REGULAR NEIGHBORHOODS IN TOPOLOGICAL MANIFOLDS
Erik Kjaer Pedersen

Regular neighborhoods have proved to be a very useful tool in the theory of PL
manifolds. In this paper we want to make a very easy construction of regular neigh-
borhoods in the topological category. F. E. A. Johnson [6] has constructed regular
neighborhoods in topological manifolds, but only in the case of nonintersection with
the boundary. R. D. Edwards [4] has announced a very general construction of regu-
lar neighborhoods; see also [3]. The present construction has the advantage of al-
lowing a “relative” version, (Theorem 13), in the sense that if L is a complex, K is
a subcomplex, and L is locally tamely embedded in a topological manifold V, then
one may find a regular neighborhood of K in V, intersecting L in a regular neigh-
borhood of K in L, in the usual PL sense. This is used in [10] to prove embedding
theorems for topological manifolds. In [11] we have a proof that the opposite proce-
dure is possible; namely, finding a spine of a topological manifold.

We should emphasize that the regular neighborhoods we obtain are mapping cyl-
inder neighborhoods; ¢.e., if K C N, where N is a regular neighborhood of K, then
there is a map 7: 9N — K such that N is homeomorphic to the mapping cylinder of
7 (Theorem 15).

Let K be a compact topological space with a given simple homotopy structure;
Z.e., of the homotopy type of a finite CW-complex, with the homotopy equivalence
specified up to torsion.

Definition 1. A regular neighborhood N, of K in V is a locally flat, compact
submanifold of V, of codimension 0, which is a topological neighborhood of K such
that the inclusion K C N is a simple homotopy equivalence, and K is a strong de-
formation retract of N. We also require that oN C N - K induces an isomorphism
on the fundamental group for every component.

Definition 2. A regular neighborhood N of K C V is said to mee!l the boundary
rvegularly if N N 3V is a regular neighborhood of L in 8V and n(N) =8N - N N 2V
meets 0V transversally.

Remark 3. If a regular neighborhood meets the boundary regularly, it then fol-
lows from van Kampen’s theorem that 7(N) — N - K induces an isomorphism on the
fundamental group.

Definition 4. K C V is said to have arbitrarily small regular neighborhoods if
for every neighborhood U of K there is a regular neighborhood N of K in V such
that N C U.

Definition 5. Two regular neighborhoods of K C V, N and fI, are said to be
equivalent if N is homeomorphic to N by a homeomorphism which is the identity on
a neighborhood of K. If N and N meet the boundary regularly, the homeomorphism
is required to restrict to a homeomorphism of N N2V to N nav.

We now want to change a regular neighborhood into one that meets the boundary
regularly.
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PROPOSITION 6. Let N be a vegular neighborhood of K in V, and assume
L =K N aV has a rvegular neighbovhood N in 9V such that N C int N N 9V). Then

K has a regulay neighbovhood which meets the boundarvy regularly in N.

P'rogf. Push N off 9V outside N using a collar of 3V in V and of N in aV
outside N.

We now make some observations essentially due to F. E. A. Johnson (see [6]).

PROPOSITION 7. Let N and N' be regular neighbovhoods of K such that
N Cint (N'). If KN oV =@ and dim (V) > 6, then N' - N is homeomorphic to
INXL If KNoV # @, N and N' meet the boundary regularly, and dim (V) > 1,

then N' - N is homeomorphic to n(N) X I.

Proof. The topological s-cobordism theorem applies, since van Kampen’s
theorem applied to

and the factoring ON C N' - NCN - K proves that oONCN' - N and oN' CN' - N
both induce isomorphisms on the fundamental group. Further, K C N' is a simple
homotopy equivalence which factors K C N C N', where KCN and N C N' are both
simple homotopy equivalences. Hence dN C N' - N is a simple homotopy equiva-
lence.

PROPOSITION 8. If dim (V) > 6 and K C int (V) has avbitrarily small vegulay
neighborhoods, then any two ave equivalent. If dim (V) > 17, KN aV # @, and K has
arbitrarily small neighbovhoods meeting the boundary regulavly, then any two such

neighborhoods ave equivalent.

Proof. Let N; and N, be two regular neighborhoods. By assumption, there is
a regular neighborhood N C int (N; N N,). By Proposition 7, N;j - N and N, - N are
both homeomorphic to dN X I (resp., 7(N) XI). Hence N; is homeomorphic to N,
by a homeomorphism that is the identity on N.

PROPOSITION 9. Let K C V have arbitrarily small neighbovhoods meeting the
boundary regularly, and let N be a regulay neighbovhood meeting the boundary regu-
larly. Then if K N 9V = @ and dim (V) > 6, N - K is homeomorphic to aN X [0, «).
IFKNavV # @ and dim (V) > 1, then N - K is homeomorphic to n(N) X [0, «).

Proof. By assumption, we can find a decreasing sequence of regular neighbor-
hoods NOD N; DN, D --- D N; D --- D K, each contained in the interior of the next,

so that K = niNi. A homeomorphism N - K to 7(N) x [0, «) is defined inductively
sending N; - N;,; homeomorphically to n(N) X [i, i + 1], using Proposition 7.

We now finally consider the existence of regular neighborhoods. The main tool
here is the existence of local PL structures, which follows essentially from [7], [9],
and PL approximation theorems. The following theorem is due to R. T. Miller,

R. Connelly, and R. D. Edwards; we quote from [2].

THEOREM 10. Let V be a PL manifold and K a finite complex locally tamely
embedded in V, such that K N 9V = L is a subcomplex of K, PL-embedded in 3V.
Further, assume K - L is of codimension greater than ov equal to 3 in V. Then
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theve is an ambient c€-isotopy ht of V, with compact support, fixing oV, such that
the composition K C Vhl — YV is PL.

LEMMA 11. For n> 5, let DP Cc V" be a locally flat embedding, meeting the
boundavy tvansversally, such that 3V N DP = gDP ., If n =5, assume also that 3V is
stable. Then DP has a neighbovhood U with a PL structuve.

_Proof. By [5], if we let V=V N aV x [0 1), then DP has a PL neighborhood U
in V. By Brown’s collaring theorem [1] UNav has a neighborhood U in U such
that (U, U N aV) is homeomorphic to (UnavxR, UNavxo). By [7] we can now
change the PL structure of U so that it is a product structure on U and hence in-

duces a PL structure on U=V N U, a neighborhood of ¢(DP) in V. To do this for
n =5, we need 3V to be stable.

Remavrk 12. Although we do not strictly need it in this paper, it follows from
Theorem 10 and Lemma 11 that under the assumptions of Lemma 11, DP C V ex-
tends to an embedding

(DPx R""P, 3DPx R""P) < (v, aV).

This follows for n - p =1 and 2 by [1] and [8] respectively. For n - p >3, first
tame DP and then either use block bundle theory to see that the normal block bundle
is trivial, hence as described above; or use [12] to see that the “topological normal
bundle” is trivial.

We now finally consider the existence of regular neighborhoods.

THEOREM 13. Let V™ be a topological manifold and 1. a locally tamely em-
bedded PL complex of codimension greater than ov equal to 3 such that 3L =L N3V
is a subcomplex of L of codimension gveatev than ov equal to 3 in 3V. Let K be a
subcomplex of L. Denote 9L N K by 0K. Then ifn>17, orif n > 6 and 9K is
empty, K has a vegulay neighborhood meeting the boundary regulavly, so that the in-

tevsection with L is a vegulav neighbovhood of K in L.
Proof. First let us consider the case where 9K is empty. Triangulate L so

that K is a full subcomplex. The 0-skeleton of K is the disjoint union K(0) = UD?
of a finite number of 0-discs. We extend D? C V to disjoint embeddings

DIXR® C Vv,

and consider L N D0 X IR"™, By Theorem 10, we can change the PL structure of
DO X IR" so that a nelghborhood of D in L is PL-embedded in DO X R". There-
fore after shrinking D0 X IR", we may assume that L N D0 X IR"™ is PL-embedded
in D0 X IR™. Tr1angu1ate D0 X R"™ such that L N DO X R™ is a full subcomplex and
let NO be a derived neighborhood of D0 Define

v, =v-Ux% a,vy =ovy n UN?; and a,v, = avy nav.

Clearly, 9, V, Ng,V, = @. Consider the higher skeleta KU) of K. Note that
k0 n v, is KU) with a regular neighborhood of K(%) removed, just as LNV, is
L with a regular neighborhood of K{0) removed. Therefore, k(1) n V, is a disjoint

union of 1-discs meeting 9, V, transversally: K{1)nv, = UD1 We use Lemma
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11, or rather Remark 12, to extend D! C V, to disjoint embeddings D} x R*"! c v,
and we change PL structure and shrink so that L N Dli x R~ ¢ Dil x R*-1 jsa
PL embedding. We then triangulate so that

KﬁDilx]Rn‘1 c:LnDilx]Rn‘1 CDillen“I

are inclusions of full subcomplexes, and take a derived neighborhood N 11 of Di1 . We
put

“Ux!; av, =av, n (UnPuUN!) ;5 ana 0,v, = av, nav.

Again, 9, V, N3, V, = @. Now k) n V, is a disjoint union of 2-discs meeting the
boundary regularly, since at every point of the boundary they meet the boundary
transversally in some PL structure.

In the inductive step, we have

v.=v-U(N-S);aV—ava 2); and 8,V.=V.NaV;
j s 1 2] j
s <j s <j

and L N V; is L with a regular neighborhood of KG-1) removed, just as kis)n V;

is Kfs) W1th a regular neighborhood of KY-1) removed. Thus K(J) N V; is a dis-

joint union of j-discs meeting the interior of o VJ regularly. The 1nduct1ve step is

dim K j
now completely analogous to the first step. Let N = U o ( U Ng ) . We claim N
is a regular neighborhood of K in V, and N intersects L in a regular neighborhood
of K in L. The latter is clear by construction.

By a standard codimension-3 argument, 9N C N - K induces an isomorphism on
the fundamental group. The inclusion K C N factors

KCKU (UN?) cKu(UNg UUNli’) C .- CN.

Since Ng was obtained as a PL-regular neighborhood, K U UsSj ( Ule) can be

strongly deformed into K U Us<j—1 ( Ule) by a sequence of elementary
simplicial collapses, so it follows by induction that K is a strong deformation re-
tract of N and K C N is a simple homotopy equivalence. This uses the result of
Edwards [4] that the simple homotopy type of a topological manifold is given by the
handlebody structure.

In case 3K # @, we proceed as above except at boundary points. We first tame
K in the boundary, and then relative to the boundary. We triangulate L such that
the inclusions 9K C K C L and 9K C 9L are inclusions of full subcomplexes. In the
inductive step of the proof, we have constructed Vi, 91Vj, and 92V;, where

_ S —

s <j

and 9, V; N 8L is L with a regular neighborhood of oK(-1) geleted, while V; N L
is L with a regular neighborhood of KU-1) deleted. Further, 3, V; has a collar in
V and 9, V N L has a PL collar in L. such that in a nelghborhood of 91 Vj, the
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inclusion V; N L C Vj is a product inclusion 3;V; N L x [0, 1) €3, V; X [0, 1) C V;
As before, K(J) N \4 1s a disjoint union of j-discs, but now some of these are con-
tained in 3, V;, meeting 3(3, V;) =9, V5 N 3, V; regularly Thus extend D} C 3,V
to DJ X RP-I- S C 9, Vj, and extend to DJ X R™- J -1x (o, 1) c Vj, using a collar of
9, V- in V;. The collar of 3; V; N L in 'L gives a collar of 8D} in DJ which in-
duces a collar of aDJ x R*-3-1 x [0, 1) in D3 x R™-3-1 x [o, 1). Tt is easy to see that
the extension can be made so that this collar agrees with the given collar of 9, V;

We now change the PL structure of DJ x R2-J-1 x [0, 1) by an isotopy to make

LN DJ x R*-3-1 x [0, 1) be PL embedded in a neighborhood of DJ We do this by
first f1nd1ng an isotopy of aDJ x R*J-1 x [0, 1) moving a nelghborhood of aDJ in
LN DJ x R"3-1 x [0, 1) to a PL embedding. We extend this isotopy to a nelghbor—
hood of aDJ x R*-3-1 x [0, 1) as a product isotopy, using the given collar, and fur-
ther to DJ >< R-I-1 x [0, 1). After shrinking fibers, we may then assume that

J

L NDI xR x[0,1) c DIxRP¥-1x[o, 1)

is a PL embedding in a neighborhood of aDJ; x RP-3-1 x [0, 1), so we can change PL
structure relative to a neighborhood and shrink fibers to be able to assume that we
have L N DJ X IR™-J-1 x [0, 1) PL embedded and the PL structure near

aDg' x R™-3-1 x [0, 1)

is the product structure given by the collar of 9; V;. We triangulate so that all
relevant inclusions are inclusions of full subcomplexes and let NJ be a second de-
rived neighborhood of DJ We can still assume that the tr1angu1at1on near 0, V is
the product trlangulatlon, so that NJ is a product given by the collar near 9, Vj , and
we then proceed as before. In the_reglon between a second derived neighborhood and

a first derived neighborhood of DJi everything looks like a product, and this product
fits together with the collar of 9; V; to give a collar of 9; Vji+; , as desired.

THEOREM 14. Let V™ be a topological manifold, n > 5. If n =5 assume also
that V is a stable manifold. Let K be a locally flatly embedded topological handle-
body of codimension greatev than ov equal to 3. Then K has a regulav neighbovhood
in V.

Proof. We proceed totally analogously to the above construction, doing it handle
by handle.

Remark. It is usual in regular neighborhood theory to require the existence of a
map 7: 0N — K (N a regular neighborhood of K) such that N is the mapping cylinder
of m. In this direction, R. D. Edwards pointed out to me that we may prove the follow-
ing, using a trick due to M. M. Cohen.,

THEOREM 15. Let K be a complex or a closed topological handlebody locally
tamely embedded in V*, V a topological manifold and dim V - dim K >3,
n=dim V > 6. Let N be a vegular neighborhood of K in V. Then theve is a map
m: 0N — K such that N is homeomovphic to the mapping cylindev Z; of @, by a
homeomovphism which is the identity on K.

Proof. By uniqueness of regular neighborhoods, we may assume that N is ob-
tained as in the construction in Theorems 13 and 14. Let us consider the case of
Theorem 13, where K is complex. Assume we have constructed a regular nelghbor-
hood Nk of Kk the k-skeleton of K, and a map 7¥: dNK — KX such that N¥ = Z k.
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Further assume inductively that N¥ N K and the mapping cylinder of 7X|aNkN K
are equal as sets. The procedure of Theorem 13 is now to attach handles
Dktl x pn-k-1 o Nk yvia a map Sk x Dn-k-1 ¢ Nk gyuch that Dk*1 x Dn-k-1 jg g

regular neighborhood of a (k + 1)-cell in Kkt! _ NK in V - NX, in some PL struc-

ture defined locally, intersecting Kkl - Nk in a regular neighborhood of the (k + 1)-
cell. We want to find 7k+1: gNkt1 — Kk+1 | We may assume without loss of general-
ity that Nkt1 is obtained from Nk by attaching only one (k + 1)-handle, since other-
wise we may repeat the argument.

Given f: X — Y, we orient the mapping cylinder Z; so that x € X is identified
with (x, 0) € Z¢, (x, 1) = £(x). Since the handle Dk*1 x Dn-k-1 wag constructed in
an entirely PL situation, there is a map p: DEt1 x gn-k-2 _, pktl gyueh that if we
identify the handle with the mappinE cylinder Z]_D , KN Dk+l x pn-k-1 g the map-
ping cylinder of p| P N Dk*! x §n-k-2' we denote the part of NX which is the
mapping cylinder of 7k|Sk x Dn-k-1 by B and denote B N NK by 7(B). Since 7(B)
is the mapping cylinder of p| 2 n(B), a point in B can be denoted by (x, s, t), where
x € 9n(B) =Sk x Sn-k-2 and s, t € [0, 1].

Let C be a smaller copy of the handle Dktl x pn-k-1 = 7, corresponding to
s-coordinate in [1/2, 1]. We now define nktl: g(Nk y C) — Kkt1 py gktl = 7k when

restricted to aNX - nB. Since nkH(x, 1/2) = p(x) for (x, 1/2) € aC - B, we now

need to define 7kl on nB - C N 9Nk, which are the points of B with coordinates
(x, s, 0), s € [0, 1/2). We may consider [0, 1] X [0, 1] as the mapping cylinder of a
map X: [0, 1/2] X0 — [0, 1] X 1 U1 X [0, 1], and we now finish the inductive step by
defining 7kt1(x, s, 0) = (x, x(s, 0)). It is easy to see that 7x*1 has all the required
properties, since the points in B N K are exactly the points (x, s, t) with either
s=1lort=1or xe€ 7B NK.
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