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Abstract

The basic theory of point processes, including the theory of marked Poisson
processes, is developed here under the sole assumption that the mean mea-
sure of the process is sigma finite. No other measure theoretic assumption is
made. No topological structure is imposed on the state space of the process.

To David Blackwell,

who with his characteristically concise sentences taught me, among other
things, how to write a mathematics paper, how to look at mathematics, how
to welcome responsibility and how to face one’s more mature years, this
paper is affectionately dedicated. [H.G.T.]

1. Introduction. The natural mathematical framework for the theory of
point processes, or, more generally, for the theory of random measures, is
one in which only measure theoretic considerations play a role. Some of the
existing theory of point processes, however, seems to depend on a combi-
nation of both measure theoretic and topological conditions. The objective
of this paper is to introduce a mathematical setting for the theory of point
processes in which no topology is needed on the state space of the process.
Some of the most basic aspects of the theory, including the theory of marked
Poisson processes, can in fact be developed in this more general and natural
setting without any additional effort. References for the usual theory include
Kallenberg (1983) and Resnick (1987), both of whom utilize to some extent
a metric space structure on the state space when proving theorems like the
ones below. Kingman (1993) develops the theory of Poisson processes, in-
cluding the theory of marked Poisson processes, in a setting very much like
ours, but with additional conditions imposed on both the state space sigma
algebra and the mean measure.
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2. Point Processes. Suppose E is a non-empty set and £ is a sigma
algebra of subsets of E. A point measure w over the measurable space
(E,€) is a measure determined by a finite or denumerable sequence {z,} of
not necessarily distinct points in E such that, for every F € £, w(F) is the
number of points of the sequence that belong to F. Let M denote a non-
empty set of point measures over £, and let M be the g-algebra of subsets
of M defined by

M=c{{lweM:w(F)<k}:Fe&0<k< o}

Let F be the set of extended real valued non-negative measurable functions
with domain E. For arbitrary f € F and w € M denote

<f,w> =/ fdw=2f(:z;n) < o0,
E n

where {z,} is a sequence determining (or determined by) w. Note that for
each f € F the mapping w — <f,w> is M-measurable.

Associated with a probability measure P on the space (M, M) is its mean
measure up defined by

pp(F) = /E w(F)P(dw)

for F € £&. The mean measure will be seen to play an important role in
the development below. In fact, the usual topological requirement of o-
compactness of the state space will be seen to be replaced by the requirement
of the o-finiteness of the mean measure of the point process.

Definition. A probability measure P on (M, M) is said to be a point
process over (E,£) if its mean measure pp is o-finite.

Sometimes we shall just say that (M, M, P) is a point process when P is
a point process over (E,£).

Note that this definition is not equivalent to the definition of a point pro-
cess as a stochastic process {IN(A), A € £} defined on some probability space
(22, A, P), where for every w € Q, N(-)(w) is a non-negative integer-valued
measure over £. This is because this alternate definition does not imply the
o-finiteness of the mean measure of the process N. For example, let K be any
non-negative integer valued random variable having infinite expectation and
let e be any fixed point in E. The stochastic process {K(w)é.(A),A € £}
clearly satisfies this alternate definition, but fails to have a o-finite mean
measure.

In this section the Laplace functional P of a point process (M, M, P) will
be defined, and we shall prove that P uniquely determines P.

We recall two definitions and some useful results connected with them.
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Definition. A subset Z of £ is called a w-system if Z is closed under
intersections.

Definition. A subset J of £ is called a A-system if J satisfies:
(1) EeJ,
(2) f A,Be J and AC Bthen B\ A€ J, and
(3) if A, € J and Ap, C Apyy forn=1,2,... then 2, A, € J.

Dynkin’s Theorem. If P is a w-system, if L is a A-system, and if P C L,
then o{P} C L.

Corollary to Dynkin’s Theorem. If P is a w-system, if P and Q are
probability measures over o{P}, and if P(A) = Q(A) for all A € P, then
P = Q over o{P}.

Proofs of the preceding two results can be found in Billingsley (1986).

Lemma 1. Let (M, M, P) be a point process, and suppose that T C £
satisfies

(1) Z is a w-system,
(2) o{ZT} =€, and
(3) there exists a sequence { E, } inZ such that E,, C Ep 41, pp(E,) < 00
forn=1,2,...,and U32,E, = E.
Let N = o{{w € M : w(I) < k},I € I,k > 0}, and let (M, M, P) and
(M,N,P) be the unique completions of (M, M,P) and (M,N,P|y) re-
spectively. Then M = N.

Proof. It is immediate from the definitions that A" C M, and so NcM.
We shall prove M C N. Denote

Gn={FeE:{weM:w(FNE,) <k} €N forall k > 0}.

We prove a sequence of claims.

Claim 1: For all n, Z C G,.
Proof: Let H € I. By hypothesis, E, € Z, and 7 is a w-system. Hence
HNE, €I. By the definition of N, {we€ M : w(HNE,)<k}eNCN
for all £ > 0. Hence by the definition of G,, H € G,,, which proves Claim 1.

Claim 2: E € G, for all n.
Proof: Since E, C E, we have {w € M : w(ENE,) <k} ={we M:
w(E,) < k}. By hypothesis, E, € Z, and by the definition of N, {w € M :
w(E,) < k} € N CN for all k > 0. Hence by the definition of G, E € G,
which proves Claim 2.

Claim 3: Let M; = {w € M : w(E,) < oo, for all n}. Then M; € N and
P(My) = 1.
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Proof: By hypothesis, E,, € Z for all n. Thus for each n we have (by the
definition of NV) that {w € M : w(E,) < k} € N. Since N is a o-algebra,
we have

D{WGM:W(En)Sk}={w€M:w(En)<oo}€N.
k=1

For the same reason

ﬁ{wEM:w(En)<oo}={w:w(E,,)<ooforalln}€./\f.

n=1

Hence M; € N. In order to prove P(M;) = 1, we use the hypothesis
up(En) < oo for all n and the fact that pp(E,) = [, w(E,)P(dw) to
obtain P{w € M : w(E,) < oo}) = 1. Hence P(M;) = 1, which proves
Claim 3.

Claim 4: For every n, G, is closed under proper differences.
Proof: Let F; and F; be members of G,,, and such that F; C F,. We wish
to prove that F3 \ F1 € G, i.e., that {w € M : w((F2 \F1)NE,) <k} eN
for all £ > 0. For all w € M,

w(F2 N Ey) = w((F2 \ F1) N E,) + w(F1 N Ey).
Note that for all w € M;, we may write
w((Fg \ F1) N En) = w(Fz n En) - w(F1 N Cn),

since all three terms are finite by the definition of M;. Since {w € M :
w(F;NE,) <k} € N for i = 1,2, and since by Claim 3, M; € N, it follows
that My N{w € M : w(F; \ F;) <k} € N, for all k > 0. Since P(M;) =1
by Claim 3, it follows that (M \ M;)N{w € M : w(F; N F,) < k} € N, since
this is a subset of M \ M; € N and P(M \ M;) = 0. Hence

(weM:w(F,\FL)NE,) <k}eN

for all k£ > 0. Therefore, F; \ F; € G,, proving Claim 4.

Claim 5: If Ag € Gy, and if Ay C Agy4q for k=1,2,..., then Upo, Ak €
Gn.
Proof: By the definition of G,, since Ax € G, then Ay € £ and {w € M :
w(Ax N E,) <7} € N for all 7 > 0. Hence the function w — w(4; N Ey,)
is N-measurable. Since each w € M is a measure, and since Ay C Ag,; for
each k, it follows that w(A4x N E,) T w((U§2,4;) N Ey,) as k — oco. Now, the
monotone limit of a sequence of A-measurable functions is N-measurable,
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so {w € M : w((UZ;Ax) NE,) <t} €N for all r > 0. Since UP ,4; € &,
it follows that Ug2 1Ak € Gn, which proves Claim 5.

We now prove the lemma. By Claims 2, 4, and 5, G, is a A-system. By
Claim 1, Z C G,, and by Dynkin’s theorem, {Z} C G,. By hypothesis,
o{Z} =¢&,s0 & C G,. But also G, C £. Hence G,, = £. This implies that
forevery Fe &, {we M :w(FNE,)<k}eNforallk>0. Let F € &
be fixed, and define f, : M — {0,1,2,...,00} by fn(w) = w(F NE,). Thus
fn is N-measurable. Since E, C E, 41 for all n and since each w € M is
a measure, it follows that f,(w) T f(w) as n — oo for all w € M, where
f(w) = w(FNU,E,)) =w(FNE) = w(F). Hence f is N-measurable
for every F € £. This means {w € M : w(F) <k} € N. Thus o{{w € M :
w(F) < k},F € £,k >0} C N, and M C N. From this it follows that
MCcCN. O

Theorem 1. Let (M, M, P) be a point process over (E,£), and suppose
T C & satisfies
(1) 7 is a w-system,
(2) o{Z} =€, and
(3) there exists a sequence { E,} C T such that E,, C Ep 41, pp(E,) < 00
for all n, and U2 E, = E.

Let Q be a probability measure over (M, M) which satisfies
P(Nf_y{w € M : w(Iy) < n;}) = Q(Nfoy{w € M : w(Iy) < ny})

for every k > 1 and every I;,...,Iy inT and ny > 0,...,nr > 0. Then
P = Q over M.

Proof. Let us define
J={nf_{weM:wl;)<n}:I;€I,n; >0,1<j<kk>1}

Clearly, J is a m-system. Let N' = o{J}. Now since P and Q are probability
measures over (M, M) by hypothesis, by the Corollary to Dynkin’s theorem
their restrictions to N are probability measures over (M, N), so P(F)
Q(F) for all F € N. Hence P = Q over N, and since by Lemma 1, N =

it follows that P = Q over M. Since M C M, then P = Q over M. EI

If (M, M, P) is a point process, we define its Laplace functional P :
F —[0,1] by P(f) = [,, e~ <> P(dw) for all f € F. We now show that if
two point processes have the same Laplace functional, they are identical.

Theorem 2. Let (M, M, P) and (M, M, Q) be point processes and suppose
P(f) = Q(f) for every f € F. Then P = Q over M.
Proof. Let T = {F € € : pp(F) < oo and pg(F) < oo}. Since both P

and @ are point processes, up and pg are o-finite. Thus with little ef-
fort one can show that there exists a sequence {E,} in £ such that E, C
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Ent1, Upei En = E, pp(Ep) < o0, and pg(E,) < oo, for all n. Thus
{E,} C I. Clearly, T is a m-system. Also, 0{Z} = £. (Take any F € €.
Then F = UZ,(FNE,). But FNE, € T for each n since pp(F N
E)pe(FNE,) < pp(Ey)pg(En) < oo for all n, so F € o{Z}.) Now
let Fi,...,Fy be any finite collection of elements of Z, and let f € F be
defined by f(z) = Y5_; AjIF;(z) for \; > 0,1 < j < k. For every w € M,

<f,w>= [ f(z)w(dz) = 5, hiw(F;). By hypothesis, P(f) = Q(f), so
/ e Thot Mu(FD) p(dy) = / e~ Tha1 2P Qo).
M M

Since pp(F;)ug(F;) < 0o, 1 < i < k, it follows that the random variables
w +— w(F;) are finite a.e. [P] and [Q]. Hence by the uniqueness of Laplace
transforms over R*

P(N_{w e M: w(F)) <n;})=Q( {weM: w(F)<n;})

for all k > 1 and Fi,...,F; in Z. Now apply Theorem 1 to conclude that
P=Qover M. O

3. Poisson Random Measures. Let E, £, M, M, and F be as above.
Each F € £ determines an extended-valued random variable X p(w) = w(F)
for all w € M. Thus the set {Xr : F € £} is a set of measurable functions
over (M, M).

Definition. A point process (M, M, P) is called a Poisson random mea-
sure with mean measure pp if

(1) for every k > 2, and for arbitrary disjoint sets Fi,..., Fi in £, the

random variables Xp,,..., XF, are independent, and
(2) the distribution of Xr is Poisson with expectation pp(F) for all
Fek&.

In exactly the same way as for a topological state space E one obtains
that if (M, M, P) is a Poisson random measure, then its Laplace functional

P(f) is
B(f) = exp{~ /E (1 - e~ @) pup(dz))

for f € F. This is proved in Resnick (1987), as is the following converse: If
¢: F —[0,1] is a function defined by

8(f) = exp{~ /E (1 - e~ @) u(da)}.

for some o-finite measure p over (E,£), then there exists a set of point
measures M over (E,£) and a probability measure P over (M, M) such
that (M, M, P) is a Poisson random measure with mean measure pp = p.
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The converse above was obtained by the following construction in two
cases.
Case I: 0 < pu(F) < oo. Standard methods establish the existence of a
probability space (Q2,.4,II) for which the following are true. There is a
Poisson distributed (x(E)) random variable Y defined over it; independent of
Y there is then defined a sequence of independent and identically distributed
random elements {X;} taking values in E such that for each F € £, [I({w €
Q: X1(w) € F}) = p(F)/n(E). Now for each w € Q, define

Y
w(F) = Zf(xjeF](w)-

The set 2 is thus a set M of point measures, with M C A. The probability
IT becomes the Poisson random measure P with mean measure p.
Case II: y(E) = oo. Write E as a disjoint union F = US, E,, where each
E, € £ and 0 < p(E,) < oo. For each E, let £, = {FNE, : F € £} and let
[, be a measure defined over (E,,E,) by pn(FNE,) = u(FNE,). For each
(En,&n, tin), define as in Case I above (2, An,I1,), Yy, and {X,, ;, j > 1}.
Then over the product measure space (2, 4, IT) = []o2; (Qn, As,I,), define
for each w = (w1, w2,...) €[Ioe; D and each F € €, w(F) = 3 o2 wa(FN
E)) =32, Z;/;l Iix, ;eFnE,)[Y.>1)(w). Thus Q becomes a set of point
measures. Denoting this set by M, letting M be as previously defined, and
letting P be the restriction of II to M, (M, M, P) is a Poisson random
measure with Laplace functional ¢(-) and mean measure u. A proof of all
this with no topological assumptions on E is the same as that proved by
Resnick, with topological assumptions.

What is of interest to us here is a representation theorem for the point
process. Kallenberg (1983) proved that any point process over (E, £), where
E has suitable topological structure, can be represented as

K
w(F) = ZI[XjeF](W)
i=1

for all w € Q for some fixed denumerable sequence of random elements X
taking values in F, and where K is a non-negative, integer-valued random
variable. The method of proof used by Kallenberg depended heavily on the
topological structure of E.

What we do here is make the following representation: Let (M, M, Q) be
a Poisson random measure with mean measure p over (E, ), and represent
this random measure as the stochastic process {Xp, F € £}, where as
above, Xr(w) = w(F) for all F € £. Then there exists a Poisson random
measure {N(A), A € £} defined over some probability space (£, A, P) with
mean measure g such that the joint distributions of {Xr : F € £} and
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{N(A) : A € £} are the same, and there exists a denumerable sequence of
random elements {X,, } defined over Q and taking values in E, and a random
variable Y taking values in {0,1,2,...,00} such that

Y
N(A)w) =Y Iix,earr>1®)

n=1
for all w € Q. Another way of stating this is as follows.

Theorem 3. For every o-finite measure . over (E, £), there is a Poisson ran-
dom measure (M, M, P) with mean measure ., and a denumerable sequence
of random elements { X, } taking values in E defined over M, and there exists
a random variable Y defined over M, taking values in {0,1,2,...,00} such
that

Y
Xr = ZI[X,.EF][YZI]

n=1

for all F € €.

Proof. In case 0 < u(F) < oo, the proof is exactly the same as in Resnick.
But suppose p(E) = oo. Since p is o-finite, there exists a denumerable
sequence {E,} of disjoint members of £ such that E = U2, E, and 0 <
p(E,) < oo for all n. Let (2, A,II), {E,}, {{Xn;}}, and {Y,.} be as outlined
above, so that {Xr, F € £} as defined by

oo Y,

Xp= Z Z Iix, ;e FAE,)[Ya21)

n=1n=1

for all F' € £ is the desired Poisson random measure. We shall construct
{Xn} and prove that Xr = } 7 | Iix, cr) for all F € £. In the construction
above, all of the random elements in {{Y,, Xn1, Xn2,... },n =1,2,...} are,
by construction, independent. One consequence of the independence of the
Y’s is that EZO=1 Y., = oo a.e. This follows from the fact that 1 — e™* >
(x Al)/e for £ > 0 and the computation, using the fact that the Y’s are
Poisson, 300 | P(Y, > 1) = 3520 (1 — e #EBn)) > 5% (1 A u(Ep))/e. If
only finitely many of {(E,)} are larger than 1, this last sum is comparable
to Yoo, p(En) = oo, while if infinitely many of {u(E,)} are greater than
1 this last sum is infinite too. Thus [Y,, > 1 infinitely often| is an event
of probability 1, by the Borel-Cantelli Lemma. In the remainder of this
discussion we shall assume that the associated set of zero probability has
been discarded. Now, define non-negative integer-valued random variables
{rn} and {m,} as follows:

t-1
Tn = max{t: ZY, <n}
—
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and
rp—1
My =N — E Y;.
Jj=1
We observe that 1 < m,,(w) < n for all w € Q. Define X, = X, n,, ie,

for every w € Q, X,,(w) = ,n(w) mn(w)(w), and observe that X,, as defined
is measurable. Our object now is to prove that

ot co Y,
Ef[xr,,,,,.,,en = Z ZI[aneFJ[Ynzu-
n=1 n=1j=1

This will give the desired representation of the theorem with Y = oco. In
order to show this, we make some preliminary observations about r,. From
the definition of 7, it follows that for any j > 1, [r, = j]N[Y; = 0] = 0.
Also,

J-1 J
=410 21 = [14) i<n< > Y| n[Y; >1].

These facts suggest that when computing the left hand sum above, the in-
tegers should be partitioned into bins consisting of the integers between 1
and Y;, between Y; + 1 and Y; + Y5, ... . Of course there will be no bin
corresponding to any Y; which is 0. Since Y . Y, = oo it follows that
each positive integer wﬂl fall into exactly one of the bms. The details of the
computation are as follows.

oo [o o] o0
> Iixy,meer1 = 2 O Aixy, meF =11y, 21)

n=1 .7=1 =1
oo 2 Yk
Z I[Xr,,mIGF]I[”=j] I[Y,Zl]
=1 =1+ Ei;i
ol =1 Y
Z Iix; m e Fliri=4] | liv;21]
i=l \i=1+T{Z 1 Y&
o Y;
=3 D Ix;uerdy >
_7=1 =1

where the last equality follows from the definition of m;. This completes the
proof of the theorem. O

4. The Marking Theorem. The development of point processes over a
state space that has no topology and the representation theorem for Poisson
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random measures over the same kind of state space given above lead to an
approach to a proof of the Marking Theorem. This extends and in a sense
completes the development provided by Resnick. There is much structure
to this theorem, so it is necessary to isolate the hypotheses.

The Marking Theorem Conditions. Let (E;,&;) and (E2,&;) be two
measurable spaces, and let (€2,.A, P) be a probability space. Let {X,,} and
{Jn} be two denumerable sequences of random elements defined over 2, and
taking values in F; and E, respectively. Let H be a non-negative extended
integer-valued random variable which is possibly infinite with positive prob-
ability. Assume that the stochastic process {N(F), F € &} defined by

N(F) = Ef=1 Iix,er) is a Poisson random measure with o-finite mean
measure p. Further assume that H and the sequences {X,} and {J,} are
related by

P([Ji € F]I{Xn}a {Ja ta# Z},H) = K(X,-,F)
for all F € & and all ¢ > 1, where K : E; x & — [0,1] is a function
satisfying
(1) K(-, F) is £&1-measurable for all F € &, and

(2) K(z,-) is a probability measure over &, for every = € E;.

Six lemmas provide the background for our proof of the Marking Theorem.
Lemma 1 is a general result about conditioning; Lemmas 2 through 6 are -
based on hypotheses which include the Marking Theorem Conditions.

Lemma 1. Let A;, Ay, and Az be sub-sigma algebras of A in (2, A, P),
and suppose that P(A| A3, A3) = P(A|Ay) for all A € A,. Then

P(D| A3, A3) = P(D|A,)

for all D € 0{A;,Az}.
Proof. Let A; € A; and A; € A; be arbitrary. Then by hypothesis and by
properties of conditional expectation,
P(A; N A;| Az, A3) %= 14, P(A1| A2, A3)

= 14, P(A1] A7)

= P(A; N Az Ay).
For arbitrary F' € 0{A2, A3} and D € o{A;, A2}, let us define ¢(F,D) =
[ P(D| Az, A3) dP and ¢(F, D) = [ P(D|Az) dP. We obtain by the iden-
tity above that ¢(F, A; N A;) = ¢(F, A; N Az). Thus, ¢(F,-) = ¥(F,-) over

a m-system that generates o{A;, A2}. Hence we may apply the corollary to
Dynkin’s theorem to obtain ¢(F, D) = y(F, D) for any F € o{A3, A3} and
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all D € 0{A;,Az}. Hence for all F € 0{A;, A3} and all D € o{A4;, Az}
it follows that [ P(D|Az, A3)dP = [ P(D|Az)dP. Since both integrands
are 0{.Az, A3 }-measurable, the uniqueness of the Radon-Nikodym derivative
implies that P(D|Az, A3) = P(D|A4;). O

Lemma 2. Under the conditions of the Marking Theorem, if f : Ey X E5 +—
[0,1] is & X E;-measurable, then

E(f(Xs, J){Xn :n=1,2,...}, H) % /E £ (Xe 9) K (X;, dy)

for all 3.
Proof. From the identity
P([J; € FI{Xn},{Jo : @ #i}, H) = K(X;, F)
for all F € &, and all i, we obtain, upon taking conditional expectations of
both sides, given X;, that
P([J; € F||X;) = K(X;, F).
Hence for all ¢ and for all F € &,,
P([J; € FI{Xn}, {Ja : @ # i}, H) = P(|J; € F||X;).
Let A; = o{J;}, A2 = 0{X;} and A3 = o{{X,, : n # i}, {Ja: @ #1},H}.
Then the last identity above becomes
P([J; € F]| Az, A3) = P(|J; € F]|Az).

Applying Lemma 1 yields P(D| A3, A3) = P(D|Ay) for all D € 0{A;, As}.
Now f(X;, J;) is measurable with respect to o{A;,. A2} and is non-negative.
Hence f(X;,J;) is an everywhere monotone limit of a sequence of non-
negative linear combinations of indicators of events in o{A;, A2}, call it

{Y;}, where Y, = 2;_2_:1 crjlg,; and Grj € 0{A;, A2}. Thus by the condi-
tional form of the monotone convergence theorem

E(f(Xi, J)|{Xa}, H) = B( lim Y,|{X,}, H)
¥ lim B(Y,|{Xn}, H)

r2”

’ rll‘rglo X; ¢rj P(Grj| Az, A3)
J=
r2”

lim ,—21 ¢ri P(Grjl|As)

[
]

-4
w

r2”
" lim z;cr,-K(X,-,Grj),
J=

= B f(Xny)K(X‘lydy)

®
)
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where the last equality holds since for each w, K(X;(w),-) is a probability
measure. [

Lemma 3. Under the conditions of the Marking Theorem,
P([J; € F|X;, H) 2 P([J; € F]l{Xa}, H) ¥ K(X;, F)

for all 1 and all F € &,.

Proof. Take the conditional expectation of both sides of

P([J; € F]{Xn},{Ja : a # i}, H) = K(X;, F)
with respect to o{{X,}, H} to obtain
P([J; € Fl|{Xa}, H) = K(X;, F).
Then take the conditional expectation of both sides of this resulting equation,

given o{X;, H}, to obtain

P([J; € F||X;,H) = K(X;,F). O

Lemma 4. Under the conditions of the Marking Theorem, the random
elements Jy, Jz, ... are conditionally independent given o{{X,}, H}, i.e.,

P(ﬂ[J € Fjll{X.}, H) ¥ IIP([J € Fj]l{Xn}, H)

j=1
for all k > 1 and arbitrary F,..., Fy in &,.

Proof. We use induction on k. The result is trivial for £ = 1. Suppose it is
true for some k£ > 1. Then

P(N521[J; € Fjll{X,}, H)
W BP(OEEJ; € Fill{Xn}, {Ja : @ # k + 1}, H)[{X.}, H)
% E((j=adir;er)P(Jesr € Frnall{Xn}, {Ja s # k+1}, H)|{Xa}, H)
= B((Talser) K Xesr, Fes)[{Xn}, H)

= P([Jrt1 € Fk+1]|{Xn},H)H?=1P([Jj € Fj]|{Xn}, H)
k+1

2 T[ P(U; € Fll{Xa}, H),

=1

by use of the Marking Theorem Conditions, Lemma 3, and the induction
hypothesis. O
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Lemma 5. Under the conditions of the Marking Theorem,

k k
P((\J; € F;l{X.}, H) = [[ P(lJ; € F]1X;, H)

for all k > 1, Fl,...,Fk € gg.
Proof. This follows from Lemmas 3 and 4. O

Lemma 6. Let g: E; x E; — [0,1] be £ x £;-measurable and assume that
the conditions of the Marking Theorem hold. Then, for 1 < r < oo,

B([]o(X:, J){Xo}, H) *& [] E(9(X:, Ji)|{Xa}, H).
i=1 i=1

Proof. Assume first that r < co. Let A; € &;, B; € &;, for 1 < i < r. Then
by Lemma 4,

E(H I[XiGAi][JiGBill{X‘n}) H) = (H I[X.'EA.'])E(H I[JiEB.-]I{Xn}7 H)
i=1 =1

i=1

= (] Iix.ca) [ [ EineBal{Xa}, H)
i=1 =1

= H E(I[XieAi][JﬂeBill{Xn}’ H)

=1

For1<i<rlet C; €& x &, and let D € o{{X,}, H}. Then define
¥(Cy,...,C,, D) = /D E([[ ficxs secql{Xa}, H) dP
i=1

and ;
o(Cy,...,Co, D) = /D [T E(ix soecal{Xn}, H) dP.
=1

For fixed A,,...,A, in &, By,...,B, in &, and D € o{{X,},H}, let C; =
A;jxBj, 2 < j <r. Then by the identity obtained above,¥(C},...,Cy, D) =
p(Ci,...,Cy, D) for all C; of the form C; = A; x B, where A; € £; and
Aj € &;. Since ¥ and p are measures in C; € &; X &2, and since for all fixed
Ay, ..., A, Bsy,...,B,,D they are equal over the w-system {A; X By : A; €
&1, By € &}, it follows from the corollary to Dynkin’s Theorem that

‘I’(Cl,.-.,CT,D) =p(Cl,'-'acr1D)
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for all C; € & % &. For i = 2,...,r, treating each C; in turn as we
treated C; above, we obtain the equality of ¥ and p for all C; € &; x &,
1 < i < r. Since this last equation holds for all D € o{{X,}, H}, and since
both integrands in the definitions of ¥ and p above are measureable with
respect to o{{X,}, H}, it follows that both integrands are equal a.s., i.e.,

r T
E([[ Iix..0necal{iXn}, H) = [ EUix,,1ec0l{Xa}, H)

i=1 i=1

for C; € £&; x €3,1 <1 < r. Now g can be written as the monotone limit of
a sequence of non-negative functions {g,} defined over E; x E; of the form

gn = Z?:l anjlc,; where each Cy; € £ X €. By linearity and this last
identity it follows that

E([[ 9m(Xi, J)l{Xa}, H) *2 T] E(gm(Xi, J){Xn}, H)
=1

i=1

for each m. Each side is non-decreasing in m a.s., and bounded above by 1,
so by the conditional form of the Lebesgue monotone convergence theorem
we have

E([ o(X:, J){Xa}, H) & [ E(9(Xs, ) |{ X}, H).

1=1 i=1

Thus the lemma is true for finite values of r. In case r = oo, we note that
the right hand side of the above equation is a.s. non-increasing and bounded
below by 0, so the limit as r T co exists a.s. Applying the conditional form
of the Lebesgue dominated convergence theorem to the left hand side of the
above, we obtain the lemma in this case. [

Remark. In the above lemma, if g; : E; x E; — [0,1] is £; x &2-measurable
for 1 < i < r, then

E([ [ 9:(Xs, J){Xn}, H) %= [] E(9:(X:, Jo)|{Xn}, H)
=1

i=1
for 1 <r < o0.

The Marking Theorem. Under the conditions of the Marking Theorem
the stochastic process {N*(A), A € & x &;}, defined by

H
N*(4) =Y Iix;,u5ea

i=1
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is a Poisson random measure with mean measure p* defined by

W (4) = /E K (2, A;)u(da).

Proof. We first note that for H as defined, 1 = 322 Ijr=;] + Ijn=o)- Next,
for any nonnegative £; X 82-mea§urable function f defined over E; x E,
compute the Laplace functional N*(f) of N*(-) as follows:

N*(f) = E(e"V" (D)

H
= E(exp{- Z f(X;5, 95}

j=1

) H
=E {E((Z It=x) + Iia=cc))exp{— Y _ f(X;, J;)}{Xn}, H) } -
k=0

=1

Now by the conditional form of the Lebesgue monotone convergence theorem,
Lemma 6, and Lemma 2,

(%) k
N*(f)=E {ZI[H=HE(He-f<"f”f>l{xn},H)}
k=0 j=1

[o o]
+E {I[H=°°1E( [[ e /*70|{x,}, H) }

j=1

oo k
=E{ZIMHE(G_M,.,J,.)'{X"},H)}
k=0 j=1

+E {I[H=ool 11 E(e'f(Xj’J’)l{Xn},H)}

j=1

00 k
=F {ZI[H=k] I1 /E e /XK (Xj,dy)}
k=0 2

j=1
o]

+E{ Iig-oo) [ [ / e T XIVK (X, dy) o -
j=1"F

Now let us define
0(z) =/ e @YK (z,dy)
E;
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for all z € E;. Then
oo k oo
N (f)=EQY Ig—i [ 0(X)) + Itrr=oe) [] 0(X5) ¢ -
k=0 j=1 j=1

Since 0 < 6(z) < 1 for all z € Ey,log6(x) is well defined, and thus
o0
N()=E {Z Tg—jje™ Ti= (" 180D 4 [y e Tia(=los 0(x,-))}
k=0

=F {I[H<oo]e_ E;’I:l(— log 6(X;)) + I[H=°o]e— Y52,(—1log B(Xj))}

H
= E(exp{— Z(— log 6(X;)})

=1

— B(exp{~ [E (~ log () N (dz)})

= N(-1og(4(-)))-

But by hypothesis N is a Poisson random measure with mean measure p,
and so

N*(f) = N(-log6())
= exp {— / 1- e"(‘l°5o(”»)u(dw)}
E,

—ew{- [ - [ eIk wu(es) |
- exp{— /E 1 ( [ a-ereK, dy)) u(dx)}.

Since N*(f) is nonnegative and finite, we may apply the Fubini theorem, as
stated in the appendix, to obtain

F(f) = exp {— [ a- e”"’)#*(dz)} ,

where p*(C) = [g, ( I, K(z, dy)) p(dz) for all C € & x & and where

C. = {y € Ey: (z,y) € C}. By the representation of the Laplace functional
of a Poisson random measure, we have shown that N* is such a process. [

5. Appendix. The computation above made use of the following somewhat
unconventional form of Fubini’s Theorem. The necessary result is stated
precisely here. A proof of this result can be constructed by using Dynkin’s
Theorem in a manner similar to the way in which Dynkin’s Theorem was
used to prove other results earlier.
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Fubini’s Theorem. Let (E1,F;), and (E,,F;) be measurable spaces, let
Fi1 x Fp denote the o-algebra generated by {A x B : A € F1,B € F,}, and
let i denote a o-finite measure on (Ey,F1). Let K : Ey x Fy — [0, 1] satisfy:

(1) for every x € E;, the set function K(z,-) is a probability measure
over F,, and
(2) for every F € F3, the function K (-, F) is F,-measurable.

For each C € Fy x Fp, let C, = {y € E; : (z,y) € C}. Then
(1) K(z,Az) is F1-measurable, and
(2) ps as defined by p.(C) = [5 K(z,C;)u(dz) is a measure over Fy x
Fo.
(3) If f : E; x E; — R! is F; x F,-measurable, and if f satisfies the

condition [g (fE2 |f(z,9)| K (=, dy)) p(dz) < oo, then

/El (/Ez f(z,y)K (=, dy)) p(dz) = LIXEz fdu..
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