that i} K has Chern
class 1+ [(g —1—b)n+ pv]t. Thus the Chern character is given by ch(il*)K®”) =
el(s=1=bm+pdint and now we can use formula (5). The last formula is just [14,
Thm. 3.8]. O

THEOREM 3.3. Let X be a hyperelliptic curve of genus g, and let h be the invo-
lution of X. Then, forn > 1, we have
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[(g=D/2] 2¢ +2
(k| omen) =1+27¢ Y7 Bnk) (1 - (_1)k+l)<g —1- 2k>’
k=0

where De—k-1 4 | T
Bon by =n T VT T e

Proof. In this case, the quotient curve is P! and & has 2g + 2 fixed points on X.
We assume b = g — 1. Each set Ay has ( gz_ﬁfg k) elements, and all the divisors have
the same class because there is only one eigenvalue; in fact, r; = g — 1 — 2k =
rank i*N4, (—1). Because P! has genus 0, the # class is 0 in the cohomology ring
of S¥KP! = PX and 5 is the class of a hyperplane. We have

Nkt
ZMk,D):/k 2—g(—1)—n<g—1—k>< 28 +2 )(He ”) e

Dedg Skpl g—1—2k 1—e

=0\ k+1 . . . —n\k+1
Now, fskﬂ»l(t;n) n*+1 is the coefficient of n* in (}fi,,,) n**1. Hence

14+e" k+1 o 14+e" k+1
= Res
/Sk]pl<l - e") " n=0\1—e™"

2 k+1 d
e Res( Z) _Z — 1 — (_1)k+1’
Z

and thus we have
[(g—1)/2]
2g+2
L(h,K" =278 _)Me=1=h e )kl .
(h, K") §<) a0,

Using the exact sequence (1) now yields tr(4| gocs, 02ey)) = L(h, K?)+1, and the
theorem follows by induction. UJ

With respect to this involution, we have H°(J,0(n®)) = C*™ @ VAWM,
where C and V are the one-dimensional representations on which £ acts as 1
and —1 (respectively) and where «(n) = %[n'g + tr(h| oy 0mey)] and B(n) =
3n8 — (k] gog,omen)]-

Next we compute the traces of automorphisms of specific curves—namely, the
Klein quartic, the Macbeath curve of genus 7, and the Bring curve of genus 4. This
will enable us to decompose H°(J, O(n®)) into a sum of irreducible representa-
tions of the automorphism group of X.

Notice that, if D € A, is supported on the fixed points of 4 in X, then the class
of D can be computed using Remark 3.4 in [14]. So, if (k) \ {1} is contained in
a conjugacy class of Aut(X), then L(h, K") is completely determined by the fol-
lowing information:

« the dimension b of the symmetric product S”X;

* the order p of the automorphism #;

* the genus g of the curve X;

* the number s of fixed points of / in the curve X; and
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e avector u, = (ay,...,a,) in which a; is a positive integer such that the auto-
morphism / acts as v on the tangent space T, of the fixed point x; € X
(v = e2im/p)y,

This data is not enough in general; see, for instance, the example in [14].

NoraTtioN. If V is a representation of G and h € G belongs to the conjugacy
class *x, then we will write tr** to denote the trace of 4 on V. Notice that, if V =
H'(J,0(n®)), then for n > 1 we have trs* = > (—1)" tr(h]| Hi(J,0(n®)))-

4. The Klein Quartic

Let X be the Klein quartic curve (see [7] for more details). This is a genus-3 curve
with automorphism group G = PSL,(IF7). This group has six conjugacy classes:
say 1A, 2A, 3A, 4A, 7TA, 7B. If h € G, then we derive the following tabulation.

Conjugacy ~ Number of

class of & fixed points up
2A 4 1,1,1,D
3A 2 s
4A 0 —
A 3 1,2,4)
7B 3 (3,5,6)
For & in 4A, let py, ..., p4 be the four fixed points of h? in X. We can assume

that p3 = hp; and p4 = hp,. Then the fixed points of / in S?X are p; + hp; and
P2 +hpy. We have (To2x) py+npy = (Tx)p, ® (Tx)hp,» and h induces the two linear
maps o: (Tx)p, — (Tx)np, and B: (Tx)np, — (Tx)p,. Then the automorphism
induced on (Ty2x)p,+4p, has a matrix conjugate to A = (} §).

Since p; + hp is a fixed point of h? € 2A, we see that A2 = —Id(z,,),. Then
we see that A is conjugate to ({, *). That is, the divisors p; + hp and p; + hps
have class (1,0,1).

It is not hard to compute L(/, K™") for this curve. Let ¢ = ¢*>™/7; then, by in-
duction, we obtain the values in Table 1. The trace for 4 € 7B is the complex
conjugate of the trace of an automorphism in 7A.

Now let x1, x3, X3, X6» X7, Xs be the irreducible representations of G. If V =
X @l x5® xd @ x¢ @ x{ then, from the character table of G (see [3]),
we have

a +3b +3c +6d +T7e¢ +8f = trlA
a -b —c +2d —e = tr2A
a +e —f = tr3A
a +b +c —e = wrd4A
a +ab +ac —d +f = A
a +ab +ac —d +f = u7B
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Table 1
Conjugacy
class of 1 Y (=D tr(hl i, 0mey)
1A n3
2A nB+(—H")/2
3A, 4A n
TA (_%{3_%(4_%(5_%)(;414—])4

+(%§5+%§4+%C+%§3)(§n+1)2
PRI 20 R 2 e

2, 1 254 2,2
7 7~ 3¢ 78

where o = (—1 +iv7 )/ 2. The general solution of this system of equations is
given by

trlA tr2A tr 7B tr7A tr4A tr2A
168+8+7+7+4+3

a _u2A 4 wiA ivTtr7A + ivVIw7B _ w7B _ tr7A 4 A
b 8 56 14 14 14 14 4

wdA _ wIA 4 iVTuIA _ w7B _ i/Tuw7B _ u2A 4+ tIA
cl|_ 4 14 14 14 14 8 56
d wlA | w2A _ w7B _ wA

28 4 7 7

¢ W2A 4 wlA _ w2A _ wdA
f 3 24 8 4

tr 7B trlA tr7A tr2A
AL R R

Then, if H(J,0(n©)) = x*™ & x2 & 35" @ ™ @ x* @ x{ ™. it follows
that forn =1,...,10 we have

a(n) 1 22 44 6 7 10 11 14
b(n) 001 13 4 6 9 14 18
c(n) 001 13 4 8 9 14 18
d(n) “lo 1 2 4 6 11 14 22 28 41
e(n) 0 01 25 8 14 20 30 40
f(n) 0 0 0 2 4 8 14 22 32 44

5. The Macbeath Curve of Genus 7

There exists a Hurwitz curve of genus 7 with group of automorphisms G =
PSL,(Fg). Equations for this curve were first computed in [10] by Macbeath,
and we refer to his paper for more details. The group G is simple and has 504
elements. There are 9 conjugacy classes: 1A, 2A,3A,7A,7B*2,7C*4,9A,9B*2,
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Table 2
Conjugacy
class of 1 Y (=D tr(hl i, 0mey)
1A n’
2A 3+ (-1)")/2
3A %w”n + %(w")zn + %n
7A, 7B, 7C, 9A, 9B, 9C n

and 9C*4. An element in each class has order 1,2,3,7,7,7,9,9,9 respectively.
Letting & € G then yields the following tabulation.

Conjugacy ~ Number of

class of & fixed points uj
2A 4 (1,1,1,1)
3A 6 1,1,1,2,2,2)
TA 2 (a,7 — )
7B 2 Qua,14 —2a)
7C 2 (4a,28 — 4a)
9A, 9B, 9C 0 —

Suppose that & € G has order 7, and let H = (h). Since & has two fixed points
in X, the normalizer N(H) of H has order 14. Let t € N(H) be of order 2. We
have N(H) = (t, h), so if p; is a fixed point of / then the other fixed point is ¢p;.
Now tht = h*. Observe that k # 1, for otherwise N(H ) would be cyclic and there
would be an element of order 14 in G. Hence k = —1 mod 7. From this we see
that, if & acts as {* ({ = €*™7) on T,,, then h acts as {~® on T;,,. The value
of x €{1,2,3,4,5, 6} depends on the conjugancy class of &, although in this case
L(h,K") is independent of the value of «.

Now suppose that z € G has order 9. The six fixed points of z* in X have
the form pl,zpl,ZZpl, pz,zpz,z2p2, where z3 acts on T,, as w and as ®? on Tp,.
The fixed point set of z in S®X consists of the three points 2p; + 2zp; + 2z22py,
2p2+2zpr +22%py, and p + zp + 22p + pa + zpa + z2p,. Similarly to the case
4A in the Klein quartic example (and to the proof of Lemma 3.1 in [14]), one can
see that the matrix corresponding to the action of / on the tangent space of these
divisors has characteristic polynomial g (1) = (A’ — ) (A* —w?). That s, the three
divisors have class (1,1,0,1,1,0,1,1).

Now we can compute L (h, K™) and use induction to obtain the values in Table 2.

Let HO(J,0(n®)) = C™ @ v @ v*™ @ ... @ V™. From the char-
acter table of G (see [3]), we obtain a system of linear equations whose solu-
tions are
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Table 3 Character table of S5

la 2a 2b 3a 6a 4a Sa

o1 1 1 1 1 1 1
o 1 -1 1 1 -1 -1 1
s 4 =2 0 1 1 0 -1
e 4 2 0 1 -1 0 -1
xs 5 1 1 -1 1 -1 0
xe 5 -1 1 -1 -1 1 0
7y, 6 0 -2 0 0 0 1

aj(n) = LrIA + A+ g trlA + ftr2A,

ay(n) = 5 rlA — ftr2A + jr7A — Sr3A,

az(n) = as(n) = as(n) = étr3A+ %trlA — étr2A,
as(n) = 2tr7A + S wlA — Jr3A,

a7(n) = ag(n) = ag(n) = —% tr7A + 5‘—6tr1A + %tr2A.

For the first ten values of n we have

a(n) 1 4 13 52 175 620 1683 4296 9597 20100
a,(n) 0 0 22 212 1070 3824 11396 29000 66324 138640
az(n) 0 0 30 212 1070 3840 11396 29000 66348 138640
as(n) 0 0 30 212 1070 3840 11396 29000 66348 138640
as(n) | =10 0 30 212 1070 3840 11396 29000 66348 138640
ae(n) 0 2 32 260 1240 4438 13072 33288 75912 158730
a;(n) 0 4 42 308 1410 5052 14748 37576 85500 178820
ag(n) 0 4 42 308 1410 5052 14748 37576 85500 178820
ay(n) 0 4 42 308 1410 5052 14748 37576 85500 178820

6. The Bring Curve of Genus 4

The Bring curve is the only genus-4 curve admitting the symmetric group G = Ss
as its group of automorphisms. Some information about this curve can be found
in [5; 6; 16]. This curve can be defined in P* using the equations

5
in =0, lez =0, Zx? =0.
i=1 i=1 i=l
The group acts by permuting coordinates. One can use [9] to produce Table 3, the
character table of Ss, and some information about its subgroups. There are seven
conjugacy classes for G: 1, (1,2), (1,2)(3,4), (1,2,3), (1,2,3)4,5), (1,2,3,4),
(1,2,3,4,5) of orders 1, 2,2, 3, 6,4, 5 and sizes 1, 10, 15, 20, 20, 30, 24 respectively.
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Denote by 1a, 2a, 2b, 3a, 6a, 4a, and 5a the conjugacy classes of G. The Fuchsian
group that yields X and G has period partition (2,4, 5). Again letting & € G, we

have the following tabulation.

Conjugacy ~ Number of

class of h fixed points up
2a 6 1, 1,1,1,1,1
2b 2 1,n
3a 0 —
6a 0 —
4a 2 (i,—10)
Sa 4 (1,2,3,4)

The normalizer of ((1,2)(3,4))is H = ((3,4), (1,2), (1,3)(2,4)) and has eight
elements. An element in 2b is the square of an element in 4a, so it is the image
of an element in a maximal cyclic subgroup of order 4 of the Fuchsian group that
yields Ss as the group of automorphisms of X. Then, by [11, Thm. 1], we see that
there are two fixed points in X for an automorphism in 2b.

The normalizer of ((1,2,3,4))is ((1,2, 3,4), (2,4)) and also has eight elements.
So if h € 4a then the two fixed points p;, p, of h? are the fixed points of / in X.
Since h and h* are conjugate to each other, we see that 4 acts as i and —i on
the tangent spaces of the two fixed points. The fixed points of /4 in S3X are 3p;,
2p1+ p2, p1+2p2, and 3p,. From Remark 3.4 in [14] we see that these divisors
have class (1,1, 1).

An automorphism in 6a has no fixed points in X. If 4 € 6a then h* € 2a. Hence
the fixed points of 43 in X are of the form py, hpi1, h’p1, pa, hpa, and h%p»; the
fixed points of / in S3X are p; + hpy + h?p; and pa + hp, + h*p,. The matrix
corresponding to the action of / on the tangent spaces at these divisors has charac-
teristic polynomial g (A) = 23 +1, that is, the three divisors have class (1,0, 1,0, 1).

The normalizer of ((1,2,3,4,5)) is ((1,2,3,4,5),(2,5)(3,4),(2,4,5,3)) and
has twenty elements. So there are four fixed points in X for an automorphism % in
5a, and since the four powers of / belong to this same class we see that & acts as
v, ..., v* (v = ¢%7/5) on the tangent spaces of these points. Computing L(h, K")
and using induction, we obtain the values in Table 4.

Let H(J,0(n®)) = C® @ V" g V3™ @ ... @ V7", Then, from the
character table of G, we have

trla tr6a tr5a trda tr2b tr2a tr3a
mte Ts Tt Tt

a(n) _u2a  wla_ wéa 4 uwSa _ w4 uwb | wda
ar(n) 2 T 10 6 5 4 8 6
trla , tr6a  fr2a , fr3a _ tr3a
asz(n) 30 6 6 6 5
wéa | trla | w2 | w3 _ wSa
as(n) | = —% T3 t%6 +5 5
tr3a , trla , tw2b _ trda , tr2a 4 tréa
as(n) —% T t73 s 1 T
ae(n) trda | wla _ w2a 4 w2b _ téa _ ir3a
s T 2 T3 6 6

az(n) wSa 4 wla _ wb
5 20 4
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Table 4
Conjugacy
class of Y (=D tr(hl i, 0mey)
la n*
AN " l‘lz
2a e
2b, 3a n?
4a, 6a %+(721)
U/x4 IJ"3 l)nZ
5a %_’_4(5) 4(5) 4(5)
T ot Ut et T
Forn =1,...,10 we have
a(n) 1 35 10 17 27 41 62 89 127
ar(n) 00 2 4 10 16 28 44 68 100
asz(n) 00 2 7 18 40 76 131 212 324
as(n) | =10 2 6 15 30 58 100 163 252 374
as(n) 0 1 4 12 28 57 104 176 280 425
ag(n) 0 0 2 8 22 48 92 160 260 400
a7(n) 00 2 9 26 56 108 189 308 476
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