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FINITE DIMENSIONAL REDUCTION FOR THE POSITIVITY OF
SOME SECOND SHAPE DERIVATIVES *

ANTOINE HENROT', MICHEL PIERREf, AND MOUNIR RIHANIS

Abstract. We study the positivity of the second shape derivative around an equilibrium for a
functional defined on exterior domains in the plane and which involves the perimeter of the domains
and their Dirichlet energy under volume constraint. We prove that small analytic perturbations
of circles may be stable or not, depending on the positivity of a simple and explicit two-variable
quadratic form. The approach is general and involves a numerical criterion of independent interest
for the positivity of a quadratic form on a given hyperplane.

1. Introduction. Our goal is to develop general methods to study the stability
of equilibrium shapes for some functionals like those arising in the 2-dimensional
modeling of the so-called ”exterior shaping problem”. ”Exterior” means here that
the considered variable shapes are ”exterior domains”, that is, the complement of
compact sets in R2.

By equilibrium shape, we mean a regular exterior open subset Q* of R? where the
first shape derivative vanishes. By stability, we mean that the second derivative with
respect to the shape is strictly positive at 2*. It is classical that, for regular shapes,
the first and second derivatives are respectively linear and quadratic forms on a space
of functions from the boundary I'* of Q* into R.

We are mainly interested in the case where the measure of the complement of
the shapes is prescribed. Therefore, the question concerns the positivity of the sec-
ond derivative of the full lagrangian (the initial functional together with a Lagrange
multiplier term) on the hyperplane tangent to the constraint of prescribed measure.
Part of our contribution here is to develop some general tools to do it. In this direc-
tion, we provide a useful numerical criterion for checking the positivity of quadratic
forms having exactly one negative eigenvalue. Besides its application to our specific
functionals, it is illustrated by other examples.

As a good illustration of the functional we consider here, we may think to the
shape of a liquid metal confined in an electromagnetic field. The domain occupied
by the liquid is a compact set whose complement is an ”exterior” open set 2. The
Lebesgue measure of the complement €2 of Q) is prescribed, since it is exactly the
domain occupied by the liquid. For a good stability, the equilibrium configuration of
the liquid should be a local minimum for the total energy.

According to a natural magnetostatic model, the electromagnetic part of the
energy of the system is given by the Dirichlet energy

1
J(Q) = §/Q|Vusz|2—/gfusza

where f is the density of the imposed alternative currents and where ug denotes the
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electromagnetic potential and is the solution of the Dirichlet problem
—Aug = finQ, ug=00n9Q, |Vug| — 0 at cc. (1.1)

Note that

J(Q):—%/QWuQ\Q:—%/quQ.

The total energy of the system is the functional
1
Q——= / |Vug|? + 7P(2),
2 Ja

where 7 > 0 and P(Q2) denotes the perimeter of Q (or equivalently the perimeter of
€Q2). Here the second term 7P(f2) represents the surface tension energy.

We are interested in exterior shapes Q* for which the total energy reaches a
minimum under the volume constraint

S(7Q) = 5(°Q%) = So,

where S(-) denotes the Lebesgue measure in R? and Sy is prescribed. A necessary
condition is that Q* be a critical shape for the functional

1
0 B(®) = / Vuo|? + 7P(Q) — AS(°Q), (1.2)
Q
where A is a Lagrange multiplier. This writes (see Section 2)

EVUQ*QJrTC*A:OOTLaQ*, 1.3
2

where C is the curvature of 9Q* seen from the exterior of Q* (so that it be positive if
ON* is a circle).

To decide whether such an equilibrium shape 2* is a minimum, we need to look at
the positivity of the second derivative of the functional F(-) on an adequate functional
subspace "tangent to the constraint”. The study of this positivity is the main purpose
of this paper.

A similar study has already been done in [17], but for the so-called ”interior
shaping” where the variable shape is a regular bounded open set. The expression of
the second derivative is a very similar quadratic form except for a few signs, but which
makes the question of positivity quite different. For instance, it is proved in [17] that
any convex ['* is stable. Here, we will consider only small analytic perturbations of a
circle (therefore convex) and show that some are stable and some are not. The point
is that we provide a complete numerical criterion to decide whether or not stability
holds: it simply reduces to the elementary study of the positivity of a quadratic form
in R2.

Note that a first analysis had been made in [9],[8],[16] in the particular case of
zero surface tension, where instability mainly occurs for the exterior problem. We
prove here that instability still occurs for small surface tension, but, more interesting,
may even occur for large surface tension. We also refer to [1],[10],[11] for the study of
second order conditions in shape optimization.

As a last comment, we refer to [5],[4] where the relationship between positivity
and ”true” stability of the equilibrium is discussed. Since we are in infinite dimension,
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strict positivity means coercivity with respect to a certain norm. But, as usually in
shape optimization, the coercivity of the second derivative does not occur for the
stronger norm where Taylor formula applies. Therefore, a local minimum may a
priori not exist, even in a neighborhood for the strong norm. However, it is proved
in [5],[4] that a local minimum does indeed exist, for this kind of functionals, at least
for the stronger norm, that is to say, for regular perturbations of the equilibrium. On
the other hand, examples are provided in [17] showing that ”irregular” perturbations
may decrease the energy while coercivity occurs.

2. Second derivative of exterior shaping functional. We consider the func-
tional E(-) given by (1.2) where we assume that f is regular (say C') and compactly
supported. Let Q* be a regular open subset (say of class C® at least) such that ¢Q*
is compact. As proved in several places (see e.g. [8],[9],[23],[20]), the functional E(-)
is twice "differentiable” at 2*. For the definition of these derivatives, we will adopt
the point of view of [21] where Fréchet derivatives are considered in the space O3 of
functions 6 € C3(R?,R?) whose derivatives up to the third order are bounded. This
space is equipped with a natural norm. Then the mapping

£:0€05— E((I+6)(Q)), (2.1)

is twice differentiable at @ = 0 (here I denotes the identity in ©3).

It is important to recall the structure of these derivatives. It is well-known for first
derivatives from the pioneering paper by Hadamard [13]. It may also be found for the
second derivative under different forms in several papers (see [20],[22],[7],[2],[23],[21]).
Here, we use the notations and results of [21], Theorem 2.1 and Corollaries 2.4,2.9.
We state it for our functional F(-), but it is the same for any regular functional. We
denote by v the inward normal unit vector to I'* = 9Q* (directed towards Q*). The
Fréchet-derivatives of £(-) at # = 0 will be described by their action on arbitrary
regular displacements £, 1 € O3.

LEMMA 2.1. There exists a continuous linear map l; from C3(I'*) into R such
that, for all £ € Og,

£'(0)(&) = (& v).

There exists a continuous bilinear symmetric map ly from C3(I'*) x C3(T*) into R
such that for all £,n € O3,

EN0)(&m) =k vn-v) =L Dvn" +v-D7En" +v- D¢,

where £T = & — (£ -v)v denotes the tangential component of & and where DTE = D(£7)
denotes the matriz of the derivatives of £7.

As a consequence of this structure theorem, to obtain full information on deriva-
tives, it is sufficient to identify l1,ls. This may be done by using specific variations
of the form ¢ — E(Q;) where ¢ tends to 0 and where the ;’s are well-chosen pertur-
bations of Q* (chosen to allow as simple computations as possible). To simplify the
computation of the second derivative, it is interesting to choose normal displacements
to I'*, so that only l5 is involved.

Let us choose Q; = T;(Q*) where T; : R? — R? is defined as follows. For any
regular function A : I'* — R, we denote by ha regular extension of k to R? and by 7
a regular unitary extension of v to R? (see e.g. [12] for details). Now set

Vz €R? Vt>0: Tiw =+t h(z)v(z), } (2.2)

O =Ti(Q), et) = E(T()) = E().
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Then, since e(t) = E(t hir), by the chain rule and Lemma 2.1, we obtain
e'(0) =11 (h), €'(0) =lz(h,h). (2.3)

Now, we can explicitly describe €’(0),e”(0) in our case. We use the following
notations:

u=ug~, 0 =Vu-v=_0u/ov (interior normal derivative to I'*).

We denote by I’ the derivative with respect to the length parameter on I'* and by
D the exterior capacity operator on I'* which, to each regular function h : I'* — R,
associates the trace on I'* of —0H/0v = —(VH),,, - v where

Ips
AH=0inQ* H=honTI" and |VH(z)| — 0 as |z| — oc.

(This operator is also called in the literature Dirichlet-to-Neumann or Stekloff-
Poincaré operator. We refer for instance to [6] for its properties). In particular,

we have
/hDh:/ |VH|?. (2.4)
* Q*

Recall that C denotes the curvature of I'* seen from outside Q*.

PROPOSITION 2.2. With the above notations, the derivatives of E(-) are given as
follows.

€(0) =11(h) = /*(252 +7C — A)h. (2.5)
Ifl; =0, then

¢"(0) = ly(h,h) = [ BRD(Bh) — (2A — 7C)Ch? — fBh> + Th'>. (2.6)
1“*

REMARK 2.3. As explained in the introduction, ”l; = 0” means that Q* is a
critical shape for 2 — J(Q) 4+ 7P(Q) (see 1.2) under the constraint S(°2) = Sy, and
A is the Lagrange multiplier. In this case, we have

% =2(A—71C)onT*. (2.7)

REMARK 2.4. Indications for the proof of Proposition 2.2 may be found in the
appendix. The computation is very similar to the one made for the so-called ”interior
shaping problem” (see [17]). The only difference here is that Q* is an exterior domain
whose complement has a prescribed measure, while in [17], Q* is a bounded domain
with prescribed measure. This leads to slight differences in the expression of the
derivatives (but to important differences for the question of positivity).

REMARK 2.5. A necessary second order condition: Let us assume that
J(-) + 7P(-) has a local minimum at * among the regular domains 2 satisfying
the measure constraint S(°Q?) = Sy. Then 0 € O3 — (J + 7P)((I + 6)(Q*)) has a
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minimum at 6 = 0 on the manifold of §’s such that S((I + 6)(°Q*)) = S(°Q*). As a
consequence, the second derivative of the full Lagrangian

0 — (J + 7P — AS)((I + 0)(2"))

is nonnegative on the hyperplane of linearized constraints, that is on {£ € O3; fr* ¢-
v = 0}. This means that, for all h € C*(I'*) such that [.. h =0, the quadratic form

Q(h) = | BRD(BR) — (2A — 7C)Ch% — f Bh2 + 7R, (2.8)

T*

is nonnegative.

REMARK 2.6. From now on, we will mainly assume that f vanishes on I'*. As
explained in [14],[17],[3], it is actually natural to assume that f is even compactly
supported in Q*. Moreover, once we have studied the case f = 0 on I'*, we may
separately study the influence of adding the term in f in the expression of ls(h,h)
above. A simple analysis shows that it essentially brings more instability. If for
instance f > 0, then u > 0 on Q* and 8 = Ou/dv > 0 on I'*. Therefore, the extra
term — f3h?% in Q(h) is negative.

Note that, if f = 0 on I'*, the quadratic form ) depends only on the geometry
of I'* and on 7, A.

3. Positivity of second derivatives. Following the above discussion, our goal
is to study, in some particular situations, the positivity of the quadratic form

h— Q(h) = . BRD(BR) — (2A — 7C)Ch2 + Th'%, (3.1)

for functions h satisfying fr* h = 0. Obviously, Q is continuous for the H(T*)-
topology so that the natural question is to decide whether @) is coercive on the space

ZH(T*) = {h € HY(T™) : / h =0}

*

that is whether
Fno > 0, such that Vh € Zg(T*), Q(h) = nollhl|7 pv)- (3.2)

We will restrict our study to the case where I'* is a small analytic perturbation
of the unit circle I'y of the form

I* = {¢.(e?), 0 €[0,2n]}, ¢c(2) = 2+ €R(2) + 2T.(2)}, (3.3)

with € > 0 small, R, T, are complex valued holomorphic functions in a neighborhood
of the unit circle and T, is uniformly bounded as well as its derivatives in a
neighborhood of the unit circle. In particular, I'* is a Jordan curve.

Two families of situations: It turns out that there are two rather different families
of situations: indeed, the equilibrium condition (2.7) writes

B% =2(A —71C) onT*, (3.4)
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so that, if Cps := maxp+ C, then A > 7Cy,.

But the situation will be different depending on whether this inequality is strict
or not.

If there exists a point of I'* at which Vu = 0, then necessarily 7Cy; = A. This
is necessarily the case if, for instance, fQ f=0and I'* is a Jordan curve. Indeed, if
Vu did not vanish on I'*, then, we would have

[ovd=1 [ vuvi=1 [ au=|[ fi=0
= = Q* Qx

which would be a contradiction with Vu # 0 on I'*. In some applications, like the
shaping of liquid metals by electromagnetic devices, this case 7C,,, = A turns out to
be more ”physical” since, in two-dimensional models, it is natural to assume that the
distribution of currents f satisfies [i,. f =0 (see [9],[8],[14]).

We will see that small perturbations of the disk may be stable or not and this will
depend only on three quantities a, b, ¢ that we introduce now. Assuming R(-) denotes
the real part of a complex number, set

91(0) = R((R' (")), g2(0) = R(e"R" (") — R'(")), (3.5)
g5° = sup{g2(0), 6 € [0,2n]},m = sign(B), £(0) = n1/g5° — g2(0). (3.6)

Next, we set (D° denotes the exterior capacity operator D on the unit circle I'p):

a = / % [2(6) cos & D°(£(6) cos ) — g5° — g1(0)] db,
027r

b = / [20(6) sin @ D°(£(0) sin ) — g5° — g1(0)] db), (3.7)
0

c = /27r [2£(0) cos 0 D°(£(6) sin 0)] d6.
0

THEOREM 3.1. Assume A = 7Cps. Then, if
a>0,b>0, ¢®—ab<0, (3.8)

there exists €g > 0 such that for all € €]0,¢q[, Q satifies the H'-coercivity property
(8.2). On the other hand, if

a<0 or b<0 or ¢®—ab>0, (3.9)

then, for € small enough, there exists h € Z}(I'*) such that Q(h) < 0.

REMARK 3.2. Above theorem says that the positivity or the nonpositivity of @
depends only of the positivity of the 2-dimensional quadratic form

(z,y) € R? — ax? + 2cay + by

Therefore, the positivity of @@ may be decided from quite elementary computations.

As one easily checks, both (3.8) and (3.9) can happen. As a consequence, some
small analytic perturbations of circles are stable, somes others are unstable. The next
corollary describes a ”good” situation:
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COROLLARY 3.3. Assume R(z) = z~?*+tV k> 1. Then, for € small enough,
the coercivity property (3.2) holds.

REMARK 3.4. As proved in [14], any analytic Jordan curve I'* for which the
curvature reaches its maximum at an even number of points is ”shapable” with 7Cp; =
A, in the sense that there exists a distribution f compactly supported in Q* whose
equilibrium shape is exactly I'* and for which 7Cy; = A. Obviously, the curves
considered in the above corollary have this geometric property (so that it makes sense
to consider them in the scope of Theorem 3.1).

COROLLARY 3.5. Assume I'* is an equilibrium curve corresponding to a distri-
bution f of four Dirac masses at the vertices («, ), (—a, 8), (—a, —0), (o, =) of a
rectangle and with alternate sign. Assume 7 is large. Then, there exist values of (o, 3)
(with |a| # |8|) for which instability holds.

REMARK 3.6. It may be surprising to consider the case where f is a sum of
Dirac masses since we have assumed that f is at least a C! function. Indeed, due
the presence of Dirac masses, the Dirichlet energy is even infinite! However, f is zero
around I'* and the corresponding quadratic form does exist and is well defined on a
curve which is close to a circle for 7 large. Therefore, it makes sense to analyze the
positivity of this form. Now, a little work is needed to interpret the result and to
redefine the notion of minimum and stability after extracting the singularities. We
will not provide the details here, but just look at the positivity of ). We refer to [15]
for more information on the case of Dirac masses. Note that it is also significant of
the situation where f is regular and close to a sum of Dirac masses.

Finally, we consider the case A > 7Cps. As one expects, we obtain quite less
stability in that situation. For instance, we have

THEOREM 3.7. Assume Q* is the exterior of a reqular Jordan curve T'* different
from a circle and A > 7Cp;. Then, there exist h € Z}(T*) and 70 > 0 such that
Q(h) <0 for all T € (0,7).

REMARK 3.8. This is an easy consequence of the instability result proved in [9]
for 7 = 0. It is interesting to notice that instability is not only due to the absence of
surface tension but remains for small surface tension.

REMARK 3.9. As in Remark 3.4, to understand the above theorem, we must
recall that (see [14]), given any analytic Jordan curve I'* and given any 7, A with
A > 7Cyy, there exists a distribution f compactly supported in Q* whose equilibrium
shape is I'*. The theorem says that, for this set of data, instability occurs since the
corresponding second derivative is negative in some direction.

Let us now consider the case where I'* is a perturbation of the unit circle as in
(3.3). Like for Theorem 3.1, we introduce convenient quantities:

Q)
I

27
/ [=A(g1 + g2) + Tg1] cos 20,
0 (3.10)

o)
[

27
/ [~A(g1 + g2) + 7g1]sin 26.
0
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THEOREM 3.10. Assume I'* is a perturbation of the unit circle as in (3.8) and
A>71Cp. If

a#0 or c¢#0, (3.11)
then, for € small enough, there exists h € Z}(I'*) such that Q(h) < 0.

REMARK 3.11. This theorem says that, ”in general”, small perturbations of
circle are unstable when A > 7C,,. When @ = ¢ =0, it is necessary to pursue further
the expansion with respect to the small parameter € to decide about stability. But,
since the dependence of @,¢ in g1, gs is linear, this happens only for a subspace of
codimension 2. It turns out that it is precisely the case for the perturbations of the
kind considered in Corollary 3.3, except for £ = 1 (the case of the ellipse). Actually,
we have:

COROLLARY 3.12. Assume A > 7Cy and the perturbation is of the form R(z) =
Zn21 oz~ " with o, € R. Then, if o1 # 0, instability holds for € small enough.

REMARK 3.13. The proof of the results are given in Section 5. They requires
some abstract tools of independent interest about the positivity of the restriction of
quadratic forms on hyperplanes in real Hilbert spaces. They are discussed in the next
section.

4. A general criterion for constrained stability. Let H be a real separable
Hilbert space with scalar product and norm denoted by (-,-), || - ||, let H' its dual
with H’ x ‘H duality product < -,- > and R the Riesz isomorphism from H onto H'.
Let ¢ : H x H — R be a symmetric continuous bilinear form on H, @) the associated
quadratic form Q(h) = ¢(h,h) for all h € H and A the linear continuous symmetric
operator from H into H’ such that Vh € H, < Ah,h >= Q(h).

We are interested in the positivity of the restriction of @) to hyperplanes of H.
Note that, if @ writes in a Hilbert basis (e;);>1

Q(h) =Y _Nih7, for h=>he;, (4.1)

i>1 i>1

then the above question has a trivial answer in the two following situations: if Vi >
1, A; > 0, then @ is positive everywhere; if A\ < Ay < 0, the restriction of @ to any
hyperplane has at least one direction in which it is negative. Thus, the interesting
case is when only one eigenvalue is negative. For this, we define:

DEFINITION 4.1. We will say that Q is of type (—1,400) if the two following
conditions hold:

There exists h € H such that Q(h) < 0. (4.2)
One cannot find linearly independent hy, he € H such that
¢(h1,h2) =0 , Q(h1) <0 , Q(h2) <0. (4.3)

REMARK 4.2. If Q is given by (4.1), it is easy to see that it is of type (—1, 400)
if and only if, up to a reordering

A <0, Vi>2, A\ >0. (44)
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More generally, we have the following lemma.

LEMMA 4.3. The quadratic form Q is of type (—1,+00) if and only if there exists
a closed subspace V of H and hy € H\ {0} such that

H=V & {ho}, Q(ho) <0,
and the restriction of Q to V \ {0} is positive. If, moreover,
Ja>0 ,YoeV, Q) >all? (4.5)

then A is invertible.
We now come to the main statement of this section.

THEOREM 4.4. Assume Q is of type (—1,400) and A is invertible. Letw € H\{0}
and let wt be the hyperplane orthogonal to w. Then

The restriction of Q to w \ {0} is positive, (4.6)
if and only if

Q(A ' o R(w)) < 0. (4.7)

If moreover, (4.5) is satisfied on some hyperplane V, then so it is on wt.

REMARK 4.5. The interest of the above theorem is that it provides a numerical
criterion for constrained stability. This will turn out to be quite useful when looking
at quadratic forms depending on a (small) parameter. We refer to [18],[19] for a
systematic study of other criteria and for the case of more constraints.

We will strongly use this criterion to prove the results of Section 3, but, just to
make it more explicit, let us describe now two independent illustrations.

COROLLARY 4.6. Assume that Q is given as in (4.1) and satisfies (4.4) and that

A is invertible. Then, its restriction to w* \ {0}, where w = Y_,5, wie; is positive if
and only if B

COROLLARY 4.7. Let H = HY*(T') where T is a regular Jordan curve with
exterior Q). Assume the following quadratic form on H is of type (—1,400)

VYh e H,Q(h) = / hDh — oh?,
T

where o : T’ — R is reqular. Assume A is invertible. Let z € H\ {0} and H, = {h €
H; [ zh =0}. Then, the restriction of Q to H. \ {0} is positive if and only if

/ upz < 0, (4.8)
r
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where ug s the solution of

(9’11{)

Aug =01in Q, Vug— 0at co, ———
ov

—oug=zonl.

REMARK 4.8. Conditions of type (4.8) have been used in [9],[16] to study the
positivity of this @ on the space {h € H'/?(T); Jrh = 0}. This form Q appears for
our problem in the limit case 7 = 0. For instance, as proved in [9], there is always a
direction of instability if ¢ is the curvature of T'.

Proof of Lemma 4.3. Assume Q) is of type (—1, +00). By (4.2), there exists hg € H
with Q(ho) < 0. Now let V := {v € H;¢(ho,v) = 0}. Since ho € V, H =V & {ho}.
Moreover, the restriction of @ to V' \ {0} is strictly positive. Indeed, if it was not the
case, there would be v € V \ {0} such that Q(v) < 0 and this would contredict the
assumption (4.3).

Assume now that we have hy,V as above. Then (4.2) holds. Assume, by contra-
diction, that there exist linearly independent hi, hy such that

¢(hi,he) =0, Q(h1) <0, Q(he) <0.

Then, the restriction of @ to the subspace spanned by h1, ho is nonpositive. But this
2-dimensional subspace necessarily intersects V \ {0} where @ is positive. This is a
contradiction.

For the invertibility of A, if h = v + phg, v € V and p € R, we have

< Ah,v — pho >= Q(v) — *Q(ho) = B(|[v||* + 1*),
where 8 = min{a, —Q(ho)}. But we also have, for some v > 0,
Joll2 + 2 > Allo + ehollle — ekl
It follows from these inequalities, after simplifying by ||[v — phol|, that
Yo eV, YueR, [[A(v + pho)|l = Bllv+ phol|.

This proves the invertibility of A.

Proof of Theorem /.4. Assume (4.7). For w; = A7 o R (w), we have Q(w;) < 0.
Assume by contradiction that (4.6) does not hold, which means that there exists
wy € wt \ {0} such that Q(wz) < 0. Then

0= (w,wz) = (R oA (w1),ws) =< Awy,wy >= ¢(wy,ws).

Moroever, wy,ws are linearly independent, because if we had wy = 6w, 0 # 0, then
we would have 0 = ¢(wy, Owy) = 0Q(w;) which is not the case. The existence of such
w1, wy contradicts the fact that @ is of type (—1, +00).

In the opposite direction, suppose now (4.6). Assume by contradiction that @ o
A7l oR (w) > 0. With the same notations as above, this writes Q(w;) > 0 and even
Q(w1) > 0: indeed, since Q(w1) = ¢(wr,w1) = (w,w1), "Q(w1) = 0”7 would imply
wy; € wt\ {0}, but Q is assumed to be positive (strictly) on w \ {0}. We now
introduce

Hoy = {hg € H;0= d)(wl,hg) =< A’wl,hg >= (R_l oA (’wl),hg) = (w,hg)},
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that is Hy = w*. We have H = {w; } @Hs since wy & Ha (< Awy, w1 >= Q(wy) > 0).
Now, for all wy = Awy + ha, A € R, ho € Ha, we have by (4.6)
Q(wa) = N> Q(w1) + Q(h2) > 0, (Q(w1) > 0).

Thererefore @ is nonnegative on the whole space H which contradicts the fact that it
is of type (—1,+00).

Assume that, moreover, @ satisfies (4.5). We also have H =V @& {w;} and any
hy € wt \ {0} may be written hy = vy + Awy, v2 € V, A € R. Since ¢(hg,w1) =
(hg,w) = 0, we have Q(v2) = Q(h2) + A2Q(w1) so that, with v = min{a, —Q(w1)}

Q(h2) = (AN + |lv2?) = ' |oa + Mwi %,

for some 4" > 0. The last part of the theorem follows.

Proof of Corollary 4.6. Assumptions of Theorem 4.4 are satisfied. We just
have to make the criterion explicit. Here H may be identified with ¢*(N) as
well as its dual H' and the Riesz isomorphism R is just the identity. The op-
erator is the multiplication by \; in each direction e;; therefore A~! is just the
mutiplication by A;” Lin each direction \;. The new expression of the criterion follows.

Proof of Corollary 4.7. Let us choose on H = H'/?(T") the norm defined by
[|]|? :/u2 +uDu:/u- (I +D)u.
r r
Then, the Riesz isomorphism from H into H' = H~/2(T") is I + D and we have
Vhi,ha € H, /h1h2 = ((I+ D) ha, ha)wxr =< ha, ha > -
r

Let A =D — oI be the operator such that Q(h) =< Ah,h >3 xx. Let z and ug be
given as in the corollary. Note that ug = A~"(2) and

H.,={heM;0= / 2h =< 2z,h >pxn=(R™Hz), h)rxml},
r
so that H, = [R™!(z)]+ and the criterion (4.7) writes

0> QA '2) =< 2, A7 2 >ppun= / ZUQ.
r

This ends the proof of the corollary.

5. The proofs of the results of Section 3. In this section, we will prove the
results of Section 3. We start with the following technical lemma

LEMMA 5.1. Let V be a real Hilbert space with norm || - ||, V1 and Vo closed
subspaces of V such that V = V1 @ Va. Let Q1, Q2 be continuous quadratic forms on
V and ¢1, ¢o the associated bilinear forms. Assume

Yvi €V1 , Y € Vs, ¢1(v1,v2) =0, (5.1)
Joay >0 , Yvi€Vr, Q1(v1) > a1||vl\|2, (5.2)
Yvg € Vo Q1(v2) =0, (5.3)
Jag >0 , VYve eV, Q2(v2) > asl|va| 2. (5.4)
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Then, there exists ¢ > 0 and « > 0 such that, for all € € 10, €o[, the quadratic form

Q. = Q1 + €Q2 satisfies
WweV ,  Qcv) > ea |l (5.5)

Proof of Lemma 5.1. Let v € V. We write v = v + v2, v1 € V1 and ve € Vo. We
have, using (5.1) and (5.3)

Qc(v) = Q1(v1) + € [Q2(v1) + Q2(v2) + 2¢2(v1, v2)].
y (5.2) and (5.4)
Qc(v) > an||v1]|* + € (val[v2][* = Ma|v1||* — 2Ma||v1 || [v2]]),

where M, is the continuity constant of ¢. Using that for all n > 0
1
2 [[or]] [lva]l < p [loa][* + 1 [ |02 |2,

we deduce
1
Qc(v) > ay|lv1|* + € [(ag — Man) |[va||* — Ma(1 + 5) [fva]17]-

We choose 1 > 0 small enough so that as — Man > as/2, and €y > 0 small enough so
that c; — egMa(1 + %) > epay /2. Then, choosing v = min{a;, as}/2, we have for all
v €V and all € € (0, ¢)

Qe(v) = e ([loa][* + [Jv2][*) = eax [|vr + va
for some « depending only on v and on the decomposition ¥V = V; @ V,. Then, (5.5)
follows.
LEMMA 5.2. The quadratic form (3.1) can be rewritten on the unit circle Ty as
/2

Q(h)=Q(H)= | BH D°(BH) - (QA_TC)CH2|¢|+7'1‘Z,|
To

where 5% = 20 = 7C(6,(e))] and H(6) = h(0,(e)).0 € [0.27]. When A = rCy,
this becomes (n = sign(8))

(5.6)

12

Q(H) = T/ 277H CM D nH\/CM QCM C CH2|(Z5 |+ A (5.7)
o

AR

Proof. We transfer the quadratic form (3.1) on the unit circle I'y by setting as in
(3.3),T* = {¢(e"), 0 € [0,27]}. Note that, for all g € H'(I'*) and G(8) = g(¢.(e*?)),
one has

(Dg)(¢e(e”))]¢ ()] = DG (5-8)
By change of variable, this implies [.. gDg = fFo GD'G. For the last term in (5.6),

we recall that the length parameter on I'* is given by s = foe |- (e'%)|dp and we make
the appropriate change of variable.
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LEMMA 5.3. Assume A = 7Cypy, then the quadratic form Q can be written
Q=7[Q1 +€Qs + 1], (5.9)

where

0 (H) = / H? - H?>=— | H(H"+ H), (5.10)
To To

Q,(H) :/ 20H DO(LH) — (205° + g1)H? — 1 H'?, ({ = 1\/95° — g2),  (5.11)
To
re(H)| < el iy, (5.12)

for € small enough and c¢ independent of €.

Proof. According to (3.3),(3.5),(3.6), we have the following expansion in the C2-
norm as € tends to 0:

9L (e9)] = |1 + eR' (") + T/ ()| = 1 + €g1(8) + O(€?). (5.13)
Since
i0\y _ ¢'e/(ei9)ew (eif

we also have (for the C1-norm)

C¢e(€)) = 1+ €g2(0) + O(€?),

Cu=1+e3° +0(?)  (95° = maxgn),

32 =2(A =7 — Teg2) + O(€%) = 27¢(g5° — ga) + O(?),
(2A — 7C)C = 7(1 + 2€¢5°) + O(€2).

By replacing in (5.7), we obtain
Q(H) = 7'/ 26€HD0(£H) —(14+2e95°)(1 + egl)H2 + H’2(1 —eq)+7(H),
To

where 7.(H) < C’eQ||H||§{1(FO). For this last estimate, we use, in particular, the fact
that (see e.g. [4])

vl g2 gy < Ellullgizwey [[vllorr)-
Lemma 5.3 follows.

LEMMA 5.4. Assume A = 7Cpr and (3.8). Then there exists a > 0 independent
of T such that for € small enough

VH € Z3(To) Qi+ €Qa)(H) > eal|H|[F1(r,), (5.14)
«

Q is of type(—1,+00) and the associated operator A is invertible. (5.16)
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Proof. To prove (5.14), we apply Lemma 5.1 to Q1 + €¢Qy with

V=2;Tg)={H e H'(Ty): | H=0},
T'o

Vs, = {cosf,sin 0} the subspace of V spanned by cos 6, sin 6,
V) = {cosnb,sinnh;n > 2} the L?-orthogonal of Vs, in V.

Then

¢1(cosnb, cos ) :/ nsinfsinnd — cosfcosnd =0 if n > 2,
To

and similarly
¢1(cosnb,sinf) = ¢1(sinnd, cos ) = ¢1(sinnb,sinf) =0 if n > 2,

so that (5.1) is true. Obviously, by (5.10), Q; vanishes on Vs so that (5.3) is true.
Now if v; € Vy, that is v; = Zn22 a,, cosnb + b, sinnfd, then

Q) =7 (=) +12) > 7 30 (a2 4 12) 2 oo ey (517
n>2 n>2
so that (5.2) is checked. Finally, if vy = Acosf + psin 6, we can write
Qs (v2) = Na + 2 pc + 1*b (5.18)
where
a = Qs(cosf) , b= Qa(sinh) , ¢ = ¢2(cosb,sinb).

By (5.11), this numbers are given by the expressions (3.7). Therefore, if assumption
(3.8) in Theorem 3.1 holds, the restriction of Qs to Vs satisfies (5.4). The conditions
of Lemma 5.1 being satisfied, we can deduce (5.14) (see (5.5)). Coupled with (5.9)
and (5.12), we deduce (5.15) for e small enough.

To obtain (5.16), recall that V = Z}(I'g) is of codimension 1 in H = H!(Ty).
Then, since Q;1(1) = —2m, obviously, for e small enough, Q(1) < 0. Coupled with
(5.15), we deduce that the conditions of Lemma 4.3 are satisfied, whence (5.16).

Proof of Theorem 3.1. We use the same notations as in Lemma 5.4 (subspaces
V, V1, Vs, forms Q1, Qo). Let us first prove the second part of the theorem. If (3.9)
holds, then there exists vy € V, such that Qa(v2) < 0 (see (5.18)). Now we set
H. = A\ + v where \. is chosen so that

o=/FO H.|4) =AE/FO|¢L|+/FO sl (5.19)

Since [i, v2 =0, by (5.13) and the fact that [}, [¢¢| — 27 as € — 0, we deduce
IAe| = O(e). (5.20)
Now

(Q1 +€Q2)(A\e +v2) = A2(Q1 + €Q2)(1) + 2\ (p1 + €¢2)(1,v2) + (Q1 + €Q2)(v2).
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Since ¢1(1,v2) =0 and Q;(v2) = 0, by (5.20)
(Q1 +€Q2)(Ac + v2) = €Qa(v2) + ofe).
This can be made negative for e small enough since Qs(v2) < 0. Therefore if
he(¢c(e?)) = H.(0), we have by (5.9), (5.12) and (5.19)
/ he=0 , Q(he) <0 for € small enough.
I'x

We now come to the first part of the theorem. Assume (3.8) holds. According to
Lemma 5.2, we have to prove that the restriction of Q to the subspace of H € H'(Ty)
such that fFo HlgL| = 0 is HY(Ty)-coercive (note that, since H = h o ®., by (5.13),
there exists C' such that for e small, HhH%Il(F*) < C||H||z1(r,))- Note that

/ H|¢| =<|¢Ll, H > -1 x i (ro)=< R (0L1), H > g1 (ro) x 111 (1)
To
so that

{H e™; g H|¢| =0} = [R™ (e

By Lemma 5.4, for € small enough, Q is of type (—1,+00) and coercive on Z}(Ty). If
we write

QH) =7 < AcH,H >p-1(rg)x () (5.21)
by Theorem 4.4, to complete the proof of the theorem, we only have to prove that
0> QAT (¢l)) = 7 < [@Ll, AT O >m-1xm - (5.22)

We now denote by C all positive constants independent of e. We have from
(5.9-5.13) and (5.21)

6Ll =1+ege » gellmiry) <O, AcH = AH + A H

where A]_H =-H-H" 5 ||A6H||H*1(F0) S C||HHH1(F0)

Now, we set w. = A-1(|¢.]) and we write we = A + 0 + T¢, the decomposition of
we along {1} ®& Vo @V, (see Lemma 5.4). According to (5.22), we need to prove that
fFo we|@L| < 0 for € small enough. Here, |¢.| tends to 1 but, A, tends to A; which is
not invertible. Therefore, we need to control carefully each term in the decomposition
of we.

By definition of we, |¢.| = Acw,, that is, using 411 = —1, Ajo. = 0:

14+ €ege= A+ A17c + eAw,. (5.23)

Integrating over I'g gives (since fFo Ay =0)

271':—27(')\5"‘6/ _ge+ge()‘6+ae+7—6)'

To

From this, we will only keep in mind that

1+ A < Ce(I+ |loellar vg) + 17ell i (ro))- (5.24)
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Multiplying (5.23) by 7. and integrating give, since fl“o Te=0
e/ GeTe =< A1Te,Te > +€ < AN + 0c +70), 7 > . (5.25)
To

We use the coercivity of A; on V; (see (5.17)) to deduce from (5.25)
anll7ellFr gy < Cellrell o) (1 + el + lloel [ ro) + |I7ellzr (ro))

which implies also for Ce < %

aq
< Tl < Ce(L+ | + lloellzrrg))- (5.26)
Next we rewrite (5.23) as

14+€ege = —Ac + ege(/\e) 4+ Acoe + Ay + GAVG(TE)

and we multiply it by o, and integrate to obtain
e/ JeOe = / 6)\60'612{6(1) + EUEEETE + ocAco,. (5.27)
Ty To
Under the assumption (3.8), we have by (5.15)

1
;Q(O’E) = /r oA > eaHJEH%ﬂ(FO) for some a > 0. (5.28)
0

We deduce from (5.27), (5.28)
calloel|Fr(ry) < Celloellar ey (1 + Al + [17e|1r1.r))-

We simplify by €||oc|[m1(r,) and use (5.26) to obtain for ¢ small enough (and some
other C)

loellarre < CA+IAD, [I7ellarrg)) < Ce(l + [Ac]). (5.29)
We now go back to (5.24) and with the help of (5.29), we prove
11+ Ae| < Ce(1+|A]),

which implies that |\¢| is bounded for e small enough and lim._,q |1+ A¢| = 0. Finally,
we can control the expression in (5.22), namely

Q(wG)/T:/we‘(b/el:/()‘6+Ue+76)(1+ege):271-)‘6""6/ ge(/\e+0'e+7-e)~
To To

To

and
|Q(we) + 277| < 2771 + Ac| + Ce(1 + |A]),

so that lim._,g Q(we) = =277 < 0, whence (5.22).
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Proof of Corollary 3.3. We easily compute the necessary quantities and, in par-
ticular

g1(0) = —(2k + 1) cos (2k + 2)0, g2 = —(2k + 3)q1, 95° = (2k + 1)(2k + 3),

£(0) = /295° sin(k + 1)6,

a=b=2k(2k+1)(2k+3)r and c¢=0.

The conclusion of the corollary follows by applying Theorem 3.1.

REMARK 5.5. In the case k = 0 where I'* is an ellipse, the restriction of Qs to
Vs is identically zero. Therefore, it is necessary to pursue the expansion with respect
to € a little further to conclude.

Proof of Corollary 3.5. By the computations in [15], if f is the sum of N Dirac
masses, then, for 7 large, I'* is close to a circle and the constants a, b, ¢ of Theorem
3.1 write

1+23)(1+ 22 1
a=2m Z akaj[( f)( 2J)—2 — ],
<iTen (22 — 1) 2z — 1
(1—-2)(1—23) 1
b=2r QO d — ,
1<kzj:<N il (z;Z — 1)2 2z — 1
1 72— 22
c= 27~ apoy
1<k, j<N (22K — 1)

where, up to a global constant, the «;’s are the coefficients of the given Dirac
masses and where the z; are their location. We choose N = 4,a; = (—1)* for
1 <k < 4,259 = (1P a+if),20 = ()P (—a +iB) for p = 1,2. By
symmetry ¢ = 0. Then, explicit computations show that there exists a region in
the set {(a,8);,8 > 0, # B} where a < 0,b > 0. The conclusion follows from
Theorem 3.1.

Proof of Theorem 3.7. We recall that

Q(h) = [ BhD(Bh) — (2A — 7C)CH2 + Th'>.
-

If 7 =0, Qh) = Qo(h) = 2Afr* hDh — Ch®. Moreover, we may write, for all
7€ (0,A/2Cnr)

Q(h) = Qo(h) + 7Q(h), with |Q-(h)| < ||k} ey,

where k = kE(A,T*). It is proved in ([9]) that, if T'™* is different from a circle, then

3 € HY I such that Qo(h) <0, / h=0, |1l oy < 1.
1—‘*
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Let 70 = min{—Qo(h)/k,A/2Css). It follows that, for 7 € (0,79),
Q(h) < Qo(h) + kT < 0. This proves the theorem.

Proof of Theorem 3.10. Tt is similar to the proof of the second part of Theorem
3.1. Expanding

€TJg2

. — . — _ 2
8= VAR =7C) = VAR =7) (1= 575 + O())
we write
Q= @1+€@2+?67

where

O, (H) = /F 2(A — 7)H D(H) — (2A — 7)H? + rH'",

@2(H)=—/FT[HD°(92H) + go HDO(H)) + [(2A — 7)g1 + 2(A — 7)go] H? + 791 H'?,

[Fe(H)| < ce[[HI3 ry)-

We check that Ql vanishes on V5 and that yl and Vs are orthogonal /yvith respect to
é1(+,+). Now, if vg = Acos@ + psin @, then Qs (vs) = A\2@ + 2\uc + p?b,

where @ = Oy(cosf) , b = Oy(sinf) , ¢ = ¢y(cosf,sinf). We check that @, ¢ are
given by the expressions (3.10) and that b= —a. By assumption, they are not all
equal to 0 so that ¢2 — @b > 0 and we can find v9 € Vo such that Qz (v2) < 0. Then,
we finish as in the proof of the second part of Theorem 3.1.

Proof of corollary 3.12. By (3.10), the computation of a, b, ¢ gives
G=-b=—(2A+7)mo1 and ¢=0,

whence (3.11) if o1 # 0. Then, we apply Theorem 3.10.

6. Appendix: proof of Proposition 2.2. The result of Proposition 2.2 is
obtained by differentiating each of the three terms in the total energy (1.2). Most of
the necessary computations are available in [21]. A difference is that everything is
stated in [21] for bounded domains while here we consider exterior domains. However,
the main point behind the structure theorem which is reproduced here in Lemma 2.1,
is based on the fact that any regular small perturbation of a regular domain may be
represented through normal displacements to the boundary. This is true whether we
consider perturbations of the domain itself or of its complement. Therefore, Lemma
2.1 may be stated without any change. Moreover, the computations for each of the
three energy terms involved here are exactly the same, except may be for the signs
(we have to switch from exterior to interior normal derivatives in some places).
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According to Lemma 2.1, let us denote by ZZS, 1£,1M i = 1,2 the linear and bilinear
forms respectively describing the first and second derivatives of each of the functionals

2 S(0), P@), [ [Vual’
Q

where ugq is solution of the exterior problem (1.1). Note that, by (1.2), if I1,l> denote
the forms associated with the global functional E(-), we have for i = 1,2

1
I = —gz;” + 71— AI7. (6.1)

The derivatives of the three terms are computed in [21] for bounded domains. The
results may be applied directly here. Indeed, the perimeter of a set is the same as
the perimeter of its complement. The derivative of § — S (C(I +0)()) is the same
except that the interior normal derivative to 9Q* is involved rather than the exterior
one. Finally, for the Dirichlet problem (1.1), the computations are exactly the same,
up to the signs at the boundary.

Recall that, here, we have denoted by v the interior unit normal derivative to
'™ = 0Q*, which is directed toward Q*, and by C the curvature of I'* seen from
outside Q* (for instance, it is positive if I'* is a circle). Recall also that displacements
are positive when they are made in the direction of v, that is toward the inside of Q*.
We have (see [21]):

17(h) = N h, 15(h,h) = . Ch?, (6.2)

HORY R M

where V7 denotes the tangential gradient,

Ow(h) Ou 8%u ou
My _ 2, M _ _ 1219 0Y (Y
B0 == [ 1vuth e = [ 2em =5 - 1Rg s e,
where w(h) is the solution of
. ou
Aw(h) =0in Q, w(h)= —ha— onT, |[Vw(h)| — 0 at . (6.3)
v

We easily check that V"h = I/, where the derivative is taken with respect to the
length parameter, and that w(h)ag—gb) = —hBD(hB) (recall that 8 = du/dv). Next a
simple local computation (see e.g.[17],[9]) gives

Ou 0%u

oo = —CB — f5.

Now the expressions of the forms l1,ls associated with the derivatives of E(-) follow
(see (6.1)):

b = [ (8 +C=nh,
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ly(h,h) = | BRD(BR) — (CB%/2+ AC + f B)h® + Th'>.
1“*

If Q* is an equilibrium shape, that is I; = 0, we have 3% = 2(A — 7C). We plug this
identity into the above expression of l3(h, h) to obtain (2.6).
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