
INTRODUCTION

Concepts of positive dependence are becoming increasingly important in prob-
ability, statistics and their applications. While these concepts are traditionally
viewed as focusing on positive and negative dependence for random vectors, they
also are related to broader issues in the modeling and the analysis of multivariate
data, and, in particular, ordinal data.

Historically, positive dependence for the multivariate normal distribution had
been synonymous with positive correlations. Other subsequently developed mul-
tivariate distributions were often interpreted with this perspective. It was even-
tually realized that positive correlations can have substantially different meanings
for other multivariate distributions than they have for the multivariate normal.
In fact, it has been more recently demonstrated that several different important
positive dependence concepts which are equivalent for multivariate normal distri-
butions are not equivalent, in general, for multivariate distributions. In particular
the concept of association is stronger than positive orthant dependence which is
stronger than positive correlations. Thus, in a certain sense, many of the posi-
tive dependence concepts discussed or referenced in this volume, are outgrowths
of original attempts to nonparametricaHy capture and extend certain properties
of the multivariate normal. Additionally, other types of dependence came about
from extending certain univariate properties, such as the memoryless property of
the exponential distribution.

From the point of view expressed above, the theoretical origins of this research
area include the fundamental works of Lehmann (1966) concerning orthant depen-
dence, Esary, Proschan and Walkup (1967) dealing with the concept of association,
and Marshall and Olkin (1967) modeling multivariate distributions. These three
papers drew upon a rich historical stream and, in turn, have spawned numer-
ous applications and inspired other related dependence concepts. The sources of
this historical stream range broadly from reliability and mathematical inequal-
ities to nonparametric statistical modeling and measures of association. Some
of the researchers involved in these pioneering efforts include Goodman, Hardy-
Littlewood-Polya, Hoeffding, Karlin, Kendall, Kruskal, Lancaster, Sidak, Sobel,
and Tukey.

Barlow and Proschan (1981) further developed positive dependence concepts in
their book (first printed in 1975) particularly in the bivariate case, and Tong (1980)
provides additional material and development. A parallel development occurred
independently in the mathematical physics literature (see Fortuin, Kastelyn and
Ginibre (1971)). For a long time it was felt that negative dependence concepts
were the mirror image of positive dependence. That this was not the case was
demonstrated by Karlin and Rinott (1980), Block, Savits, and Shaked (1982),
and by Joag-dev and Proschan (1983) among others. Related review articles on
inequalities and dependence are those by Eaton (1982) and by Block and Sampson
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(1983).
Currently, techniques and approaches are being developed specifically for mod-

eling positive dependence for discrete multivariate distributions, with a perspective
for applications to multivariate ordinal contingency tables. These techniques draw
upon a diverse body of research including log-linear contingency table modeling
(Bishop, Fienberg and Holland (1975)) and canonical representations of probabil-
ity distributions (Lancaster (1969)). Due in part to natural constraints upon the
discrete probabilities imposed by positive and negative dependence concepts, tech-
niques from order-restricted inference have been fruitful in dealing with problems
related to estimation (e.g., Robertson, Wright and Dykstra (1989)). The book by
Agresti (1984) synthesizes and summarizes some of the basic connections between
positive dependence and ordinal contingency tables, and the applications of order
restricted inference to this area.

This broad field of research concerning positive and negative dependence can
be categorized into four areas. These areas are currently in different stages of
development.

(a) Fundamental Concepts of Positive Dependence. This area consists of the
probabilistic modeling of concepts for positive and negative dependence. The
primary foci are properties of dependence, orderings, related inequalities,
measures and their interrelationships.

(b) Applications to Probability Theory, Reliability Theory, Mathematical Physics,
and Other Areas. This area applies the theoretical developments in the pre-
ceding item, (a), in developing results in other research areas. Examples
include (i) probability limit theorems under positive dependence conditions;
(ii) system reliability bounds assuming certain dependence structures for
component life lengths; (iii) models for causal relationships in the social sci-
ences; and (iv) repeated testing schemes.

(c) Statistical Considerations Involving Positive and Negative Dependence. This
relatively new area concerns estimation, hypothesis testing and distribution
theory based upon data taken from multivariate distributions having certain
positive or negative dependence structures, or having certain monotone order
relationships. Instances of such research are: (i) testing for component life
lengths having certain distributional structures such as quadrant dependence;
and (ii) testing whether all odds ratio in an r x c contingency table are greater
than or equal to 1 (which is the dependence concept called TP2).

(d) Inter-Relationships of Positive Dependence Concepts With Other Aspects of
Statistics. This area concerns the connections between the ideas developed in
the theory of positive and negative dependence, with other areas of statistics.
A large body of research is concerned with the interpretation of positive and
negative dependence concepts for the multivariate normal distribution and
other parametric families of distributions. Examples include: (i) conditions
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for certain positive dependence concepts to hold for elliptically symmetric
distributions; and (ii) results for when certain parametric families of distri-
butions are well-ordered by the parameter with respect to various positive
dependence orderings. An emerging research area is the connection between
various probability models for ordinal contingency tables and positive depen-
dence concepts. For instance, certain types of odds-ratios properties have a
natural interpretation as positive dependence concepts.
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