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ABSTRACT. Let ¢ be an analytic self-map of open unit disk D. The
operator given by (Cy f)(2) = f(¢(z)), for z € D and f analytic on
D is called a composition operator. Let w be a weight function such
that w € L'(D,dA). The space we consider is a generalized weighted
Nevanlinna class N,,, which consists of all analytic functions f on

D such that ||f]lo = /log+(|f(z)\)w(z)dA(z) is finite; that is, Ny
D

is the space of all analytic functions belong to Llog+ (D, wdA). In

this paper we investigate, in terms of function-theoretic, composition

operators on the space N,. We give sufficient conditions for the
boundedness and compactness of these composition operators.

1. INTRODUCTION

Let D be the open unit disk in the complex plane C, and let H (D) be
the space of all analytic functions on . For any analytic map ¢: D — D
we define the composition operator induced by ¢, C,,: H(D) — H(D), as
Cyuf = fop. These operators have been studied on many spaces of analytic
functions. During the past few decades much effort has been devoted to the
study of these operators with the goal of explaining the operator-theoretic
properties of C,, in terms of the function-theoretic properties of the induced
map ¢. We refer to the monographs by Cowen and MacCluer [5], Duren
and Schuster [6], Hedenmalm, Korenblum, and Zhu [8], Shapiro [16], and
Zhu ([18, 19]) for the overview of the field as of the early 1990’s.

Much is known about the structure of C,, as an operator on classical and
weighted Nevanlinna classes associated with the “standard weights”; see,
[1,2,3,4,7,9, 11, 15], and [17], for example. In this paper, such problems
are addressed for the generalized weighted Nevanlinna class with respect to
boundedness and compactness. We investigate how the weight function w
and ¢ determine whether C,, is bounded or compact.

We consider only radial weights, these arise from the positive and Lebesgue
integrable functions w : [0,1) — (0,00), and put w(z) = w(|z|) for each
z € D. Let dA(z) = m~'rdrdf denote the normalized area measure on D)
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and let w be the weight function such that w(z)dA(z) defines a finite mea-
sure on D; that is, w € L1(D, dA).

Given such a weight w we introduce the space L;q+ (D, wdA) of all mea-
surable functions f on ID such that || f|| = [;log™ (| f|)wdA is finite. Since
logt x <log(1 + ) < log2 + log™ 2 for > 0, a measurable function f on
D belongs to Ly,e+ (D, wdA) if and only if

I fllew = /Dlog(l +f(2)])w(z)dA(z) < occ.

The generalized weighted Nevanlinna class is defined as the set N, = H N
Lyog+ (D,wdA). If w = 1, we get the area-Nevalinna class; see [1, 2, 3], and
[17). Hfw(r)=(1—-r)*, a > —1, we get the weighted Nevanlinna class; see
[4, 7], and [11]. Since plog’ 2 < P for all p > 0 and = > 0, we get that A,
contains the large weighted Bergman spaces AP, which is studied by Kriete
and MacCluer [13].

Our main interest is in the space N, with induced F-norm || -||,,. We will
observe later that N, is an F-space whose topology is stronger than that of
uniform convergence. Here an F-space is a complete metrizable topological
vector spaces. For the definition and properties of F-space, see [10] and
[12].

2. PRELIMINARIES

In this section we prove several auxiliary propositions which will be used
in proofs of the main results. We start with the following proposition, which
tells us that the point-evaluation ¢, : f — f(z) at each z € D is bounded
linear functional on N,,. Moreover, it asserts that sequences that are norm
bounded in N,, are uniformly bounded on compact subsets of D.

Proposition 2.1. Let w be a weight function and f € N,,. Then

1/l

< e (gl poran ze.

where G(r) = forw(p)pdp.

Proof. If f € N, then by the subharmonicity of log(1 + |f|) we get

2
log(1+[f(2)]) < %/ log (1+ [f(z+7e?)|)do, for re (0,1—|z]).
0
(1)
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Now multiply inequaltiy (1) by w(r)rdr then integrate the obtained in-
equality from 0 to p, we get

P p 2w )
/0 log(1 4 |f(2))w(r)rdr < %/0 /0 log (14 |f(z +re™)|) dow(r)rdr

1

-3 /D s (L IFOD w(OdAQ)

-1 / log (1+ [£(C)]) w(C)dA(C)

1
= 51 f

where D(p,r) = {z € D : |2 — p| < r} is the Carleson window. Taking
p—1—|z|, we get

[ lleo
log(1 <
oa(1+ () < 50
Since log™ z < log(1 + ) for all z > 0, we get log™ (|f(2)|) < %
This gives the desired result. O

The following proposition tells us that the generalized weighted Nevan-
linna class AV, is an F-space with respect to the F-norm || - ||,,.

Proposition 2.2. N,,, with respect to || - ||, is an F-space.

Proof. Tt is easy to check the routine properties of the F-norm, so we just
prove completeness. Let {f,} be a Cauchy sequence in N,,. Then for every
€ > 0 there is ng € N such that

| fro = frnll <, for all n,m > ng. (2)

By proposition 2.1 we have

V= il
<5002 ®)

From the inequalities (2) and (3), we get {f,} is a sequence in H(D) and it
converges uniformly to some f € H(D). By Fatou’s Lemma, we can make
[/ = fmllw as small as we wish by choosing m sufficiently large; that is

1 = Fnllo = / log(1+ |£(2) — fun(2) Ju0(2)dA(2)

log(1 + |fn(2) = fm(2)])

<timinf [ 10g(1+ 1£,(2) = fu()Dw()AC)

<€, for m > nyp.
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Which gives f — f,, € N, and therefore, f € N,. Hence, the Cauchy
sequence { f,} converges to f in N,,, which completes the proof. O

The following proposition shows that the topology of AV, is stronger than
the uniform convergence, and it can be proved, using an argument similar
to the one in the proof of the previous proposition. For convenience, we
include the essential parts of the argument.

Proposition 2.3. The space N, is an F-space whose topology is stronger
than the uniform convergence.

Proof. Let {f,} be a Cauchy sequence in A,. From the previous argument,

{fn} converges uniformly to some f € H(D). As before, by Proposition 2.1

and Fatou’s Lemma, we have f € N, and satisfies lim ||f — f,|o = 0.
n—oo

Using Proposition 2.1 one more time, we get that { f,,} converges uniformly
to f in A,. The proof is complete. O

A linear operator is called compact if the image of the unit ball under
the operator has compact closure. As usual, compactness of a composition
operator C, can be characterized as in the next proposition, which is a
generalization of Proposition 3.11 in [5] and Proposition 2.3 in [11]. Its
proof is just a modification of those in [5] and [11]. For the reader’s benefit,
we give the proof.

Proposition 2.4. Let ¢ be an analytic self-map of D. Then C,, is compact
on N, if and only if whenever {f,} is bounded in N, and converges to (0
uniformly on compact subsets of D then lim ||Cyfrllw = 0.

n—oo

Proof. Assume that C, is compact and suppose { f,} is a bounded sequence

in A, which converges uniformly to 0 on compact subsets of . Assume,

on the contrary, that lim ||Cyfnllw # 0. Then we can assume lim |g —
n—oo n—oo

Cy fnllw = 0 for some g € N,,. Using Proposition 2.1, we have

lg — C«pfn”w

20— z)) for all z € D.

log(1+[(g = Cp fn)(2)]) <
Hence, {g — C, f} converges uniformly to 0. Since f,, — 0 uniformly and
{¢(2)} is compact set, f,(p(z)) — 0 for each z € D. Hence, g = 0 and
lim ||C, fullw = 0, which contradicts our assumption.
n—oo

Conversely, let { f,} be a bounded sequence in A,,. It is enough to show
that the image under C,, of the sequence { f,, } has a convergent subsequence.
By Proposition 2.2, { f,,} is bounded uniformly on compact subsets of D and
hence, is a normal family. By Montel’s Theorem, {f,} has a subsequence
{fn,} which converges uniformly on a compact subset of D to some f €
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H(D). As in the proof of Proposition 2.2, we get f € N,, and hence, by the
hypothesis, we obtain klirn |Co(f — frp)llw, which is what we wanted. O
—00

We find that the following area-formula, see [14], is useful for finding a
sufficient condition for the boundedness of C,. Here, ¢ is an analytic self-
map of D, and for ¢ € p(D) let {z;(¢)} be a collection of zeros of ¢(z) — ¢
including multiplicity.

Lemma 2.5. Let g and Q be non-negative measurable functions on D.
Then

/D 9(p(2)e' (2) PQ(2)dA(z) = / 9 ;mmc» dAQ).
3. MAIN RESULTS

In this section we present sufficient conditions for a composition operator
C, to be bounded and compact on N,. The Littlewood Subordination
Principle ([5], Theorem 2.22), which applies to analytic self-maps of D with
©(0) = 0, gives the boundedness of C,, in the following theorem.

Theorem 3.1. If ¢ is an analytic self-map of D such that p(0) = 0, then
C, is a bounded operator on N, and ||Cyl| < 1.

Proof. If f € N, then log(1 + |f|) is subharmonic. Thus, the Littlewood
Subordination Principle gives for each r € (0, 1),

/ Tr1og (1 +1(fo gp)(rew) |)% < / 7Tlog (1 + |f(rei9)|) %
0 0

Multiplying the inequality by w(r)rdr and integrating with respect to r
from 0 to 1, we obtain

ICofllo = [ [ 108 (14107 0 0)re) N Lt

1 2 ) do
< / / log (1 +|f(re®)|) —w(r)rdr
o Jo n
= [[flle,
which gives the boundedness of C, and ||Cy|| <1 as desired. O

If ¢ does not fix the origin, replace ¢ with 1 o ¢ where v is the Mobius
transform of I which exchanges 0 and ¢(0). Following a similar argument
as that in the proof of Theorem 3.1 and making a natural change of variable,
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we obtain the known inequality for the standard weight w(r) = (1 — )%,
a>—1,
2+«
1 0
Cofllw < (%) Ifllw,  for all analytic functions f on D.
— P

Theorem 3.2. Let ¢ be an analytic bounded valence self-map of D and let
w be a weight function such that

u & X0
S ule) ~

Then the composition operator C, is bounded on N,,.

Proof. Let a = ¢(0) and let ¢,(z) = la;_z be the automorphism of the
—az

disk. Consider the function ¥ (z) = ¢, o p(2). It is clear that ¢ : D — D
is analytic and 1(0) = 0. Since ¢, ' = ¢,, we have ¢(z) = @, o 1(z) and
C, = CyC,,. Hence, by Theorem 3.1, for f € N,, we have

1Cofllw = 1CpCop0 fllw < [Cop fllw-
1 — |a|

1+ |a
Schwarz Lemma and the hypothesis, there exists an M > 0 such that

w(z) < Mw(|eq(z)]), for all z € D.
Thus, by the area-formula, for f € A, we obtain

1Coa flw :/Dlog(1+If(%(Z))I)w(Z)dA(Z)

On the other hand, it is clear |¢'(2)| > . Since ¥(0) = 0, by the

<M / log(1 + £ (¢ (2))w(a() dA(2)

=M (1 . H) /Dlogu + £ (Pa (NN (2) e (a(2))AA(2)

1+ |a] _
< M< )/W(D) log(1+ £ | D wllea(z () | dAK)

1—|a ;
j>1

1+ |a
<har (758 [ tog(a 4 1£(@)Dw(a4(0)
1=lal] Jom)
1
< kM (1 i :a:> IIflle,  where k is the valence of ¢.
—la
This gives the boundedness of C,. O

Let us turn to the compactness question. In the next theorem we present
a sufficient condition for the composition operator C, to be compact.
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Theorem 3.3. Let ¢ be an analytic self-map of D with

lim sup w(z)

NI T @)

where G(r) = / w(p)pdp. Then Cy is compact on N,,.
0

Proof. Let {fn} be a bounded sequence in N,, that converges uniformly on
compact subsets of D. By Proposition 2.4, it is enough to prove

nlggo chanw =0.

Suppose the hypothesis holds, then for every e > 0, there exists a § € (0,1)

such that
w(z)
——— <, for 6 < |z| < 1. 4
G o)D) i @

On the other hand, without loss of generality, we may assume ¢(0) = 0;
otherwise we can replace ¢ with 1 o ¢ where 9 is the M&bius transform of
D which exchanges 0 and ¢(0). Thus, by the Schwarz Lemma, |¢(z)| < |2|
for all z € D. Since f, — 0 uniformly on compact subsets of D, there exists
an ng € N such that

[fnlp(2)] <€,  foralln>ngand |z]| < 4. (5)
Using Proposition 2.1 and the inequalities (4) and (5), we have

1Cp fllw = A)log(l + | fal0(2))w(2)dA(2)
= / ‘<510g(1 + | fu((2)])w(2)dA(z)
+/ log(1 + | fn(@(2))w(2)dA(2)
|z|>6

< log(1 + 6)/

|z|<o
< M (log(1 +€) + 2¢),

Il fllw
w(2)dA(z) + /|Z|>(s —2G(1 — |¢(Z)|)w(z)dA(z)

for some constant M > 0. This proves the compactness of C,. 0

If a “little-oh” condition determines when an operator is compact, it is
then relatively straightforward to formulate and prove the corresponding
“big-oh” condition that determines when it is bounded. The next theorem
gives another sufficient condition for the boundedness of C,,. A modification
of the preceding argument yields the proof of Theorem 3.4, so we omit the
proof.
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Theorem 3.4. Let ¢ be an analytic self-map of D such that

| o)
lim sup Zr— o <>

Then C, is bounded on No.
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