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Introduction

The purpose of this article is to examine the structure of the JC-tensor prod-
uct of two simple JC-algebras. Unlike the C*-algebra case, the JC-tensor
product of two simple JC-algebras is not necessarily simple.

Let A be a JC-algebra and ®4 the canonical involutory *-anti-automorph-
ism of C*(A), the universal enveloping C*-algebra of 4. We may suppose
that 4 < C*(A), so that ®4 restricts to the identity on A. The real C*sub-
algebra of C*(A4), R*(A) = {xe C*(A): &4(x) =x*}, satisfies

R*(4A)NiR*(A)=0 and C*(A)=R*(A)@DiR*(A).

Let A be a JC-algebra contained in C,,, the self-adjoint part of the C*-
algebra C. Then A is said to be reversible in C if a;---a,,+a, --a, lies in A
whenever ay, ..., a, are in A. A is said to be universally reversible if it is re-
versible in C*(A) [3]. The reader is referred to [1; 4; 7; 8] for a detailed ac-
count of the theory of JC-algebras. The relevant background for the theory
on tensor products of C*-algebras can be found in [2; 6; 9; 10].

DErINITION. Let A and B be a pair of JC-algebras. A4 and B are canonically
embedded in their respective universal enveloping C*-algebras C*(A4) and
C*(B). Let A be a C*-norm on C*(A4)® C*(B). Then the JC-tensor product
of A and B with respect to A is the completion JC(A), B) of the real Jor-
dan algebra J(A® B) generated by AQ B in C*(A) X, C*(B).

The reader is referred to [5] for the properties of the JC-tensor product of
two JC-algebras.

THEOREM. Let A and B be JC-algebras. Then
C*(JC(AR®)B)) = C*HA)®C*(B),

where A is the minimum or the maximum C*-norm.

LeEMMA. Given JC-algebras A and B and a C*-norm A on C*(A)® C*(B),
JC(A®),B) is universally reversible unless one of A and B has a scalar rep-
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resentation and the other has a representation onto a spin factor V,, where
n=4.

For n=2 let V, be the (n+1)-dimensional spin factor. When #n < oo, recall
that the table for the eight spin factors given by [1, p. 385] is

n RYV,)

2 My(R) 6 M,(H)

3 M,(C) 7 Mg(C)

4 M,(H) 8 Ms(R)

5 M,H)®M,(H) 9 M s(R)YDM6(R)

This table is repeated modulo 8 according to the formula
R*(V,+8) = R* (V) ® M 6(R).

Therefore, R*(V,) are all simple real C*-algebras except those of the form
R*(Van41)» in which case R*(V,41) = R*(Van) OR*(Va).-

The Main Result

Takesaki [9, Cor., p. 117] (see also [2, Cor. 3]) proves that the minimum ten-
sor product of two simple C*-algebras is simple. In contrast to the theory
of tensor products of C*-algebras, the tensor product of two simple JC-
algebras is not simple, in general. The most significant result of this article
is the table given in Theorem 8 in which we give a complete structure theory
for JC(A®, B) when A4 and B are simple JC-algebras.

In order to examine the structure of JC(A&), B) when A and B are simple
JC-algebras, we shall need an elementary but important result (Lemma 1)
from the theory of real C*-algebras. First, recall that if B is a real C*-algebra
then B can be regarded as a complex C*-algebra if there is a complex C*-
algebra C and a real C*-algebra isomorphism 7 : C = B. The complex iden-
tity j acts on B as follows:

jr=w(i="Y(r)) for r in B.

LeEmMMA 1. Let A be a JC-algebra (not necessarily unital). Then the follow-
ing are equivalent:

(i) R*(A) can be realized as a complex C*-algebra.
(ii) There exists a norm closed ideal I of C*(A) such that

CHA) =1 P,(]).
In that case R*(A)=1.
Proof. (i) = (ii). Assume (i), and let j be the complex identity acting on

R*(A). Put I ={jx+ix: xe R*(A)}. Then I is a norm closed ideal of C*(A4)=
R*(A)@PIR*(A).
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It is easily seen that ®,(I)={—jx+ix:xeR*(A)}, INP,(I)=0, and if
x+iye R*(A)@®DiR*(A) when x and y e R*(A) then

x+iy=(jat+ia)+(—jb+ib) e I®P,4(1),

where a =(—jx+y)/2 and b= (jx+y)/2 € R*(A). Hence C*(A)=1DP,(]).

To prove the final statement we define w: 7 - R*(A) by w(x) =x+ ®4(x*).
It is not difficult to see that « is an injective real C*-algebra homomorphism,
and if ae R*(A) € I® P4(]) then a=x+ P4(y) for some x and y in 1. Thus
y=x* that is, a =x+®,4(x*), and hence = is surjective. This proves that =
is a real C*-algebra isomorphism of I onto R*(A).

Let x be in 1. Then x = ja + ia for some a in R*(A4), n(x) = 2ja, and
w(ix) = —2a. Thus jx(x) = —2a and so w(ix) = jn(x). Hence = is also a
complex linear map.

(ii) = (i). Suppose that (ii) holds, and note that

R*(A)={x+®4(x*): xel}.

Then the map #: I - R*(A) defined by w(x) =x+ ®,4(x*) is a real C*-algebra
isomorphism, and (i) follows. |

Recall that if J is a norm closed Jordan ideal of a JC-algebra A, then R*(J)
is a norm closed idea of R*(A) such that R*(J)NA=J, and if / is a norm
closed ideal of R*(A4) then /@il is a norm closed ideal of C*(A4). We may
therefore immediately deduce the next lemma.

LEMMA 2. Let A be a JC-algebra. If C*(A) is simple then R*(A) and A are
simple.

REMARK. Let A be a simple JC-algebra. If A has a 1-dimensional repre-
sentation then 4 = R by the simplicity of A; hence, for each JC-algebra B,
JC(A@mmB) = R®RB = B.

Henceforth, whenever A is a simple JC-algebra, it is assumed that 4 has no
1-dimensional representations. Thus, if A and B are simple JC-algebras then
JC(A®pin B) is universally reversible, and so

JC(A®min B) = (R*(A) Omin R*(B)); .-

Let A be a simple universally reversible JC-algebra. If C*(A) is not simple
then it contains a nonzero norm closed two-sided ideal J such that JN.A =0.
Then, by [8, Lemma 3.1], J; , is (Jordan) isomorphic to a Jordan ideal of A.
But the simplicity of 4 implies that A= J,, .

For later reference, note that we have established the following lemma.

LemMA 3. Let A be a simple universally reversible JC-algebra. Then A is
not isomorphic to the self-adjoint part of a C*-algebra if and only if C*(A)
Is simple.
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LemMA 4. Let A be a simple universally reversible JC-algebra. Then the
Jollowing are equivalent:

(i) A is isomorphic to the self-adjoint part of a C*-algebra;,
(ii) there exists a simple norm closed ideal I of C*(A) such that C*(A)=
IDP4(1);
(iii) R*(A) is simple and complex.

Proof. (i) = (ii). Assume that A=C,, for some complex C*-algebra C.
Then C*(A) =C@®C° by [4, 7.4.15], where the canonical *-anti-automorph-
ism of C*(A) is defined by ®4(x®y°)=y®Dx° for x and y in C. It follows
that C*(A4) =C® ®4(C). Since A is simple, C is simple and (ii) follows.

(ii) & (iii). This is Lemma 1.

(iii) = (i). The implication is immediate, since A is universally reversible
and so A =R*(A),.,. Ol

REMARK. Recall that the universal enveloping C*-algebra C*(V') of an
infinite-dimensional spin factor V is a simple C*-algebra and hence R*(V)
is simple. It is clear that, when 2 < n <o, R*(V,,) is a simple matrix alge-
bra over R or H, R*(V},,_;) = M,2.-1(C) (which is simple and complex), and
R*(V4n41) = R* (V) ®R*(Vy,), which is the direct sum of two copies of ma-
trix algebras over R or H. Hence, if 4 is a simple JC-algebra we have the
following two cases.

(a) Aisnot a spin factor. In this case A4 is universally reversible and hence
R*(A) is simple, by Lemmas 2, 3, and 4.

(b) A isaspin factor. In this case R*(A) is simple except when A is of the
form V,,, . for 2<n <. It follows that if R*(A4) is complex then A4
cannot be of the form V},,,, and therefore R*(A4) is simple.

ProprosiTioN 5. Let A be a simple JC-algebra such that R*(A) is complex.
Then, for any simple JC-algebra B,

JC(A ®min B) = (I®min C*(B))s.a.s
where I is a simple norm closed ideal of C*(A) such that C*(A) =I1®D P4(I).

Proof. Note that by the assumption on R*(A4), 4 is not isomorphic to a spin
factor of the form V,, ., and hence R*(A) is simple. Thus, by Lemma 1,
there exists a simple norm closed ideal I of C*(A4) such that /=R*(A) and
C*A)=1®P,4(I). Hence
C*(JC(A®min B)) = C*(A) ®nin C*(B)

= (I Qmin C*(B)) D (24(]) ®min C*(B))

= (I®min C*(B)) D (P4 Bmin P5) (I ®min C*(B)).
It follows that

R*(JC(A®min B)) = I ®pnin C*(B),
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by Lemma 4. Since JC(A®,;, B) is universally reversible, JC(A Xy, B) =
(I Q®min C*(B))s.. and the proof is complete. O

PRroOPOSITION 6. Let A and B be simple JC-algebras where neither A nor
B is of the form V,, .. Then:
(i) if R*(A) (or R*(B)) is not complex then JC(AQ@p;, B) is simple; and
(ii) if R*(A) and R*(B) are complex then JC(AQyin B) is a direct sum of
two simple JC-algebras.

Proof. (i)(a) Suppose that R*(4) and R*(B) are not complex. Then A and
B are not of the form V},_;, which implies that C*(A) and C*(B) are simple
(cf. [4, 6.2.2]). Therefore

C*(JC(AQmin B)) = C*(A) Omin C*(B)

is simple by [2, Cor. 3] and so JC(A Qi B) is simple.

(i)(b) Suppose that R*(A) is complex and R*(B) is not complex. Then,
by Proposition 5, JC(A@pin B) = (I @min C*(B))s.o. where I is a simple norm
closed ideal of C*(A). Thus JC(A®,, B) is simple, as before, because C*(B)
is simple.

(ii) Suppose that R*(A4) and R*(B) are complex. Then, by Proposition 3,
there are simple norm closed ideals 7 and J of C*(A) and C*(B), respec-
tively, such that C*(B)=J®®5(J) and JC(AQmpin B) = ({@min C*(B))s.a.-
Hence

JC(A®mmB) = (I®min(J®(I)B(J))s.a.
= (I Omin J)s.a. & (1 Qmin (I)B(J))s.a.'

Thus the proof is complete, since @i, J and I @i, $p(J) are simple C*-
algebras. O

If A is a finite-dimensional C*-algebra and B is any C*-algebra, then AR B
is complete relative to its unique C*-norm [6, 11.3.11]. Thus we have the fol-
lowing consequence of Proposition 6.

COROLLARY 7. Let A be a simple JC-algebra that is not of the form Vy, ,1.
Then:
(i) JC(A®minVan+1) is the direct sum of two simple JC-algebras; and
(i) JC(Vap+1®minVam+1) is the direct sum of four simple JC-algebras.
Proof. (i) Note that

JC(A®minV4n+l) = (R*(A)®R*(V4n+l))s.a.
= (R*(A)®R*(V41))s5.2. D(R*(A) QR*(Vap))s.a.
= JC(A®minV4n)@JC(A®minV4n)-

Since R*(V},,) is not complex, JC(A&minVan) 1s a simple JC-algebra by Prop-
osition 6(i), and (i) is proved.
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(i1) It is easy to see that
4
JC(V4n+1(@mithlm+1) = Ei') JC(V4n®minV4m)-
Since JC(V4,@minVam) 1s simple, by Proposition 6(i), (ii) follows. L]

In our following main theorem, S” denotes a direct sum of »n simple JC-
algebras; V,, denotes an infinite-dimensional spin factor; =s.a. C* denotes
a simple JC-algebra isomorphic to the self-adjoint part of a C*-algebra; and
U.R. #s.a. C* denotes a simple universally reversible JC-algebra not iso-
morphic to the self-adjoint part of a C*-algebra.

THEOREM 8. The entries in the following table denote the JC-tensor prod-
uct JC(AQmin B) of a simple JC-algebra A in the first column and a simple
JC-algebra B in the top row.

= U.R. #
V2n V4,,_1 V4n+1 V, s.a. C* s.a.C* R
Von | S S sz S S S S
Vini | S S? s S S? S S
Vane1 | 82 82 st s 5? S S
Vo | S S s? S S S S
=s.a.C*| S S? s 8 S2 S S
UR.#s.a.C*| S S S? S S S S
R| S S S S S S S
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