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ON TP, AND LOG-CONCAVITY

BY SOMESHDASGUPTA and S. K. SARKAR
Indian Statistical Institute and Temple University

Inter-relations between the TP, property and log-concavity of density functions have
been investigated. The general results are then applied to noncentral chi-square density
functions and beta density functions.

1. Results on Density Functions

Definition 1. A function f: # - 7 is said to be TP, (Karlin (1968)) if, for x; < x,, y,
<)z
(1.1) Sxi,y2) fxa,y) < fxi,y1) fxz,y2).

We shall say that 1/fis TP,, if (1.1) holds for f with the inequality reversed.

Let X be a positive random variable having the p.d.f. f{-,8,\) with respect to Lebesgue
measure; 0 >0, A =0.

Definition 2.  The p.d.f. fx,0,\) is said to have the reproductive property (RP) in 0,
if there exists a distribution function G(:,s) on ®#* (s > 0) such that

(1.2) J6flx=y,0,\) G(dy,s) = flx,0+s,\).

THEOREM 1.  Suppose f{x,0,\) has the RP in 0. Then (i) fx,8,\) TP, in (x,\) -
1/f(x,8,\) TP, in (0,\), (ii) A(x,0,\) TP, in (x,6) » fix,0,\) log-concave in@.

Proof. (i)For0 <x; <x;,\; <\;wehave

(1.3) Sx2,0,00) flx1,0,A2) < flx2,0,M2) flxy,0,M).
Write x; = x,—y. Integrating (1.3) with respect to G(dy,s) we get
(] 4) f(xz,('),)\l)f(xz,9+s,)\2) Sf(xz,ﬁ,)\z)j(xz,9+s,)\|),

which shows that 1/f(x,0,A) is TP, in (6,\).
(ii) For0 < x; <x,, 6, < 0,, we have

(1.5) Sfx1,02,0) flx2,0,0) < flx2,0,N) flx,01,M).

Write x, = x,—y. Integrating (1.5) with respect to G(dy, s) we get

(1.6) fx2,02+5,N) flxz,01,N) < flx2,0,,N) flx2,0,+5,0),

which shows that f{x,8,\) is log-concave in . o

Definition 3. The p.d.f. fix,0,\) is said to have the mixture property (MP) in (9,\)
if there exists a non-negative random variable K with the distribution H(-,7) with t > 0
such that

(1.7) Joflx,0+k,\) H(dk,T) = fix,0,\+7).

Suppose H in Definition 3 possesses a density function & with respect to a o-finite measure
v.

! Supported by a grant from the National Science Foundation, Grant No. MSC8202209 at University of Min-
nesota.

AMS 1980 subject classifications. 60E15, 26D99.

Key words and phrases: Totally positive of order 2 (TP,), log-concavity.

54



ON TP2 AND LOG-CONCAVITY 55

THEOREM 2.  Suppose f(x,0,\) has the MP in (0,\). Then (i) f(x,0,0) TP,, h(k,T) TP,
- f(x,0,7) TP, in (x,7), (ii) 1/f(x,0,\) TP, in (6,\) - f(x,0,\) log-concave in \, (iii)
f(x,0,\) TP, in (x,0) — f(x,8,\) TP in (x,\N), (iv) f(x,0,\) log-concave in 6 - f(x,0,\) log-
concavein\.

Proof: (i) This follows from Karlin (1968, p. 17). (ii) For8, < 0,, A\, <\,,

(] 8) f(-xr OZ’AZ)ﬂxrel ,)\l) $ﬂx’ 927)\|)ﬂx’91 a)‘2)°
Write 0, = 0, + k. Integrating (1.8) with respect to H(dk,7) we get
(1.9 S, 01, 0+7) flx,0,,A) <Aflx,0;,N+7)f(x,0,,\2).

which shows that f{x,0,\) is log-concave in .

(ili) For0<x; <x,,0; <6,wehave

(1.10) Sx2,01,0) fx1,02,N) < flxz,02,M) flx),0,1,M).
Write 0, = 0, + k. Integrating (1.10) with respect to H(dk, ) we get
(1 . 1 1) f(xZ’el ax)ﬂxl 501 ’X+T) sf('x29el ’)\+T)ﬂxl ,01 9)\)a

which shows that f{x,0,)) is TP, in (x,\).

(iv) For0, <0,,0=<swehave

(1.12) flx,0,+5,1) flx,0,,N) < flx,0,,M) flx,0,+s,\).

Write 0, = 0, + kand integrate (1.12) with respect to H(dk,T,) H(ds,,). Then we get
(1.13) f0,0 A +T7,+72) flx,0,,N) <Ax,0) ,A+71)) Ax,0,,A+72).

The above shows that f{x,0,\) is log-concave in A. o

THEOREM 3.  Supposef(x,0,\) is log-concave in x. Then

(1.14) Sf(x,0,\) has the RP in 6 - f(x,0,\) is TP, in (x,0).
Proof. For0<x, <x,,0<ywehave

(1.15) S(x1,0,N) flxa+y,0,N) < f(x,0,\) fx; +y,0,0).

Write x; = x,—z. Integrating (1.15) with respect to G(dz, s) we get

(1.16) S(x2,0+5,N) f(x2+y,0,N) < f(x2,0,N) flxo+y,0+5,N),

which shows that f(x,0,\) is TP, in (x,0). O
Define C(x,0,\) by

(1.1 f(x,0,\) C(x,0,N) = f(\,0,x),

LeEmMMA 1. Ifboth f(x,0,\) and C(x,0,\) are log-concave in \, then f(x,0,\) is log-con-
caveinx.

The above lemma is a well-known fact; see Das Gupta (1976, 1980).

Combining the above results, we get the following:

THEOREM 4.  Suppose the following conditions hold: (a) f(x,0,\) has the RP in 0, as
defined in (1.2), (b) f(x,0,\) has the MP in (0,\), as defined in (1.7), (c) C(x,0,\), as de-
fined in (1.17), is log-concave in A. Then the following are equivalent: (i) f(x,0,\) is TP,
in (x,\), (i) 1/f(x,8,XA) is TP, in (8,N), (iii) f(x,0,\) is log-concave in \, (iv) f(x,0,\) is
log-concave in x, (v) f(x,0,\) is TP, in (x,8), (vi) f(x,0,\) is log-concave in 6.

Moreover, all the above results (i)—(vi), under the conditions (a)—(c), are implied by
the condition (d) f(x,0,0) is TP,, h(k,T) is TP,.
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2. Application to Noncentral Chi-Square Distribution.  Suppose f(x,0,\) is the
p.d.f. of the noncentral chi-square distribution with 0 degrees of freedom and the noncent-
rality parameter X. Then (1.2) holds with G(-,s) as the distribution of x2. Moreover, (1.7)
holds if H is taken such that K/2 is distributed as Poisson with mean 7/2. With this specifica-
tion of A, condition (d) of Theorem 4 obtains. It can also be seen that C(x,0,\), as defined
in(1.17), is given by
(2.1 C(x,0,N) = (Wx)¥>",

which is log-concave in \ if 6/2 = 1. Hence (i)—(iii) of Theorem 4 hold when 6 > 0, and
(iv)—(vi) hold when 6 = 2. It can be seen easily that f{x,0,0) is log-concave in x when 6
= 2; also f(x,0,0) is TP, in (x,0), and f(x,0,0) is log-concave in 6. Ghosh (1973) gave an
alternative proof of the TP, property of f(x,0,\) in (x,0) when 6 > 2. Karlin (1968) proved
that f(x,0,\) is log-concave in x when 6 > 2.

Remark. The chain of arguments used in the above theorems can be used also for dis-
crete random variables after minor modifications.

3. Results on C.D.F.’s. Let X be a positive r.v. with the p.d.f. f(x,0,\) with respect
to Lebesgue measure. The c.d.f. of X is given by

3.1 F(C,0,\) = P[X<C]=1-F(C,0,\).

LEMMA 2. (a) Iff(x,0,\) satisfies (1.2), then so does F(x,0,\). (b) If f(x,0,\) satisfies
(1.7), then so does F(x,0,\)s (c) If f(x,0,\) is TP, in (x,0)(or, in (x,\)), then F(x,0,\) is
also TP, in (x,0) (or, in (x,\)). (d) If f(x,0,\) is log-concave in x, then F(x,0,\) is also
log-concave in x. The above results (b)—(d) also hold for F.

Proof. The results (a) and (b) are trivial. The results (c) follows from Karlin’s (1968)
theorem and the fact that the indicator function of the set (—,C] is TP, in (x,C). The result
(d) follows from Prekopa’s Theorem; see Das Gupta (1976, 1980). ]

Remark. 1If for F satisfies RP, then it trivially follows that F(c,0,\) is decreasing in
0; this fact also follows from the condition that F(c,0,\) is TP, in (c,0).

THEOREM 5.  (a) Suppose f(x,0,\) or F(x,0,\) satisfies the RP in 0, as given in (1.2).
Then (i) F(x,0,\) TP, in (x,\) - 1/F(x,0,\) TP, in (8,\). (ii) F(x,0,\) TP, in (x,0) -
F(x,0,\) log-concave in 0. (iii) F(x,0,\) log-concave in x - F(x,0,\) TP, in (x,0).

(b) If f(x,0,\) or F(x,0,\) satisfies the MP in (0,\) as givenin (1.7), then (i) 1/F(x,0,\)
TP, in (0,\) - f(x,0,\) log-concave in \. (ii) F(x,0,\) TP, in (x,0) » F(x,0,\) TP, in (x,\).
(iil) F(x,0,\) log-concave in 6 - F(x,0,\) log-concave in \. The above results in (a) and
(b) also hold if F is replaced by F.

This theorem can be proved following the proofs of Theorems 1 and 2. However, we

need to note some additional facts in order to prove the results for F. If F(x,0,\) satisfies
(1.2), we get
(3.2) [§F(c-y,0,\) G(dy,s) = F(c,0 + s,\) - G(c,s).
So, in order for Theorem 5(a)(i) to hold for F we must have F(c,0,\) increasing in \; but
this is implied by the condition that F(c,0,\) is TP, in (c,\). Also, for Theorem 5(a)(ii)
to hold for F we need F(c,8,\) increasing in 0; again this is implied by the condition that
F(c,8,\)is TP,in (c,0).

4. Application to Chi-Square Distribution. (a) If F(-,0,\) is the c.d.f. of the chi-
square distribution with 6 degrees of freedom and noncentrality parameter A, then the re-
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sults (i)—(iii) of Theorem 4 hold for F or F in place of £, and (iv)—(vi) hold for F or F in
place of fwhen 6 = 2.
(b) Iff(-,0,\) is the p.d.f. of x&, then it is well-known that f(x,0,0) is TP,. Hence, follow-

ing the proof of Theorem 1(ii) it can be shown that both F(c,0,0) and F(c,0,0) are log-con-
cavein6>0.

(c) It follows from Lemma 2 and the subsequent remark that both F(c,0,\) and F(c,0,\)
are log-concave in ¢ when 6 = 2. However, a stronger result can be obtained when A =
0 by appealing to Prekopa’s Theorem.

Suppose X ~ x&, and let f* be the p.d.f. of ¥ = log X. Then f*(y,0) is log-concave in
yfor 8 > 0. Using Prekopa’s Theorem, we get
4.1 F*(a,d, + axd,, 0) = [F*(d,,0)]* [F*(d2,0)]",
forany d;, d, and 0 < o}, a; < 1, oy + @, = 1, where F* is the c.d.f. corresponding
tof*. The above inequality is equivalent to
4.2) F(cf' c52,0) = [F(c), 0)1* [F(c2, 6)1*
for any positive ¢, c,, where F is the c.d.f. of x&. Thus from the “arithmetic mean geomet-
ric mean” inequality we get
4.3) F(aycy + axcz, 0) = [Flcy, 8)1* [F(c2, 0)]°7,
which shows that F(c,0) is log-concave in ¢ for 8 > 0. Incidently (4.2) also holds for F
in place of F.

5.More Results on p.d.f.’s. Let X be a positive random variable with the p.d.f. f(-,0)
with respect to Lebesgue measure.

Definition 4.  The density f(-,8) is said to have the restricted reproductive property
(RRP)in®, if there exists a positive r.v. Y with the distribution G(-,0,8) such that
THEOREM 6.  Suppose the following conditions hold: (a) f(x,0) is TP,, (b) f satisfies
the RRP, as given in (5.1), (c) G(-, 0,d), as given in Definition 4, is stochastic decreasing
in®. Then F(x,0) is log-concave in .
Proof. Itfollows from (a) that F(c,8) is TP,. For0 < ¢, < ¢, 8, < 8, we have
(5.2) F(c2,81) F(cy, 8,) < F(cz,0,) F(cy, 0)).
Write ¢, = ¢; + y. Integrating (5.2) with respect to G(dy, 0,, d) we get
(5.3) F(c2,01) F(cz, 0, +8) < F(c2, 0,) [5F(cy1,0,) G(dy, 6,,9)
< F(c2,8) JGF(c-y, 6,) G(dy, 6,,)
= F(c2,8,) F(cz, 0, + ).

6. Application to Beta Distribution. Suppose U ~ B,, ,and V ~ Bs .., are indepen-
dently distributed. Then UV ~ B,,.5 ,. Write X = —log U, Y = —log V, and 6 = m. Let
(-, 6) be the density of X and G(-, 8, 8) be the c.d.f. of Y. Then the conditions (a)—(c)
of Theorem 5 hold. Hence P[U < c] is log-concave in m.

Remark. Some of the above results relating to chi-square distribution are given in the
Ph.D. dissertation of Sarkar. Furthermore, following the ideas of Das Gupta and Perlman
(1974), Sarkar (1982) has shown that 2, . is log-concave in m > 0, where P[x% > x2 o]
=a.



58 SOMESH DAS GUPTA and S. K. SARKAR

Remark. The only basic result relating the TP, properties and log-concavity available
in the literature is the following (Karlin (1968)): A positive-valued function g is log-con-
cave iff. g(x—y) is TP, in (x,y). This result follows easily from the developments in Theorem
1; one has to consider a special G in Definition 2 which assigns the entire probability mass
to a positive number.

Remark. The reproductive property (RP) stated in Definition 2 looks similar to the
semigroup property introduced by Proschan and Sethuraman (1977). The semigroup prop-
erty of a TP, function f{6, x) is defined as follows:

(8, + 0,,y) = [f(8,,x)f(8,, y-x)d v (x),

In the above, (i) X = ®, 6 €e ® C ®is an interval, or (i) x ={... ,-1,0,1,2 ... }.
O is an interval or an interval of integers, and v is some measure on X. Proschan and
Sethuraman (1977) have shown that

Oy, ... ,8,) == (6, x)blx1xz, ..., x,) Wy dlx)
is Schur-concex whenever ¢ is Schur-convex, p being the Lebesgue measure for case (i)
and the counting measure for case (ii). Some related results are given in the book by Mar-
shall and Olkin (1979).
The RP is slightly more general than the above semigroup property, and its use, as illus-
trated in our main results, is also different.

Remark. It should be noted that C(x,0,\) in (1.17) is defined only for those (x,0,\)
for which f(x,0,\) > 0.
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