A MEAN VALUE THEOREM FOR ZETA FUNCTIONS
ASSOCIATED WITH POSITIVE DEFINITE INTEGRAL FORMS

Alan H. Stein and Chungming An

1. Let x=(x7,%,,...,X,) ER” and let F(x) be a positive definite integral
form on R” of degree d. Let {(F,s) = ¥, ern—{0; F(y) " be a zeta function asso-
ciated with F. The authors have previously shown [4] that {(F,s) can be con-
tinued analytically in the entire complex plane except for a simple pole at s= n/d
and have shown that if we write s = o+ it then

n—od _

(1.1) ¢(F, 5) < (n_wgln_l_ad), "dl <o< %.
In this paper the authors exhibit the following mean value theorem for {(F,s).
Theorem.

(1.2)

Q2T+ Wlid+2))(n—od) jf n—(d;Z)/Zd o< z
n—1 n—(d+2)/2d

<o<
a ¢ d

T
S |6(F, o+ it)|2 dt <
1 T2(n-—od) if

where a =min(1/|n—oad|, log T).

If F is quadratic, then better estimates are available; however (1.2) is an
improvement for d>2. The authors believe that further improvements are
possible and conjecture that

T
| [sF o+infPdi~T T arey Fn) >
1

for o> (n— %)/a’ where ar(,) is the number of solutions to F(y') =F(y).

2. We shall need the following analogue of integration via polar coordinates.

For x €R”, let |[x||=max;¢;c,|X;|. Let B={x€R": |x]||=1}. Then each
x € R”—{0} may be written uniquely as x = ru, where r= || x|| and u € B.

We define a measure w on B as follows. Suppose A C B is a Borel set. Let A=
{ru:0<r<1,u€A). We define w(A)=nm(A), where m is Lebesgue measure
on R”". It can be shown that if fis integrableonaset X={x€R":r < ||x|| <1},
then )

2.1) Sdex= Lj r*=Lf(ru) drdu

rnsrsn

where for brevity we write du rather than dw(u).

Received October 29, 1979.
Michigan Math. J. 30 (1983).



4 ALAN H. STEIN AND CHUNGMING AN

3. We now use a special case of a generalized Euler summation formula [1].
Let = (qy,...,q,) where g;=0or 1. Define h, (x) = ITg=1 (X;— [x;] —3). For
arbitrary 0 < K < T'we may write

(3.1) g'(F,S)=Z+J1+J2+J3
where Z and the J; are defined as follows.
(3.2) Z=Y%'F(y)~
where Y’ represents summation over all y € Z” — {0} such that —K <+; <K for
all i.
(3.3) h={  Fwax
lxll =K
n
F
(3.4 SHh=—5Y S (x;—[x;1—%)F(x)~s! o ax.
i=17 x| 2K ax;
d9F
— —yllgl*1] —s—|q|t Z_~_
(3.5) =L gy (xF(x)sl o O

Ixl =&

where |g|* =g;+ - + ¢y, (—)11" = (=s)(—s—1)- - (—=s—|q|* +1),
99F 9ld*
ax?  ox{'e - axn

and L * represents a sum over those ¢ where g; =0 or 1 and |g|™ = 2.
If we let I={7|¢(F,o+it)|*dt, I, = {{|Z|*dt, I = {{ | Jx|* dt, then we observe
from (3.1) that

(3.6) [=0,+1,+ L, +1).

We shall consider each term on the right-hand side of (3.6) separately.

4. We first estimate I,. First we observe that | Z|= O(Xyy <k F(v)™°). The
properties of F imply that

4.1) Y F(y) < Y |vlI7“= ¥ m™"“m"—(m-1)"}.

vl <K vl <K m<kK
Since m"— (m—1)"=0O(m"~1), (4.1) yields

4.2) |1Z| <« ¥ m" Tl Kl

m<K

We thus obtain
4.3) I, = O(a?TK*n=cd)),

It is shown in [4] that |/, |= O(K n—edsty which immediately implies
4.4 I = O(K?n=od)y,
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This is absorbed in the bound for I,. We shall now estimate I3 before I,. The
observations

(-l =ol9™),  h,(x)=0(Q),

4.5) F(x)~5~ld* = o(|| x|~ (ot la*)dy,
39F ~
aea = OUlx[|*719)

imply that |J5| is bounded by a sum of terms J ") defined by

4.6) J) = ¢h S ”xH—(o+h)d+d-—h dx.
[ xIl =K

Using (2.1) we see that

4.7) JM < th S p—(o+hyd+d—h+n-1 g,

rzkK
and thus J = Q(¢hK —(e+Md+d—h+ny Thyg
T
S T 2 dt = O( T+ KU od=hd+d=h+n)y
i
If we restrict K > TV/(1+4) then this is maximized when 4 =2, yielding

(4.8) Iy =O(T°K*n-od=d=2)),

5. In order to estimate I,, we consider a typical term of J,. Let

oF
J=—s (=[x 1-DHF(x)~5!
Suxnzx 2 dxy

dx.

We again use (2.1). Using the notation of §2, we observe that x; = ru;, F(x) =
F(u)r® and (8F/dx,)(x) =r® Y (8F/dx,)(u), so we may write

oF
- —-5—1 ’
5.1 J sSBF(u) o (u)J' du
where
(5:2) r=\  (rm=trm]1-Hros-2ar,
rzk

Write A(r)=ru, — [ru,]—%. Note that & has period P=1/u; 21. Choose an
integer a such that aP > K> (a—1)P. Note that 1 <a< K+1. Also write z=
—ds+ n—2. Then we have

aP (I+1)P
(5.3) J'=S mrrar+ S| h(ryrir.

K P

1z2a

Integrating by parts and simplifying yields
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(5.4) Jie Pz+l E 1z+l_ h(K)Kz+l Kz+2

u .
Z+1 ;54 z+1 ! (z+1)(z+2)

Since Ljsq ¥ = {(—2—1)— T1<icq ¥, we can use (5.2) to estimate J by

)—s—l or (1) SPn_ds—l E In—ds—l

ax; n—ds—1 /2,

J=S duF(u
B
(5.5)

Kn—ad
+0<[§(1 +ds—n)|+ K" 4 ; )

We easily evaluate

T
(5.6) g (K"~ 9912 gt < TK 2n—0d=1)
1 .
T —od \2
D S K ) dt < K2n=od)
i t
and
T T if o> (n—1)/d
: —n)|Pdt< : 2
(5.8) jl|m+ds m)| T4 it o< (n—by/d

where 8= min (In_—(T/lZm ,log T).

We are left with estimating

T n—ds—1 2
oF sP
5.9 J"=\ dt duF(u)—s71 jn—ds—1
69 Sl SB ubw 9%, U =aso 1§a
We first observe that J” << J”, where
T 2
(5.10) J”’=S dtﬁ du| ¥ In=ds=1 }
1 B i<a
We expand J” to obtain
T -
(5.11) J’”=S duj de dt 'Y p-ds—n—ds-
B B 1 I,<a,
lu<av
qnd hence
T idt
(5.12) J”’=S duS dv ¥ (lulv)”“d““‘g (1—”> dt.
B B l,<a, 1 lu
ly<a,

Along the part of the sum where either /, > 21, or I,>21,, {T(1,/1,)"¥ dt=0O(1),
so that part of the integral contributes <<

2
(5.13) ( v 1"—'-d°> < (aK"99)2,

I<K
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Along the part where I, =1, {7(1,/1,)"% dt=T—1, so that part contributes <<

- 8T if (n—3)yd<o<n/d
5. T n—1—od 2<< 2
©-19) EK” ) BTK ~209+2n=1 if (n—1)/d<o<(n—3)/d.

We now consider the rest of J”. Along the rest,

[ ()

so that the rest contributes <<

<

log (4, /0|’

(5.15) jn=od=1) ——<< Y 122 log ]
1§1< <rr<u |log(I'/1)] 1§K
I'#1

< K29 |og K.,

Since the other terms of J, can be estimated similarly, we combine (5.6)-(5.8),
(5.13)-(5.15) to obtain

L K TK2n=0d=D 4 g 2n=0d) Jo0 K

(5.16) 8T if (n—%1)/d<o<n/d
BTAn=do) 4 BTKXn=od=1 if (n—1)/d< o< (n—1%)/d.

We can now combine (3.6), (4.3), (4.4), (4.8) and (5.16) and use the assump-
tion K< T to obtain

J<< aZTKZ(n—Od) + TSKZ(n—od)—Zd—4

(5.17) , L AT if (n—3)/d<o<n/d
BTH"~9) if (n—1)/d<o<(n—13)/d.
Let K ~ T%(4+2) 0o obtain

8T if (n—3)/d<o<n/d
BT?"=9D if (n—1)/d< o< (n—13)/d.

We now observe that 8 < T (#/19+20)n=0d) jf (n_Ly/d < g < n/d, so that

(5.18) [ o?T1+@WId+2D(n—od)

n—1 n
€0<

(5.19) [ <K o2+ Wld 2D (n—od)  jf 5 R

We also observe that if ¢ > 2={(dE22d then T+ @/[d+2)(n—0d) >, gT2n—cd)
while if ¢< #=(d+2)/2d ' then the reverse is true. Also, if o< 2=(442)/2d | thep
B=0(1).

So

I+ ldr2)(n—od)  if n—(d+2)/2d < n—1

(5.20) I
n—1 n—(d+2)/2d
<0< d .

Combining (5.19) and (5.20) completes the proof of the theorem. 0

T2(n—ad) if
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