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MIN-MAX VARIATIONAL PRINCIPLE AND FRONT SPEEDS
IN RANDOM SHEAR FLOWS*

JAMES NOLENT AND JACK XIN*

Abstract. Speed ensemble of bistable (combustion) fronts in mean zero stationary Gaussian
shear flows inside two and three dimensional channels is studied with a min-max variational principle.
In the small root mean square regime of shear flows, a new class of multi-scale test functions are
found to yield speed asymptotics. The quadratic speed enhancement law holds with probability
arbitrarily close to one under the almost sure continuity (dimension two) and mean square Holder
regularity (dimension three) of the shear flows. Remarks are made on the quadratic and linear laws
of front speed expectation in the small and large root mean square regimes.
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1. Introduction. We consider propagation speeds of reaction-diffusion fronts in
random shear flows. The model equation is:

uy = Agu+ 9B - Vyu+ f(u), (1.1)

where © = (71,7) € D= R!' x Q, Q= [0,L]"!, n =2,3; § > 0 a scaling parameter;
the vector field B = (b(Z,w),0), b(Z,w) is a scalar stationary Gaussian field with zero
ensemble mean and almost surely continuous sample paths; f is either one of the
following;:

(1) the combustion nonlinearity with ignition temperature cutoff: f(u) =0, u € [0, y],
e (0,1); f(u)>0,ue (u1), f(1) =0, f € C2(0,1]);

(2) the bistable nonlinearity: f(u) = u(l —u)(u — p), p € (0,1/2).

The boundary condition is zero Neumann at R! x 9€2. The initial data ug belongs
to the set I,. The set I, for bistable f consists of bounded continuous functions with
limits one and zero at ;1 ~ 400 respectively. For combustion f, one requires also
that ug decay to zero exponentially at —oo. For each realization of B, there exists a
traveling front solution of the form u = ®(x1 + ¢t, &), with unique speed ¢ and profile
® [4]. For ug € I, u(z,t) converges to a traveling front at large times [15].

We are interested in the asymptotic behavior of ¢ = ¢(4) when § is small or
large. Such speed asymptotics have been recently studied for both deterministic
fronts [3, 5, 8, 10, 9, 12, 14] and KPP fronts in random shears [13, 18]. See also [17]
for related applied science literature. The bistable (combustion) front speed ¢ has a
min-max variational characterization [7, 8]. Following the notation of [8], define the
functional:
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The strong form of the min-max variational formula of [7, 8] for ¢(9) is:

sup inf ¥ (v(z)) = ¢(d) = inf sup ¥ (v(x)) (1.3)

veK €D veK yep
where K is the set of admissible functions:
K={veC*D)| 0, v>00<uv(r)<lvel}

The variational principle (1.3) is a powerful tool for getting tight bounds on c,
if one can construct an admissible test function v that approximates well the exact
traveling front solution ®. This is the case when § is small and the test function is
a perturbation of the known traveling front solution when ¢ = 0. In [8], a form of
such test function is proposed for deterministic shear flow, and the quadratic speed
enhancement law ([14] and references therein) is recovered if § is small enough. To
handle an ensemble of shear flows in the random case, one must know which norm
of b controls the smallness of § by analyzing an admissible test function v and the
functional ¢)(v). A new form of multi-scale test function is found for this purpose, and
it cures a delicate divergence problem when perturbing the traveling front at § = 0.
It turns out that the smallness of § for the quadratic speed enhancement depends on
the maximum (Holder) norm of b if n = 2 (3).

Our main results are that the quadratic speed enhancement law holds with prob-
ability arbitrarily close to one, under the almost sure continuity (n = 2) or mean
square Holder regularity (n = 3) conditions of the shear. As b can be arbitrarily large
(though with small probability), our admissible test functions are not valid for the
entire ensemble. However, the probability of b being large can be shown to be small
enough that the quadratic enhancement law holds for the expectation of front speed
[11]. A similar result holds in the Kolmogorov-Petrovsky-Piskunov (KPP) case (e.g.
when f(u) = u(1l — u)), where there is less restriction on test functions and the mini-
mal speed variational principle is minimization over functions on the cross section {2
[13].

The paper is organized as follows. In section 2, the new multi-scale test function
is presented and used to estimate the front speed and identify the smallness of §
in terms of proper norms of b. In section 3, probabilistic estimates based on Borell’s
inequality and Karhunen-Loeéve expansion of mean zero Gaussian fields help to control
the maximum (Holder) norms of b, and lead to the quadratic speed enhancement laws.
Remarks are made on the quadratic and linear laws of front speed expectation when
0 is small and large respectively.

2. Deterministic Front Speed Asymptotics. Let us consider b to be a given
Hélder continuous deterministic function, and assume that < b >= If_ll\ Jo b(y) dy = 0.
Otherwise, the integral mean contributes a linear term § < b > to the front speed.
Let U = U(x1 + ¢ot) be the traveling fronts when § = 0, satisfying the equation:

U" = coU' + f(U) =0,

U(—o00) =0, U(+o0) =1, U’ > 0, U approaches zero and one at exponential rates.
In the small ¢ regime, define the test function

v(x) = U(€) + 0%a(¢, @), (2.1)
where the variable:

E=(1+ a(52):vl + 0¥, (2.2)
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with a a constant to be determined and x = x(Z) solution of:
_AiX =b, TE€ Q,

subject to zero Neumann boundary condition at 9€2. We normalize x by setting
Joxdy = 0. The test function (2.1) reduces to the one in [8] if & = 0. However,
we shall see that a # 0 is essential in suppressing certain divergence arising in the
evaluation of ¥ (v), similar to curing secular growth in multiple-scale perturbation
expansions.

For Hélder continuous b(Z), x is C?*™P, p € (0,1). Assume that @ is C?, and
decays sufficiently fast at £ infinities. A straightforward computation shows that:

Lv+ f(v) =U"+ f(U)
+6% (2aU" + A¢zu+U"|Vx]> + f/(U))
+83(ba U’ + 2V;ie - V)
+0Ha?U" + 2 viige + Ae 1| Vx|?)
+f(0) = f(U) = f'(U)6*a
+6° abig + 0° o dige, (2.3)

where f(v) — f(U) — f'(U)8%*u = O(6*a2%) and the O(§) terms cancel by choice of
—Ax = b. On the other hand, up to an undetermined constant «, we have:

(co + 6%7) Opy v = U’ + 62 (coall’ + coiie +~yU')
+64(yalU’ + coartie + 7ite)
+65(ayaie). (2.4)

All terms in (2.3) and (2.4) are evaluated at (£,Z). Let us choose @ to solve the
equation:

Li = Agzi—cote+ f'(U)ia=—|VxPU" =2aU0" + 74U +cal’,  (2)

subject to zero Neumann boundary condition at 02, and exponential decay at &
infinities. The solvability of (2.5) will be discussed later. Then we would have

Lv+ f(v) = (94,v)(co + 6%) + Ry. (2.6)
The remainder R; is:
Ry = 83A+0"B+6°D + 0°E + O(6*a?), (2.7)
where

A=balU +2V; e - Vx

B=0a?U" +2aiige + Ac @ |Vx]* —vyaU' —coaiie — i

D = Ozbﬁg

E = a®fige — ary . (2.8)

The constant 7 is determined by a solvability condition for (2.5). The right hand
side must be orthogonal to the function U’(¢)e~%¢ which spans the kernel of the
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adjoint operator L*v = A¢ zv + cove + f/(U)v. Thus,
1
”y/ (U")2ec0% dg = ﬁ/ (VX +20)U"U" — coa(U")?) e~ % dé dit
R D
— %0<|Vx|2 + 2a>/ (U’)Qefc05 d¢ — coa/ (U’)Q(fc05 d¢
R R

where the braket denotes the integral average over 2. We have performed integration
by parts once, the boundary terms decay to zero and the integral [}, (U")*e™¢ d¢ con-
verges for both bistable and combustion type nonlinearities. It follows that equation
(2.5) is solvable when

1= 56 LIV = ST (29)

regardless of the choice of c. For such v, we may choose v = — 3 (|Vx|?) so y+coa = 0
and the u equation becomes:

Lu = A 30 — cotie + f/(U)a = ((|VxI?) — [Vx[*) U”. (2.10)

Note that the right hand side of (2.10) has zero integral average over ().
The solution @ of (2.10) can be expanded in eigenfunctions of the Laplacian Az:

WEE = Y, u(€)e(@),

jezi~tu{o}

Vaxl’ = Y. a0,

jezytu{o}

where fol denotes nonnegative integer vectors in R"~! with at least one positive
component; —Az¢p; = A;¢; with zero Neumann boundary condition on 9. The
eigenfunctions ¢; are normalized so that ||¢;|| L= = 1, and the eigenvalues \; = O(|j|?)
for large |j|. Clearly, ¢o = 1 and A\g = 0, ag = (|Vx|?). The functions u; solve the
equations

Ljuj = u;’ - )\juj - COu_/j + f/(U)UJ = —(CLJ' — 04,0 ao) UN. (211)

The j = 0 equation has zero right hand side, and we take uyp = 0. If a were
zero, equation (2.5) implies that the right hand side of the j = 0 equation would be
—ag U"+~U'. The general solution (zeroth-mode) for ug is —%2& U’(£) +const. U’ (€).
The linear factor £ would render v(z) unable to stay in the set K due to divergence
at large ¢ (and 7).

Now consider the equations for j # 0. As shown in [16], the operators L, are
invertible in part due to A\; > 0 for j # 0. As in Lemma 2.3 of [16], we have the
regularity estimate:

lujllo2ry < Cilagl, 5 #0, (2.12)

where the constant C; is independent of j and depends only on U and its derivatives.

Next we show that for j # 0, the ratio 7 is bounded by Cj |a;|, where Cs is

a positive constant independent of j. It suffices to prove a uniform bound if the a;
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factor is one. Consider the function w; = U’ — u; for some positive constant 5. For
some 1o > 0 sufficiently large, f/(U) < 0 whenever |£| > rg. Choose (3 as
Ch
B>01= s (2.13)
min¢<,, U'(§)
so that by (2.12), w; > 0 in the region [§| < ro. By equation (2.11) for u; and the
fact that U’ solves L;U’ = —\;U’ < 0, we have

Ljw; = —ﬁ/\jU/ +U". (214)

Using the fact that U” is bounded by a constant multiple of U’, and that inf; o \; >
0, we may further increase (3 if necessary to ensure that L;w; < 0 in the region |£| > 7.
Maximum principle implies that w > 0 for all £ € R. Repeating the argument for
—u; and taking into account the a; factor give:

|

U/
where the constant C3 depends only on U, and (2.15) holds uniformly in j # 0.
Inequality (2.15) says that there is no resonance when inverting the operator L; to
find u,, for j # 0, in other words u; decays same as U’ at infinities.

To improve the estimate above, we move the term f'(U) u; to the right hand side
of (2.11) which is then bounded by C3|a;|U’, for C4 independent of j. The left hand
side operator becomes uj — Aj u; — couj. An explicit formula can be written for u;,
and the asymptotics of A; imply that

6D _ o
v (P’
for a constant C4 depending only on U, where i = 0,1,2 denotes the order of &

derivatives.
Suppose that b is Holder continuous, then Schauder estimates give [6]:

< Cslayl, (2.15)

(2.16)

Vx4 < ClIDIE, (2.17)

for some p € (0,1), C = C(Q), || - ||p is the standard Holder norm. For rectangular
cross section 2 (dimension n — 1), the ¢,’s are trigonometric functions. Then

laj| < Cs |12 (1 +14))"O), pe(0,1), (2.18)

for some constant Cy [19]. Combining (2.16), (2.17), and (2.18), we see that the
eigenfunction expansion of 4

a6z = Y ui(6)¢;(#) (2.19)

. n—1
JEZY

converges uniformly in (¢,Z). Moreover,

|,a(1) (5,1’” ; ) )
NG [l 1(€) 1651 (2) /U
JGZ+
SCCs[BZ D0 (1 [T = G b2, (2.20)

. n—1
JjeZl
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if n = 2,3. The mixed derivative term is bounded as:

[V Ge(¢, 7) 21 o1
7 Sﬂg;l 1631(2)

<Cslloly Y A+ 1) = Crljpll, (2:21)
jezyt

if n =2,3. In case n = 2,  is an interval, then b € L*°(Q) suffices, because Vj x is
Lipschitz, so |a;| < O(||b]|%,|7]77) for some p € (0,1) which replaces estimate (2.18).
The exponent in (2.21) goes down to 1 + p, yet enough for convergence on j € Z%.
As a result, for n = 2,4 =0, 1,2, the estimates:

i (€, 2)| Vs (€, 7)]
———— < G |bl%, 2 < Collbll, 2.22
hold.
As a consequence of these estimates, let us verify the admissibility of test function
v. Clearly, v approaches zero (one) exponentially at z1 = —oo (+00). As

= (1+82a)U’" + 6*(1 + 6% a) g,

we have for n = 3:

1 1 1 C 1
S — 28200 > |2 g2 =268 2 IS 2 '
UI1_2U 2(5 |tg| > [2 4] 5 ||b||p] U _4U > 0, (2.23)
if:
1

2 < mi b . 2.24
# <win (o3 (Gl ) (2:24)

For n = 2, in view of (2.22), vy, > U’ if
# < min (.5 (Ca b)) (2.25)

It follows from the monotonicity of v in z; and its asymptotics near z; infinities that
0<wv<lforall zi,z
With v being an admissible test function, we see from (2.6) that

_ L’U+f(’l)) - 2 Rl
P(v(x)) = 0 + 6%y + T

(2.26)

with Ry defined by (2.7). By (2.24) or (2.25), 0,,v > $U’. Also, each term in Ry is

bounded by a multiple of U’. Tt follows that for § satlsfylng (2.24) or (2.25), | BRl | <

|4R1| S ClO 53, where ClO = Clo(U, ||b|| ), ( 5 ), ifn= 3, CIO = Clo(U, ”b”oo) if
n = 2. We have shown:

PROPOSITION 2.1. Let n =2 or 3, and let the shear flow profile b(Z) be Hélder
continuous with exponent p € (0,1) over rectangular domain Q C R"~1. There is a
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positive constant o9 depending only on U and the Hélder (mazximum) norm of b for

n=3 (n=2) such that if § < dp:
cod? 2 3
c(0) =co+ =—= | |Vx[*dy + O(5°). (2.27)
219 Jo

A specific form of & follows from (2.24) and (2.25).

At large d, numerical evidence suggested that lims_,oo ¢(d)/0 exists for bistable
and combustion nonlinearities [12]. Such a limit holds for the KPP nonlinearity [3].

3. Random Front Speed Asymptotics. Let us consider b = b(Z,w) as a
stationary mean zero Gaussian field with almost surely continuous sample paths in
dimension one and two for n = 2, 3 respectively. We are interested in the restriction
of b over ). In order to apply results of the previous section on each realization of b,
let us write b = b+ by, where b= [Q~! [, b(Z,w) di. Correspondingly, ¢ = c(6,w) =
cp — 0b + ca(w), where co depends on by. As the size of §y depends on either the
maximum norm or the Hélder norm of b; which is an unbounded random variable,
there is no uniform way to choose a §y for all realizations. On the other hand, the
probability of the occurance of very large maximum (Holder) norm of b is often small,
so the random speed asymptotics may hold with probibility arbitrarily close to one.
Let us consider n = 2 first.

THEOREM 3.1 (Two dimensional channel). Let D = R' x [0, L], Q = [0, L], and
b(Z) be the restriction on Q of a mean zero stationary, Gaussian random process with
almost surely continuous sample paths. Let f be a bistable or combustion nonlinearity.
Then for each small € € (0,1/4) and g € (0,1), there is a deterministic constant
do = 0o(€, q) such that if 6 € (0, ),

i 2
Prob{ |c(6,w) — co + b — 62 %((/ b1(y) dy) > krOPT9S <e.
0

where the constant k > 0 is independent of §, €, and q. As e — 0, the constant §y can
be chosen to satisfy

(e, q) > Cllog()| 7. (3.1)
Proof. Recall the inequality (Lemma 3.1, p. 62, [2]):
Elsup b(@)] < Bsup [b(@)| < EIb(0)| + 2E[sup b(z)], (3.2)
Q Q Q

and the Borell inequality on mean zero Gaussian process with almost surely continuous
sample paths (Theorem 2.1, p. 43, [2]):

u = Esup b(Z)] < o0
Q
P(lsup b(@) =l > ) < 2™/, (3.3)

where 02 = E[b?]. With the choice of A\ = y/—202log(e/4), inequality (3.3) implies
that

P(IPloc > A+ 12) € PUpH(E) = o > )+ P=inf b(@) = p > A

< 4eN/@) < ¢ (3.4)
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We now see that for € > 0 sufficiently small, A > 1; and there is a constant C1;
independent of € such that if

1 \¢ 1
S<de)=Cn|—) <c 35
0(6) 11 ([L"—A) >~ 11,UJ+A ( )

then (2.25) holds with probability at least 1 — €. Therefore, by Proposition 2.1, the
front speed asymptotics hold with probability 1 —e. Using (2.7), (2.8), and (2.22) we
see that the remainder in the expansion satisfies

Ry

Z1

< C128°|Ibl|2, < C1s8® (n+ A)*

= C130°7989 (4 \)*
< C136°7968 (u+ \)'*
< 011

with probability 1 — e. The estimate on do(e€) follows from (3.5).

REMARK 3.1. An example of such b process is the mean zero stationary Ornstein-
Uhlenbeck (O-U) process which is both Gaussian and Markov. The O-U sample paths
are almost surely continuous.

The n = 3 case requires a probabilistic estimate of Hélder norm of b. For a
mean zero Gaussian field, this is related to the structure of the covariance function
R(t,s) = EDb(t)b(s)], t, s € Q. If the covariance function is continuous, positive
and non-negative definite, there exists a Gaussian process with this covariance [2].
The symmetric integral operator: ¢ — fQ R(t,s) ¢(t) dt generates a complete set of
orthonormal eigenfunctions ¢; on L?({2) with nonnegative eigenvalues \;, j = 1,2, - - -
Define:

u) = max S) — 21/2.
p)= max [B]b(s) b0

Consider the partial sum (m a positive integer):

X (¢, w) Z\/—@ (3.6)

j=1

where 6;’s are independent unit Gaussian random variables. The convergence of the
partial sum to b is given by Garsia’s Theorem (Theorem 3.3.2, p. 52, [1]). It says that
if fol (—logu)/?dp(u) < oo, then with probability one, X (™) (t) are almost surely
equicontinuous and converge uniformly on [0, 1]2. The resulting infinite series is the
celebrated Karhunen-Loeve expansion. Moreover, the following estimate holds for all
m:

X (s) = X"(1)] < 16v2[log B]'* p(|ls — t]))

lls— tII

+32v/2 / —logu)*? dp(u), (3.7)

where B = B(w) is a positive random variable, E[B?] < 32.
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Suppose that p(u) is Holder continuous with exponent s € (0, 1), then b is almost
surely Holder continuous with exponent s, and the Holder norm of b is bounded by
aq[log B]l/ 2+ a9, where a1, ap are two positive deterministic constants. Chebyshev’s
inequality gives:

Prob (llog B]'/2 > \) = Prob (B > A< BB/ <3272, (389)
This implies that
_Q(ﬂ)z _9x2
Prob (b5 > A) < 32¢ 20517) < Opse 2 < o, (3.9)

if A=, /log(&=). For e > 0 sufficiently small, A > 1 and we take

1)« 1
= — < —
5<50(6) O<)\> _O)\,

so that (2.24) holds with probability at least 1 —e. As before we use (2.7), (2.8), and
(2.22) to conclude that the remainder in the expansion satisfies

Ry

Ty

< C128°||b]|2 < Cr60° 4

with probability 1 — e. Similar results hold on © = [0, L]?>. We now conclude from
Proposition 2.1:

THEOREM 3.2 (Three dimensional channel). Let D = R' x Q, Q = [0, L]?, and
b be a mean zero Gaussian process such that the function p(u) is Hélder continuous.
Then b has almost surely Hélder continuous sample paths. For each small € € (0,1/5)
and q € (0,1) there is a deterministic constant ég = do(€,q) such that if § € (0, do),

Prob {

where x satisfies: —Az x = b1, subject to zero Neumann boundary condition at 0S).
The constant k > 0 is independent of §, €, and q. As ¢ — 0, the constant dy can be
chosen to satisfy

(6, 0) — o+ 8 5 2 (1VaxP)

> 1153_‘1} < €,

So(e, q) > Cllog(e)| % . (3.10)

REMARK 3.2. Suppose that lims_.o ¢(d,w)/d exists almost surely and that
E(||blloo) is finite. The dominated convergence theorem implies that lims_,o E[c]/d
exists and is finite. This argument is same as for the KPP case, see [13] for details.

REMARK 3.3. In the proofs of Theorem 8.1 and Theorem 3.2, the test functions
are admissible provided 0 is small enough, depending on a proper (Hélder or supre-
mum) norm of b. By Borel inequality (3.4) and similar bound (8.8) on the Holder
norm, the probability of having inadmissible test functions is exponentially small in
terms of deviation. The remainder in the expansion of speed expectation can thus be
controlled and shown to be higher order than quadratic. So the quadratic enhancement
law of speed expectation holds for combustion and bistable random fronts as for KPP
fronts. Complete proof is presented in [11].
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4. Concluding Remarks. Bistable and combustion front speeds in mean zero
Gaussian random shear flows have been studied with the min-max variational principle
[7, 8]. The quadratic speed enhancement law is valid with probability arbitrarily close
to one in both two and three dimensional channels under the almost sure continuity
and the mean square Holder regularity conditions of the Gaussian shear flows.

It would be interesting to extend results here to the case of general convex cross
section €2 with smooth boundary, or to the case of 2 in dimension higher than two.
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