ON THE STRONG SUMMABILITY
OF DOUBLE ORTHOGONAL SERIES

Ferenc Moricz

1. Introduction. Let (X, F, 1) be an arbitrary positive measure space and let
{oik(x):i,k=1,2,...} be an orthonormal system on X. We consider the double
orthogonal series

oo

(1.1) Y Y anen (),

i=1 k=1

where {a;;:i,k=1,2,...}is a sequence of coefficients for which

(1.2) Y ¥ aj<co.
i=1 k=1

Then, by the well-known Riesz-Fischer theorem, there exists a function
f(x)EL*=L?(X, F,p) such that the rectangular partial sums

m n

Smn(X) = E] kE aixpix(x) (m,n=1,2,...)
i= =1

of series (1.1) converge to f(x) in the L?-metric:
| (5 (¥) =002l (x) >0 as min(m, n) = <o,

Here and in the sequel, the integrals are taken over the whole space X.

It is a basic fact that condition (1.2) itself does not ensure the pointwise con-
vergence of s,,,(x) to f(x). The extension of the famous Rademacher-MenSov
theorem proved by a number of authors (see e.g. [1], [7], etc.) reads as follows.

THEOREM A. If

(= < B o}

Y ¥ aillog(i+1)]*[log(k+1)]*<co,
i=1 k=1

then
Smn(X) 2 f(x) a.e. as min(m,n) —> oo

and there exists a function F(x) € L? such that

sup |Smn(X)| <F(x) a.e.
m,nzl

In this paper all logarithms are to the base 2.
The next theorem (see e.g. [8]) gives information on the order of magnitude of
Smn(X) in the more general setting of (1.2).

THEOREM B. Under condition (1.2),
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Smn(x)
log(m+1)log(n+1)

—(0 a.e. as max(m,n) —> oo

(1.3)

and there exists a function F(x) € L* such that

| S ()]
su <F(x) a.e.
mngnbg0n+l)bg0r+n (%)

We note that both theorems are exact in the sense that log ¢ cannot be replaced
in them by any sequence p(¢) tending to oo slower than log ¢ as t = o (cf. [11]).
The convergence properties improve when the first arithmetic means

1 m n
U,,m(X)Z-— E E Sik(x)
mn ;=1 k=1
m. . n i—1 k—1
=) X <1— >(1— )aiksﬂik(x) (m,n=1,2,...)
i=1 k=1 m n

are considered instead of the rectangular partial sums s,,,(x). The following
extension of the summation theorem of MenSov and Kaczmarz was proved in
[9]. We mention that it was stated earlier in [5] and [4], but the proofs are not
complete there.

THEOREM C. If

coO o0

(1.4) D) a? [log log(i +3)]*[log log(k+3)]* < o,
i=1 k=1

then

(1.5) Omn(X) > f(x) a.e. as min(m,n)— o

and there exists a function F(x) € L? such that

sup |oun (x)|<F(x) a.e.
m,nzl

The order of magnitude of o,,,(x), under condition (1.2), is also better in
general than that of s,,,,(x). The following theorem was proved in [10].

THEOREM D. Under condition (1.2),

Opan(X)

-0 a.e. .n)—
log log(m+3) log log(n+3) a.e. as max(m,n) —>

and there exists a function F(x) € L? such that

Iainn (X)‘
sup
m,n>1 loglog(m+3) loglog(n+3)

<F(x) a.e.

It was pointed out in [5] and [10] that Theorems C and D are the best possible
in the same sense as Theorems A and B are.

2. Main results. Relation (1.5) can be rewritten into the form
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1 M N .
oun(X) =f) =7 ¥ L [Smn (X) =f(¥)] =0 a.e. as min(M, N) = .
m=1 n=1
The following theorem reveals that the average of s,,,(x) —f(x) is small, not
because of the cancellation of positive and negative terms, but because the
indices (m, n) for which |s,,, (x) — f(x)| is large are fairly sparse.

THEOREM 1. Under condition (1.4),
1 M N
2.1) —— Y ¥ [Sum(x)—f(x)]?=>0 a.e. as min(M,N)—>»
MN m=1n=1
and there exists a function F(x) € L? such that
M N , 172
sup {—— [S0n (X)) —f(X)] } <F(x) a.e.
M/ N2=1 {MN mz=:l ngl mn(

This theorem can be considered as an extension of a theorem of Borgen [3}
from single orthogonal series to double ones.

Applying the Cauchy inequality, from (2.1) it follows that

1 M N

— Sun(X)—=f(x)|—=0 a.e. as min(M,N) — co.
MN mglngll mn (X) = ()] ( )
In particular, Theorem C is a corollary of Theorem 1.

In the more general case of (1.2) we can only estimate the order of magnitude
of the average

1 M N 172
6MN(X)=ZW E[ E]S'%IH(X)Z\ (M,N=1,2,...).
m=1 n=

THEOREM 2. Under condition (1.2),

opn (X)
2.2 e M
(2.2) Iog log (M +3) log log (N1 3) -0 a.e. as max(M,N)— o

and there exists a function F(x) € L? such that

sup Spn(X)
M. .N>1 loglog(M+3) loglog(N+3)

<F(x) a.e.

Estimate (2.2) is very unexpected in comparison with that which follows from

(1.3).
Theorem 1 will be obtained as the consequence of Theorem C and the fol-
lowing.

THEOREM 3. Under condition (1.4),

1 M N 1/2
@) en®={gy L T 5n@-0n@F] -0 e

as min(M,N) —»

and there exists a function F(x) € L? such that
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sup eyn(x) <F(x) a.e.
M,N>1

Theorem 2 will be directly proved. However, Theorem 2 could be also derived
from Theorem D and the following.

THEOREM 4. Under condition (1.2),

emn (X)
log log(M+3) loglog(N+3)

and there exists a function F(x) € L? such that

-0 a.e. as max(M,N)—> o

sup emn(x)
Mm,N>1 loglog(M+3)loglog(N+3)

<F(x) a.e.

On the other hand, Theorem 4 immediately follows from Theorem D and
Theorem 2.

Before proving Theorems 2 and 3 we make an agreement in notation for the
sake of brevity. Given a sequence {fp(x)}CL2 of functions and a sequence
{\(p)} of positive numbers, we write

Jo(X) =0 {N(p)} a.e.
if
Jo(X)/N(p) =0 a.e.as p—>oo,
and there exists a function F(x) € L? such that

sup|f, (x)|/N(p) <F(x) a.e.
p

Here p runs over either 0,1,... or 1,2,.... The same convention is made for the
case of a double sequence {qu(x)}CL2 of functions and a double sequence
{N(p, q)} of positive numbers:

Jpa(X)=0x{N(p,q)} a.e. as max(p,q) > (or as min(p,q)— o)
means that

Jog(X)/N(p,q) =0 a.e. as max(p,q) > (or as min(p,q) — ),
and there exists a function F(x) € L? such that

sup|fq (X} /N(p,q) <F(x) a.e.
P, q

3. Proof of Theorem 2. We begin with a few simple observations.
(i) Let 27~ '< M <2” and 277 ' <N <29 with some p, ¢ 20. Then clearly

6MN(X) < 262!” X (x)'
Also, it is enough to prove that

62p’2q(x)=ox{log(p+2)log(q+2)} a.e. as max(p,q) —> .
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(ii) On the basis of the representation

5 P q 1 2r 2! )

— +{—-p—

[62p,2q(X)] - E E zr b= 21‘21 E E Smﬂ(x)9
r=0r=0 m=2""141 n=20—14}

with the agreement that for r =0 we take 2"~ +1to equal 1 and similarly for t=0
we take 2 7'+ 1 to equal 1, we can make one more reduction: If we prove that

1 2P 29 5 172
D
{2192(] m=2P"141 n=29"14,

=ox{log(p+2)log(g+2)} a.e.as max(p,q)— o,

then we are done.
(iii) In the following we neglect the cases p=0 or ¢g=0, only because of the
simplicity in notation, and instead we deal with the quantity

| 1 2P 24 5 172
62(0329(X)Z{W E E Smn(x)} (p’qzlyz"'°)'
m=2P"141 n=29"14

By the triangle inequality,

1
52(‘032:1()5) < Iszp—l’zq—l (x)|

| » 12
+ { E [Sm.zq_l(x) _Szp—l,Zq—I(x)]z}

p—1
2 m=2P"141
1 29 ) 172
+{2q_1 Yo [80-1,(0) =801 50-1(X)] }
n=29"14)
1
tioppa
27 249 172
X E E [S,,,,,(X)—Sm’zq—l(X)—Szp—l'n(X) +SZP—1’24—1(X)]2} .
m=2P"141 p=29"14

Now, Theorem 2 will be completely proved if we take into consideration the
following Lemmas 1, 3, 4 and 5.

LEMMA 1. Under condition (1.2),
(3.1 sz,,_l,zq—n(x)=0x{log(p+1)log(q+1)} a.e. as max(p,q) — .

Proof. This is an easy consequence of Theorem B. To this effect, we set

27 21! 1/2
AI’I:{ 2 E al%(} (I‘,t=0,l,...)

i=2r=hil k=20-141
and
1 27 2!
> Y aipei(x) if A, #0,

rt i=2r-141 k=21-141
Por 2t (x) if A,,=0,

cI)rl (x)=



246 FERENC MORICZ

where we agree again that for r=0 we take 2"~ '+1 to equal 1, etc.
It is obvious that {®,,(x):r,t=0,1,...] is an ONS and by (1.2)

E EArt<°°
r=01=0

Thus we can apply Theorem B which results
(B-2) Sp—1,g-1(x)=o0x{log(p+1)log(g+1)} a.e. as max(p,q)— o,

where

p—1qg-1

Sp l,q— 1(X)— E() ZOArt(brr(x) Szp lzq 1(X)
r t

That is, (3.2) is equivalent to (3.1) to be proved.
LEMMA 2. Under condition (1.2),
1 2° m 25172
(3.3) 855, (x) = { 5T L [ Yy % a,kw,k<x)] }
m=2P"1p1 Li=2P~ 14y k=1

=oy{log(n+1)} a.e. as max(p,n)— .

Proof. (i) First we prove (3.3) for the special case n=2%:

(3.4) 657),0(X)=0x{q} a.e. as max(p,q)— .

Indeed, by the Cauchy inequality
q+1 27 q m 2! 2
BFe0P<5 Y E| I Y awen(x)|.
m=2P"1411=01;=27"14) k=2/"1+1
This inequality motivates the following definition:

o 1 2P m 2! 2
Fix)=Y ¥ — ) [ ) ) aiksoik(x)]-

p
p=11=0 2 m=2P=1y1 Li=2p—14y k=2/"11]

If we prove that F,(x)€L?, then Levi’s theorem implies (3.4). Now, the term-
wise integration gives that
1 27 m 21

[P dun=% & w7 L L L d
p=11t=

m=2P"141 i=2P"141 k=20"141

© ) 1 2P 2!
=Y = ) Y (2P—i+1)aj
p=11=0 2 ,=2p—1+1 k=21—14]
0o © 2! 5 o o 5
<Y X E Y apx=Y ¥ ajp<o.
p=11=0 ;7P fk=20"14} i=2 k=1

(ii) Let 297 '<n <29 (g =1). Then

1 2F m n 25172
(x)<5p2q 1(x)+{——_— ) [ ) ) aikﬁoik(x):lz ,

p—1
2 m=2P"1p1 Li=2P 141 k=29"14
whence
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2 2 2
(3.5) Zq_llnax . 835, (%) 853 ,q-1(x) + M2 (x),
<ng
where
) 1 2P m n 25172
MPe=lper T oma |8 L oo |
=2P~ 14129 Vang29j=2P- 14| k=294

Applying the Rademacher—Mensov inequality (see e.g. [2, p. 79] or [6, Theorem
3]) separately for each fixed m:

2P m 24
[P ordun <= L (g2’ L X di
m=2P"14] i=2P7 141 k=29""41
2P 29
<q¢’ X r ai
i=2P7141 k=29"141
Consequently,
© 2P 29 © o
EEofmeorams<E 1 L ¥ a=% L d<e
p=1g=1 p=1g=1;=9P-1, p=2d-14 i=2 k=2
Hence Levi’s theorem implies that
(3.6) M P (x)=0,{q} a.e. as max(p,q)— .
Combining (3.4), (3.5) and (3.6) we obtain (3.3).
LEMMA 3. Under condition (1.2),
4 172
6(p pa-1(X) = {_2_5'__1' X [S,,,’;_qﬂ(x) "Szp—l‘zq—l(x)lz}
(3.7) m=2P"141

=o,{log(g+1)} a.e. as max(p,q)—> .
Proof. We set

2r 172
(3.8) Ai,={ Y afk} (i=1,2,...;r=0,1,...)
k=2r—14]
and
1 2 .
2 Y aieix(x) if A;#0,
ir p=2r-14]
(3.9) P (x)= .
(p,’zr(x) lf A”-::O.

Obviously, {®;,(x):i=1,2,...; r=0,1,...} is an ONS and by (1.2)

E ZJA,,<0o

i=1r=0

Thus we can apply Lemma 2 and obtain
(3.10) A;ﬁ’q_l(x):oxilog(q+l)} a.e. as max(p,q) — o,

where
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, 1 2P m q 25172 5
A;PTq—l(x)z Ez—p——l )y [ )y L Airq)ir(X)] } =5§p32q_1(x).

m=2P"141 Li=2P—14 1 r=0

By this (3.10) is equivalent to (3.7) to be proved.
In the same way we can prove the symmetric counterpart of Lemma 3 expressed
in the following.

LEMMA 4. Under condition (1.2),

1 29 172
{ ) [Szp—lv,,(x)—Szp—l,zq—l(x)]z}

qg-—1
2 n=29"141

=oy{log(p+1)} a.e. as max(p,q)— .
Finally, we still need the following.

LEMMA 5. Under condition (1.2),

|
(5) — _
62.0,2(1()() - {zp_lzq_l
27 29 172
2
X E E [smn(x)_s,,,’zq—l(x) _Szp—l’n(x)+S7_p—l’zq—l(x)] }
m=2P"141 n=29"14)

=0,{1} a.e. as max(p,q)— .

Proof. Considering
27 29

Sun(X) =S, 5a-1(X) =Syp-1 , (X) +5,p-1 ,g-1(X)= ¥ Y G ei(x),
i=2P7 4 k=29"14

we can easily calculate that

o0 o0
L T | 168),00Pdu(x)
p=1g=1 ’
© © 1 2P 24 m n s
=Y X ST ) ) ) Y ai
p=1g=1 m=2P"141 n=29" 41 i=2P" 14| k=29"14)
0o oo 2P 29 5 oo 00 5
<Y X ) Y ax=)Y Y ajp<w.
p=1g=t j=2P~1, f=29"14 i=2 k=2

It only remains to apply Levi’s theorem in order to get the statement in Lemma 5.

4. Proof of Theorem 3. This is similar to the proof of Theorem 2.
(i) Let 277 '<M<2" and 297 '<N<29 (p,q=0). Then eyn(x) <26,p ,qa(X).
Thus, it is sufficient to show that

ezp’zq(x)zox{ll a.e. as min(p, q) — .

(ii) Taking into account the representation
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2 20 . +1 1 2 z 2
[62.0 2Q(x)] = E E 2 p=a ol E E [Smn (X) — Opn (x)1°,
’ r=01t=0 m=2""141 n=21—14]
if we prove that
| 1 2 29 ) 172
Ez(pfzq (x)= EW E E [Smn(X) —0pn (X)] z
m=2P"141 n=29"14]

=o0x(1} a.e.as min(p,qg) > (p,g21),
then (2.3) will also be proved.
(iii) By the triangle inequality,

1
52(p32q(x) < |52p—1,2q—l (x) T O,yp-1 5q-1 (x)l

1 2P 172
+ {21’—1 E [Sm,Zq_'(x)—Um,Zq_l(x)]z}

m=2P"141

| 5 1/2
+ {2,,_1 )» [Szp—l,n(x)_Uzp“,n(x)]zg

n=29"14]
1 2P 29
+{ P—19g—1 E Z [Smn(x)—sm 2q~l(x)
2772 m=2P"14| n=29"141 ’
172

2

_Szp—l,n(X) +Szp—|,2q—l(X)] }
24

1 2°
+{W > Y lomn(x)—0,, ,a-1(x)

m=2P"141 n=29"14
172
2
""0-2p—]’n(x)+02p—1’2q—i(X)] } .

The fourth term on the right-hand side is already estimated in Lemma 5. We

still have to estimate the other four terms. This will be done in the subsequent
Lemmas 6, 11, 12 and 13.

LEMMA 6. Under condition (1.4),

Zp—l 2q——l k""
(4.1 ) kE a1 dikei(X)=0x{1} a.e. as g
i=1 =1

uniformly in p, and

szp_l'zq_l(x)—azp_lyzq_l(x)zox{l} a.e. as min(p, q) — o,

This lemma is due to Csernyak [4]. (Although (4.1) is proved there in the case
when min(p, g) — «.)

LEMMA 7. Under the condition

> 2B > o]

Y ¥ akllog(k+1))*<oo,
i=1 k=1
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we have

; 1 2P moon i 25172
elp (Jc)—{2 ) [E E_m_aik?’ik(x)]} =0x{l} a.e as p—>o

m=2p_1+1 i=1 k=1

uniformly in n.
Proof. (i) First we treat the case n=29. Using the Cauchy inequality,

[e35) 50 (X)]?

1 2P q ) m i— 2 q 1
- 5 P B Dlae)] §

<S55 2 -
2 m=2P"1411=0 i=1 k=20-14] (=0 (t+1)

This is the reason why we set
© (t+1)2 27 I:m 2! i—1

Fiy=Y % )y )y

Y .
p=11=0 2 m=aP -ty Li=l k=20-14]

The termwise integration gives

2
ik ‘Pik(x):I .

i t+1 2 om X [ —1)°
[Bowan=5 U 5§ o5 CDg

7 '
p= 1r=0 2 m= 2p——1+1,=1 k=2l—|+1 m

© 2! (i—l)z 5
<Y L (+1) E Y a1 Yk
p=110 i=2 k=214 2
© o (1_1)2
<X X E 22— (log 4k)’aj
p=lt k=1i=2
& ] oo 1
=L ¥ (i-1)*(log4k)Yax L S3p-n
i=2 k= p:2P =i 27P
<16 ) Ea, (log 4k)? <o,
i=2 k=
Hence Levi’s theorem implies
4.2) Z(Z)Zq(x)=ox{1} a.e.as p— o

uniformly in gq.
(ii) Let 29 '<n <27 (g=1). Then

4 5 1 2P m i—1 25172
€50 (X)<62(p,)2q—l(x)+{ e ) [E E . aik‘Pik(x)] } -

2

m=2P"1p Li=1 g=29-14
Consequently,
4.3) max ez(f,)n(x)SEZ(Z)Z(,_:(X)+M,§Z,)(X),
29 lepg2d '
where

1 2P m i—1 25172
Mm(x)—{ )) max [E E 70,'“0;/‘-()()} } .

27" m=2”"+|2q_l<ngzq i=1 p=29-14
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Applying again the Rademacher-Men3ov inequality (as in the proof of Lemma 2)
separately for each fixed m:

7 5 : 27 5 m 24 (1_1)2 .
S (M, () du(x) < 5T Y (dog29ty Y ——di
m= Zp_l+] i=1 g=2a-14 m

q 2 (i“l)z 2
<(10g2 ) E X S2-1) %ik

i=1 g=2a-14
N (Vi 2 42
< E E W;T)‘ (log 2k) aik.
=2 k=29"14]
Forming the termwise integrated series, we can easily see that
L L MP@rPduo< D ¥ > L + (log 2k)%a}
p=1g=1 p=1k=2i=2
o co 1
=Y ¥ (-1)*og2k)afy ¥ p=h
bt 2P )
i=2 k=2 p:2P>i
<16 Y a’ (log 2k)* < .
i=2 k=2

Using Levi’s theorem we find that
4.4) MiP(x)=o0,{1} a.e. as max(p,q) — .
Putting (4.2)-(4.4) together, we can conclude the statement of Lemma 7.

LEMMA 8. Under the condition

co

4.5) Y Y af[loglog(k+3)]* <o,
i=1 k=1

we have

(7) 1 2P m 29—} i—1 25172
€yp 2a-1(X) = 55T ) r X p ik Pik (X)

m=2P"ly Li=1 k=1
=0,{1} a.e. as p—> oo

(4.6)

uniformly in q.

Proof. We introduce the same coefficients A;, and orthonormal functions
®;,(x) as in the proof of Lemma 3 defined by (3.8) and (3.9). On the one hand,
by (4.5)

§ E:A [log(r+2)}2<oo
i=1r=0

On the other hand,

1 27 m -1 ;1 25172
83y l(x)={ - L [E z A,,<1>,,(x)] } = €35 50-1 ().

b
2 m=2P~14 Li=1r=0




252 FERENC MORICZ

By Lemma 7, we have
8‘7’q ((X)=0{1} ae. as pow
uniformly in g. This is equivalent to (4.6) to be proved.

LEMMA 9. Under condition (1.4),

0 1 2P m 297! -1 172
2(1’)24 ](x)z{ =1 E [E E 2q lalkgolk(x):l I

r
2 m=2P~1y1 Li=1 k=1

=0,{1} a.e. as g—c0

4.7)

uniformly in p.

Proof. We can estimate as follows:
2P~1 p4-1 k—

E E Ad—1 Aik Pik (X)

i=1 k=1

(4'8) 2P 2q I(X) +M}§3)(x)9

where

1 2P m 291 -1 172
M(g)(x)—{ I X [ Y E] 2= 1alk§01k(x):| ] .

2P m=2P"141 Li=2P~14) k=
A simple calculation gives
o o © o 1 2P m 29-1 k—1)?
Y X XIM,Sz’(x)]zdu(x): rE Yy X gﬁam
p=1g=1 p=1q=12""" _yp=lyyj=gplyy k=1 2
w 20 (k—1)2
2
a
pzl th 2PE‘+1 kz—: 2%@=D T
o o 297 l(k_l)
= S ah
i§2q 1kz—:2 22a-1 Tk
] <) 1
= E E ( "'l)zalk E 72(g=1)
i=2 k=2 q:2q 1>,l(

Hence Levi’s theorem yields
4.9) M) (x)=0,{1} a.e. as max(p,q)—> .

Now, the combination of (4.1), (4.8) and (4.9) gives us (4.7).

LEMMA 10. Under condition (1.2),

1 27 m 2971 (i-1)(k—=1) 2172
(10) —
X)={——7 aix Pin (X

217 24— 1( ) [2‘0—1 m=2§_1+] I:i-z_::] kgl mzq—] 1k¢lk( ):l }

=0,{1} a.e. as max(p,q)—> oo,

(4.10)

Proof. We apply Levi’s theorem to prove (4.10), since
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oo oo 0 © 1 2P m zq—l —l 2 k—l 2
Y X S[Eé}l?éq-l(xnzdy(x): - Y Y ¥ (I =1)7( ) R

a.
=1 2~72(g—1 ik
p=1g=1 p=1q=12" m?2%@=D

m=2P"141i=1k=1

o 222070 (1) (k—1
EEEE()( )

sl ol ica K= 22(p—D92(q— n4

=% T (=17 (k-1

1 1
2
Xaix L 2(p=1) X 22@=1
p:2P =i q:297 1>
[ee] o0
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LEMMA 11. Under condition (1.4),
1 2P 172
1
Wam=fzr T RmER—
m=2P"14]

=0,{1} a.e. as min(p,q) — co.

Proof. 1t is based on the representation

m 2770 i P S e
Sm‘zq—l(x) O, 29~ )=y X (1 - (=Dt ))aik<Pik(x)-

i=1 k=1 m 2‘1_l m2q_l
Thus, by the triangle inequality,
€35 5a-1(X) €550 50-1(X) +€57)10-1(X) + €55 31 (X).
Putting (4.6), (4.7) and (4.10) together, we get the desired statement.
The following counterpart of Lemma 11 can be similarly proved.

LEMMA 12. Under condition (1.4),

1 29 172
{2‘7“ Yo [8p-1,(x) =0, ,,n(x)]z} =0,{1} a.e. as min(p,q)—> .

n=29"141
Finally, we have to prove the following.

LEMMA 13. Under condition (1.2),

(13) 3 1 2P 29
2.0 ZQ(X) P Tng—1 E E [Om,,(X)-—Um 2q—1(X)
2 m=2P"141 n=29"14) ’

172
_Uzp—l,n(x)+Uzp—1,zq—l(x)]2} /
=0,{1}] a.e. as max(p, q) — oo.
Proof. We begin with the identity
Omn(X) =0, 14-1(X) = 0yp-1 (X)) +0,p-1 1q-1(X)

m n

= Y Y o (X)=0imy k(X)) =0 g1 (X)+ 06—y k-1 (X)].
i=2P7 14y k=29"14



254 FERENC MORICZ

Hence, by the Cauchy inequality,

2
[0 (X) =0, 5a-1(X) = Gppmt , (X) +0yp-1 q-1(x)]
m n

< X Y ikloiw(X)—0i_1 1 (X) = 0i k1 (X)+ iy x—1 (X)]*
i=2P~ 14 k=29"14

This implies

2b 29

13

€3 ya(X) < [ x Y mnlou, (X)—0m—_1,,(X)
m=2P"141 n=29"144

1/2
—Om,n—1 (x) +O0m_1,n-1 (x)]z} .

We consider the representation

Omn (X) —Om—1,n (x)_am,n—l(x) +0m—1,n-1 (x)

—m n (i—-1)(k—1) o
-—igl L m(m—1)n(n—1) Qix ik (X),

from which we can calculate with ease that
Ez Ez mn S [G/n (X) ""Um—l,n(x) ~Om,n—1 (x) +0m—l,n—l(x)]2dﬂ(x)
m=2 n=
mon (i—D)P (k=1

-% ¥ 7

) 7 a;
m=2n=2i=1 k=1 m(n—1)"n(n—1)

N
IIMS
n[‘ﬂs

Ms

8
nmg

[\18

The application of Levi’s theorem completes the proof.
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