COMBINATORIAL IDENTITIES DERIVED FROM THE
KOU JUMP-DIFFUSION MODEL

WINSTON BUCKLEY

ABSTRACT. We derive interesting combinatorial identities by em-
ploying the instantaneous centralized moments obtained from the
Lévy measure of the Kou jump-diffusion market.

1. INTRODUCTION

The Kou [4] Jump-Diffusion model is an example of a financial market
that is driven by a Lévy process [1, 2]. Kou employs it in the pricing
of options. The attendant Lévy measure and density are built from a
double exponential distribution, which allows the process to jump up and
down. Attached to this measure are objects called instantaneous centralized
moments, which Buckley [3] employs to approximate optimal portfolios
of stocks in Lévy markets where asymmetric information prevails. The
moments are then used to derive a plethora of combinatorial identities.

The rest of the paper is organized as follows: Section 2 gives a brief
review of the Kou [4] jump-diffusion model. Section 3 presents kernels and
instantaneous centralized moments of the Kou Jump-Diffusion model and
combinatorial identities. Section 4 concludes the paper.

2. THE Kou JumMP-DIFFUSION MODEL
Let S; be the price of a stock at time ¢. The log-stock price dynamic for
this model with continuous return y; and volatility oy, is given by:
) N(t)
d(log St) = <Mt D) 0?) dt +o.dB; +d Z(VZ -1, (2.1)
i=1

where B, is standard Brownian motion and the log-jump amplitude X =
log(V') has double exponential distribution with density fion, dependent on
3 parameters p, 11, and 72. It is defined by

frou(z) = pm exp (=m ) 1z50y + qm2 exp (=02 [2]) [ {z<0}, (2.2)
771>17 772>Oa p+q:17 pZOa qZO
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The log-jump amplitude X, can be expressed as:

¥ { X"  with probability p.
~ 1 X%  with probability q.

Equivalently, X = X" I~ — Xd Itz<0y where X* ~ exp(m) and
X4 ~ exp(ng) are exponential random variables with means 77% and — n
respectively. The upward jump log amplitude, X", occurs with probabll—
ity p, and is not expected to exceed 100%. This leads to the constraint
E(XY) = 77_11 < 1. The log amplitude of the downward movements in re-

turns is X<, which occurs with probability ¢ = 1 — p. For this model (cf
Kou [4]), the expectation and variance of X are respectively

1 1)’
E(X) = P _ 9 and Var(X) =pq (——i——) +(%+%)
moT2 moT2 moon
The expected jump amplitude is E(V) = % (771 ‘5. The Kou Lévy

density is

'Ukou(x) = )\fkou(x)
= Apm exp (= ©) I{z>0) + Aqn2 exp (=n2 |2]) I{z<0},

where ) is the intensity of the Poisson process N (t) as presented in Buckley
[3]. The log return stock dynamic (2.1) can be written as percentage return:

sy

t

_/,Ltdt-i-UtdBt-i-/(em—1)N(dt,dI),
R

where the total return

p q
by = e + T — 1) frou(x)dx = 114 + - ,
= Lt /\/(e ) frou(x)dx = py + A <771 I m 1)

is due to both diffusion and jump processes.

Definition 1. Define the objects ]/\4\](77) and K, (n) by the prescriptions:
M) = [ (e = e e >0, <o

0
IA(S(n) = / (% —1De "dx, s <.

0

B(a, 8) = / x4+ 1) Pdz, a >0, 3> 0.
0

Lemma 1. Let B(a, 8) be the Beta function above.
(1) 4 5 <, then My(n) = B(j + 1,0 — j) = Sz,
(2) If s < n, then Kq(n) = T
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Proof. (1) Let y = e — 1. Then x = log(1 + y) and dy = e* dx. Thus,

(J+1) 1 (1+y)~ (j+1)—(77—j)dy

/ Yy j ¢ —1108( 1+”)dx—/ yj(l—i—y)_"_ldy
0

LG+ 10— )
T(n+1) '

B(j+1,n—j)=

(2) If n > s, then K,( = [ (e e"wdx—nis—%zn(nis). O

With Lemma 1 in hand, we are now able to compute the kernels K4(n)
and instantaneous centralized moments of returns M;(n), defined in the
following definition.

Definition 2 (Instantaneous Centralized Moments of Return).

M, zMj<m,n2,p,A>é/<e 1Y v (2)da
=\ er —1)7 ou(z)dx, 2.3
/R< Y frou() (2.3)
Ky = Ks(m,n2,p, /\)é/(esx—l)vkou(:zr)dx
R

— ) / 1) frou(x)dz (2.4)

Lemma 2. For the Kou jump—diffusion market given by (2.1), we have
the following. Let mm > 1, m2 >0, p+q=1, p >0, ¢ > 0, with Poisson
intensity rate A > 0. If max(s,j) < 1, then

M, = (—1)7 (j1) 292 L02) oy Apm Do —j)
J !

CT(ne+Jj+1) L(m+1)
and
o AP Ags s(pm2—qm+s)
s — + - °
(m—s)  (n2+s) (m —s)(n2 + s)
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Proof. (1) Let j < n; and s < n2. From (2.2), we obtain
M
/ e’ — 1 fkou )

= / (e = 1) (pm exp (—ma) Lm0y + anz exp (—n2|@]) I{z<0y) da
R

0 (%)
=q772/ (e — 1)7 exp (— nzlwl)dw+pn1/ (e" — 1)7 exp (—ma)da
0

= qm/ (1 —e”) exp (—jx) exp (—max)da + pm M;(m),
0
and from Lemma 1,
= CVam [ =0 exp (<G ) a)de + o ST (m)

= (=1 qno M; (j +m2) + pm M; (m)

_ i TG+DTG +n2 —j) T+ 1)T(m — 5)
Ve T T )
= (=1)7 4! Aqnz I'(n2) n Apm T(m — )

. L +5+1) r L(m+1)
and the result follows.
For part (2):
KS sx
~ z/(e = 1) frou(z)dx
R

= / (e° = 1) (pm exp (—ma) [{z>oy + qnz exp (—n2|z|) I{z<0y) d
R

0 ']
— / (€% — 1) exp (—ma|zl)dz + pmy / (¢ — 1) exp (—ma)da
0

— 00

— / (€7 — 1) exp (—a)dz + pmy / (€% — 1) exp (—m)da
0 0

=qn2 /Ooo(exp(—(s + 1m2)x) — exp(—nox))dx
+om / " (exp((s — m)z) — exp (—ma))da

= quK_s(n2) + pm Ko () = —— |t i —s)
g K —s (1) + P Ks(m) = an: [772(772 + s)] P [771 (m — S)}

s(pm2—qm +s)
(m —s)(n2+s)

O
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For the Kou model n; = W > 1, and Mj exists provided j < n;.
Thus M; always exists for this model, where

My = 2 A (BN - 1) = AE(V) - D),

and E(V) is the mean jump amplitude. In this case M; is the jump com-
ponent of the total stock appreciation rate b = u + M;, where p is its
continuous component.

Corollary 1. For the double exponential Kou jump-diffusion model with
p=q= % and m = n2 = n, we have the following results.

(1) If j < n, then
A —1)J 1
Hr:l(n"_’r) HT:l(T] - T)

(2) If |s| <m, then

As?
K, = 7772 —

Proof. This result follows from Lemma 2 with p = ¢ = 1 and g, =7, =
7. O

There are many combinatorial identities resulting from Lemma 2 and its

corollary. We now present them.

3. COMBINATORIAL IDENTITIES

Recall that the objects M; and their respective kernels K, are defined
by the prescriptions:

M, = /R(er _ 1)3'1,(dx)7 K, = /R(esx — 1Dv(dz), s> 0.

M; is called the jth instantaneous centralized moment of return of the Lévy
process X, with measure vio,(-). The kernel K is used to calculate M;.
We have the following result which will be quite useful in the sequel.

Lemma 3. If there exists k € N, such that [,(e’ —1)v(dz) < oo for each
0<j <k, then K; and M; exist, and

M; = zj:(—nﬂ'iG) K;. (3.1)
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Proof. 1f there exists k € N, such that [,(e/* — 1)v(dz) < oo for each
0 <j <k, then K; = [,(e/” —1)v(dx) < co. Now M; = [(e* — 1) v(dzx).
From the Binomial Theorem

<f—W=§]4Vi?}m

Therefore,

which is clearly finite for each integer 0 < j < k. O

We obtain new combinatorial identities by applying Lemma 3 to the Kou
jump-diffusion model. The central result follows.

Theorem 1. Let k > 1 be an integer, m >k, n2 >0, p+q=1,p >0,
q>0. Then

zk:(_l)k—j (k) J+pne—qm)

3] (m =72 +3)

) COn) L(m — k)
= [0t o g ey o T

Proof. From Lemma 3, if n; > k then K; and M exist for each 0 < j < k,
and

Jj=1

k

My =Y (-1)F (k) K;.

=1 J
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For the Kou model, K; and M, are given explicitly by Lemma 2, with

M; = (=1)7 (1) Agn2T(n2) () Apm I'(m — j)

TT(ne+j+1) Cim+1)
and
K. — Aps N Ags _\slem—am+ts)
(m—s)  (n2+s) (m —s)(n2+s)
The result then follows by dividing both sides by A, the intensity rate of
the driving Poisson process. 0

In the sequel, we assume without loss of generality that A = 1.

Corollary 2. Let k,ao € N andn > k. Then

k=i L J
2V S T ar =

1 C(k+a)  (a—1)
=3 {(_UH @kt a)l (k—i—a—l)!}

Proof. Letp = q = %, m = n2 =n >k in Theorem 1 to get the first two
identities. Set n = k + a, o € N. Then by said theorem, we get the last
identity as follows:

- k—j_ 1 j?
;(_1) = (R + a2 = ?)

1 I'(n) I(n—k)
= 577 |:(_1)kr(n+ F D) Pnr(n+ 1)]
Ll k=D (g =k 1)

- 3| i )
A e )t =k 1)
_2[( Vs T - ]

_1 o (k+a)! (a—1)!
2 [(_1)k+ 2k +a) " (k+ta- 1)!] '
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Theorem 1 yields other results based on the choice of the parameters p,
N1, and 7;.

Theorem 2. Let k € N and n > k. Then

k .
k(R 4 D=k K
;( & <J> n—j & L) — IO, (n—j) (3.2)
k .
NS i _Tlh—k) _ 1
;( D Wk —=4)'n—3j T'(n) . (—J) (3.3)
k B
20 0= (3.9

Proof. Let p=1, ¢ =0, and 771 = 12 = 71 in Theorem 1. Then
k .
Ak I'(n—k
Z(_l)'”(-) iGAm oy, L=k
i) m=35)n+7j) I'(n+1)

Thus starting with 7 = 0, we get

k .
(M Tk _ R
2V (s =" =

Dividing by k! yields the second identity. Letting n = k + 1 in equation
(3.2), yields

b i [ i ! R
> (k- = ~ ==L
; JJk+1—j T_(k+1-j) &
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Theorem 3. Let n > 0 and k, m be positive integers. Then

(B

= JJn+

. (_1)%!% = (—l)km- (3.5)

" .

= (_1)k% = (—1)’“m. (3.6)
S ()i

- F(EZi;E(ZT)l) R (1n+j>' 0
Sev( )

_remrin+1) _ (2m-1) (3.8)

Lln+2m) 1577 (n+j)

Proof. Let p =10, ¢ =1, and 1 = 2 = n in Theorem 1. Then

i(—l)k—;*(’jf)%:zk:(_l)k—j(’?)i

= J)n+J

Equation (3.6) follows by dividing both sides by k!. Let k = 2m, where m
is an integer. Then

k .
Cpemeg (MY I qyemgy LD
j;( b (j)77+j (=)™ )!F(n—l—Zm—l—l)

T(n+1)  2m!
C(n+2m+1) 1B (n+5)

= (2m)!
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Similarly, setting k = 2m — 1 and multiplying by (-1), we have

2m—1>
J

2m—1 2m—1

Jj=0

= (=1)*""'(2m - 1)!

We have more interesting identities.

Theorem 4. For any positive integers k and m, we have

k

J=0

Jj=0

J=0

2m—1 .

(2m —1
> <—1>ﬂ< " )L -
= J j+1 2m

Proof. Letting n = 1 in Theorem 3 yields,

k .
Z;_”k Q)j+1_(1ﬁmr@+2)
k! 1

e ()i
S ()

2m .
S () L 2 |
i )i+l 2m+1

L(n+1)
I'(n+2m)
C(p+1) _ (2m—1)!
T(n+2m) 107 (n+j)
O
1
(—-1)k};j;j[ (3.9)
1
T (3.10)
! (3.11)
! (3.12)

Multiplying (3.9) by (—1)* yields (3.10). Let m be an integer. Let k = 2m

n (3.9). Then

Jj=0 Jj=0

— (1 1

om+1  2m+1

B (5) - Eo

2m

j)j+1
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Similarly, with k& = 2m — 1, we get

2m—1 . 2m—1 .
me1—q[2m —1 J 2m —1 j
- Z(—l)Q ! J( . >?: Z(_l)J< . )?
=0 J J =0 J J
1 1
= (=1 2m _—
(=1) 2m  2m

We now present some results involving double sums.

Corollary 3.

oo 2™—1 n_ .
SN (-1 (2 , 1);% =1 (3.13)

n=0 j=0 J
oo k .
SO>S (=1 (];) ]*7? = log(2) — 1. (3.14)
k=1 j=0

Proof. Let m = 2"~! in the third identity of Theorem 4. Then 2m — 1 =
2" — 1, and so

oo 2"—1 fom _q . S 1
()L

n=0 j=0 n=0
Recall that
o . J
log(1+z) = Z(—l)J_lx—,,
i=1 J
hence
log2 =Y (-1)71'= = .
052=3 (1) j >
7j=1 k=1
By Theorem 3,
k
(K 1
D e e e
Jj/i+1 k+1

Therefore,
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We state without proof some identities that follow directly from the
third identity of Theorem 2, which states that for all positive integer k,

S (1) () g = L

Example 1. Let n be a positive integer. Then

—j k j B 7r_2
kz::ljz::o(_l)k (J) (k—j+1)k2 3 (3.15)
[e%¢} k '
(K ; .
;jgo(_l)k <J> (k—j+1)(k(k+1)) 1 (3.16)
n k )
—j k jk B
; j:o(_l)k <]> k—j+1 5”(” +1) (3.17)
n k
vk (R gk
;]:O( D <j>k—]+1
_ én(n+ 1)(2n+ 1), (3.18)

4. CONCLUSION

We applied the instantaneous centralized moments and their kernels to
produce combinatorial identities involving the sum and double sums of
sequences. These summations and identities are otherwise very difficult to
obtain.
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