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Abstract

Cramer-Rao type integral inequalities for the integrated risk, for es-
timators for parameters based on ramdomly censored data, are derived.
As applications, lower bounds for the locally asymptotic minimax risk
for estimators of parameters in the exponential and Weibull case for
the proportional hazard model, are obtained and locally minimax esti-
mators of the relevant parameters are identified.
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1 Introduction

Suppose that on a certain probability space, £ and 7 are random vari-
ables with distribution functions F(z,8) and G(z,) respectiveldy where
6 € ® C R!. Further suppose that £;,£9,...,&, are independent and iden-
tically distributed (i.i.d.) as & and 7,72, -, 7, are ii.d. as 7. Define
¢; = min(&,n;) and 6 = I(& < mi), 1 £ 1 < n, where I(A) denotes the
indicator function of the set A. It is easy to see that (;, 1 < ¢ < n are
independent and 6;, 1 < ¢ < n are also independent random variables.
We assume that &; and 7; are not observable but ((;, ;) is observable for
1 <1 < n. Asis well known, the set of data ((;,6;), 1 <1 < n so obtained is
termed in the literature as randomly censored data and is common in studies
in survival analysis and reliability. It is assumed that &;’s are independent
of censoring random variables 7;’s.
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Abdushukurov and Kim (1987) obtained lower bounds for the variance of
unbiased estimators of the parameter 6 based on the data ((;,6;), 1 <7 < n.
They have obtained analogues of Cramer-Rao and Bhattacharya bounds in
the uncensored case and discussed the conditions under which the bounds
are attained.

Wyckoff and Engelhardt (1980) derived Cramer-Rao lower bounds for
estimators based on data obtained from type II censoring and presented a
method for numerically evaluating these bounds. Among others, Eubank
and La Riccia (1982) and Crow and Shimi (1982) studied the problem for
type I censoring.

Here we consider a Bayesian version of the problem. Suppose A(-) is a
prior densﬂ;y for 6 and @ is an estimator of § based on Z; = (G, 6 ), 1<i<n.
Then R(6,0) = Ey E Z| 9(0 — 0)? is the risk of the estimator  under the
squared error loss functlon The problem of interest is to obtain lower bounds
for the risk R(6,6) analogous to the Cramer-Rao lower bound obtained by
Abdushukurov and Kim (1987) and other lower bounds over various classes
of estimators.

For recent work on the Cramer-Rao type integral inequalities in the
Bayesian frame work, see Prakasa Rao (1991, 92) and Bhattacharya and
Prakasa Rao (1995).

2 Preliminaries

In the sequel, we will assume that F' and G are absolutely continuous with
densities f and g respectively and that A(-) is a prior density for the pa-
rameter §. It is easy to see that Z = ((,6) has the joint density given
by

h(z; 0) = h(:l}, Y5 0) = [G(xa H)f(:lt, 0)]y[F1($’ 8)g(z, 0)]1—-3/

with respect to the product measure p X v where p is the Lebesgue measure
on the real line and v is the measure with mass one at the points {0} and

{1}. Here G=1-G and F=1- F.

Assume that h(-) is differentiable with respect to 6 and the set {z : Gf =
0}U{z : Fg = 0} does not depend on the parameter . It is easy to see that
the score function is given by

(Gf)+ 5 75(F9) (2.1)
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and the Fisher information is given by
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since (1 — §) = 0. It is easy to check that

82 (a@GH\'| _ [ [8108(GN]*
(-5 e

= EZ|e VAL

(1-6) (o(Ff)\’
g2 ( 99 )}(2‘2)

EZw

and )
(1-8? (3(Fg)\’ 9 log (Fg)]” -
Ezi | g (ao> =/R[ op | Fo
Hence
r = 2
I(0)=/R @%—(SG—”] Gf do +/ lalL(Fg_) Fgds.  (2.3)

Two cases are of special interest in survival analysis and reliabilkity stud-
ies: Case (A) The censoring distribution G does not depend on the parameter
8; Case (B) The pair (F,G) follows a proportional hazards model (PHM)i.e.,
there exists a constant § > 0 such that

G(z,0) = [F(z,0)]°, —00 < z < o0. (2.4)

In the following discussion, we assume that 3 is known and is independent
of § € ©.

Case (A) The Fisher information is given by

I(0)=/R[a 1;5 f] Gf de +/ [a log F] Fgds. (2.5

Case (B) (PHM) In this case, it is easy to see that

log G=p8logF, (2.6)
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and . B
Differentiating (2.6) and (2.7) with respect to 6, it follows that
dlogG _0log F
00 p 06 (2:8)
and
2 (lo8(9F)) = 55(108(G)). (29)

Hence, the relations (2.7) and (2.9) imply that

_ 2 — 2
1(6) = /R[-aﬁgoﬁyﬁl G’fd:c+/R[Qogo(j2] Fgdz

___‘9 log (Gf )} Gf de. (2.10)

(1+8) [

3 Lower bound for the risk for the class of unbi-
ased estimators

Suppose the following regularity conditions hold :
(C1) f(z,0) and g(z,0) are differentiable with respect 6 and

/ ('?f dz < o0, /‘89

20 dz < oo;
31 .0 |2 31 :0) |2
(C2) E{lg ‘_0%45{_1‘ < o0, Enlg |_%U_l| < o5

(C3) 0< I(6) < oo
(C4) the set {z:Gf =0}U{z: Fg = 0} does not depend on 6; and

(C5) suppose that ¢(¢, §) is an unbiased estimator of ¢(6) and differentiation
with respect to 6 under integral sign is permissible in the relation

/RX {0,1}¢(z,y)h(z,y;0) dz dv(y) = ¢(8), 8 € O. 3.1)

Let ¢'(0) denote the derivative of ¢(#) with respect to 6.

Theorem 3.1 (Abdushukurov and Kim (1987)): Suppose the conditions
(C1) to (C5) hold. Then

[¢'(0))*

var §(0,6) 2 75

(3.2)
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In particular, for ¢(8) = 6,

- 1
Ez,(0-0)?> —
7160 —0)" > 0 (3.3)
for any unbiased estimator of 6 based on Z. It is again easy to check that
if Z;, 1 < i< nareniid. random vectors each distributed as Z = ((, §),

then
1

Ez)o(6 - 6)* > nI(8)

(3.4)

for any unbiased estimator 6 of 6 based on Z;, 1 <1< n. Taking expecta-
tions over both sides with respect to 8, it follows that the risk

R(6,6) = Eo(Ez,(0-06))
1
> kg (nl—w)>

1

nEs(1(0)) (3.5)

by the elementary inequality

E (%) > ﬁ (3.6)

for any positive random variable Y. Here Ey(-) denotes the expectation with
respect to the prior density A(-) such that Eg(I(6)) < oco.
Hence we have the following result.

Theorem 3.2 : Suppose the conditions (C1) to (C5) hold. Then

A 1
inf E(6—0)*>

=y nEs(1(0)) (3.7)

where I(9) is given by (2.3) and Dy denotes the class of unbiased estimators
for 6.

4 Lower bound for the risk for the Bayes estimator

Suppose @ is the Bayes estimator of 6 given Z; = ((;,6;), 1 < 4 < n with

respect to the squared error loss function corresponding to the prior density
A(+) for 6. Then

8= /@ Ohg 7 (612)d6 (4.1)
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where .
[17(zi;0)A(0)
holz(olz) = 1=7: . (4.2)
Jo TIh(zi;0)A(6)d6
=1
Furthermore

E[(6 - 0)’|2 = z) = /@ (8- 0hyz(B2)d6 = V% (say). (4.3

Theorem 4.1 : Assume that the classical regularity conditions hold for
the validity of Cramer-Rao inequality for the family of conditional densities
hgz(6|z), 6 € © for every z € R x {0,1}. Let Z; = ((;,6;), 1 <1 < n be
ii.d. as defined earlier. Then

B0~ 0 > G (44)
where
. 2
I(6)= Eg, 9 log M2:,0) géz,,o)]
and
o 2
b p[de )] »

with the prior density A(:) restricted to the class of priors for which F < oo.

Proof : Note that E(9 — 0]> = E’z[z/2Z]. The theorem follows now as a

consequence of the application of Cramer-Rao inequality for conditional set
up given z, taking expectations on both sides of the Cramer-Rao inequality
and using the inequality (3.6). For details, see Schutzenberger (1959) or
Prakasa Rao (1991).

5 Lower bounds for the posterior risk for the class
of all estimators

Method 1 (Weinstein and Weiss (1985))

Let
9(z;0) = h(z;0) A(6). (5.1)
Note that g(-) is the joint density of (Z;6) = (¢, 6;0). Define
L(z:6+d, 0)= 99+ (5.2)

9(z;0)
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for any d and 0 < s < 1. Let
u(s,d) =log E[L*(Z;0 + d, 6)]. (5.3)

Then, Weinstein and Weiss (1985) proved that, for any estimator § of 6
based on Z;, 1 < i< n,

d2e20(s:d)

7] 2
E(@-6)"2 et(2s,d) 4 en(25-1,d) _ 9¢u(s,2d)

(5.4)

for all d and 0 < s < 1. One can get a better bound by taking the supremum
of the right side of the inequality (5.4) over all d and 0 < s < 1. One obvious
choice for s is s = %

We now compute p(s,d) for the problem under consideration.

Note that
w(s,d) = log E[L°(Z;6+ d,0)]
A0+ d)\° h(Z1;0 + d)]°\™)
8 Eg{( o) (B2 i ) ,

log Ej {(A—(i—(;’)—d)) T”(G;d,s)} (5.5)

where

7(0;d, s)

Ré {o,/l} {%;;Td)}s h(,y;6) de du(y)

= / / h*(z,y;0 + d)h' ~*(z, y;0) dz dv(y)
EX {01}

= /hs(z,0;0+d)h1‘s(:c,0;0) dz
R

+/ B (2, 130+ dh1~(z, 1;6) da
R

[ FssaFalyda+ [ (GHialGIY " (56)

Case (A) (G does not depend on @) : Observe that
7(6;d,5) = /R (Fua P9 da+ [ (DialPi*Cdz (57)

where (R)s denotes R(z,0).
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Case (B) (PHM) : Here
r(0:d,5) = (1+6) [ (CP3ual G} da. (538)

Method 2 (Babrovsky and Zakai (1976))

Following the approach used in Hammersley — Chapman — Robbins in-
equality (cf. Lehmann (1983)), when the differentiability assumption does
not hold, Babrovsky and Zakai (1976) obtained the inequality

1
71 K(Z6+d 2]
d_(l"—zi(?e—)l)]

for any d # 0 where K(Z;0) is the joint density of Z; = ((;,8;), 1 < i< n
and 0 and 6 is any estimator of . Note that

E[6-6)* > (5.9)

E

[17(Z:;6 + d) X8 + d)
K(Z;0+d) =

(5.10)

KED T Inzsn o)
Case (B) (PHM) : In this case
h(Z;0) = (Gf)(Fg)~"
= (G)"(BGH'
Fo(a)
and hence H )
(Gf)o+a
K(Z;0+d) 7 A6+ d) (5.11)

K(Z;6) ~ H(Gf)e A(9)
where (q)s denotes ¢(Z;;0).

Method 3 (Borovkov and Sakhanenko (1980))

Following Borovkov and Sakhanenko (1980) (cf. Theorem 4.1, Prakasa
Rao (1991)), it follows that

1 2
inf E(0"— 0)? > (% () 2
e nE (1) + E (50 10)/X0)
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7

2
= nJJ+ =2 %_ . (5.12)
where \O)
7= Bz )) and H = E( (I(e)) //\(0)) (5.13)

and D is the class of all estimators §* of . Detailed conditions for (5.12) to
hold are given in Prakasa Rao (1991). the inequality (5.12) can be weakened
to obtain a computable possibly weaker lower bound. In fact

1 H
fE@ 02> — 1
AL B =0 2 Ty T w2

by the inequality (3.6). This inequality can be compared with (3.7) for the
class Dy of unbiased estimators 6* of 6.

(5.14)

6 Locally asymptotic minimax bounds

Extending the Borovkov-Sakhanenko bound, Prakasa Rao (1991) proved
that, for any estimator ¢(6*) of ¢(0),
(Eolg'(9)])?
2
nEg(I(9)) + Eq |25

Eqlq(8%) - ¢()* > (6.1)

under some regularity conditions on ¢(-) and the family of distributions,
where

0 log h(Z;6)1?
I1(8) = Ezp [—60—] . (6.2)
As a consequence, it follows that, for any 6y € ©°
. . (0 2
lim o sUp Bzoly/a(a(6%) — g(@))] > LU0 (63)
6€Dn 1(6o)

where D, = [|§ — 6] < €,] and 0 < ¢, with e;2 n™! — 0 as n — oco. Here
q'(0) denotes the derivative of ¢(#) with respect to § and ©° denotes the
interior of ©.

Case (B) (PHM) : If ¢() = 0, then the lower bound is Hé—oj and hence

li_m'n,—roo sup EZIQ[\/E(o* - 0)]2
0€Dy,

> . (6.4)

(1+6) o [ 2551, (GHude
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7 Example

Example 7.1 Suppose F ~ exp(#) and G ~ exp(S6) where 8 is a known
constant. Then

_ 0 log (e=P%%ge—%%) 2 —(14+8)c8
10) = (1+ﬁ)/R+[ — P do
71 _ 1
= /(5 —y)’0eVdy = o
0
and hence

A 1
inf E(6 — 6)% >
ey e
where Dy is as defined earlier in Section 3. In this case, it can be checked

that
(0 +d)* 61—

0+ds

s sgl—s ™
S Rt

to compute the Weinstein-Weiss lower bound given in Section 5. Further-
more

7(0;d,s) =

and

K(Z;0+d) _ e‘“*”’dgc" (o + d)" A6 + d)

K(Z;6) o A6)
and hence
. 2
£ 1 (1_ K(Z,0+d))
2 K(Z;0)
— 1 —1+ﬁdECi0+dn’\(0+d) A
= Ee[EZIG{Zi(l—e( ) ( 7 ) /\(0 I
1 0 +d\" A(0+d) ~(1+8)dE¢;
= @b [1’2< 6 ) ORI :
0+ d\?" (A0 +d) 2 —2(1+8)dZ¢:
+(57) (G el )|
Note that 6(1 + B)
1761
Ezi0 ] 1+B)0—1
Therefore

By [e0+91456] = [(1 n ﬂe)(ev1 i g)+ ﬂ)d] - (L)"
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and

EZ[e [6—2(1+ﬁ)d2¢,-] _ [ 8(1 + pB) ]n _ ( 0 )n.

(1+8)0+2(1+p)d 0 +2d
Hence the Babrovsky-Zakai lower bound defined in Section 5 is

1 A8+ d) <0+d g \™ A2(0+4d))

—FEg<1—-2

& "{ OB ) <0+2d) ()
for any d # 0.

The Borovkov-Sakhanenko lower bound as defined in Section 5 is given

by
“i = w0 () 70 (5 (1) o)
= Lm0 - SE(Soemne)

In this example, I(6) = 6~% and hence
litn, oy sUp Ely/3(8" — O > 62
0€Dy,

SEE

where D,, is as defined in Section 6.
It is easy to check that

b= —
(1+8)) ¢
=1
is the MLE of 6 in this example where (; ~ exp((1 + $)8) and
,\ A 62
0) = = .
Ez(0) =0, vargz,(6) ——

Here minimax lower bound is attained and the estimator 6 is a locally asymp-
totic minimaz estimator of § in the model.

Remark : The results in Example 7.1 can be easily extended to the case
when F is the Weibull distribution with density function

f(z,0) = @z e | 23>0
=0 , ©<0

and the censoring distribution G is the Weibull distribution with density
function
g(z,0) = Boyz7! e B >0
=0 , ¢<0
where v and § are known. This can be seen by applying the transformation
Y = X" and the problem reduces to Example 7.1.
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8 Remarks

At the time of presentation of this paper, Prof. Jon Wellner has brought the
work of Gill and Levit (1992) to the author’s attention where they use Van
Trees inequality (Van Trees (1968)) to obtain minimax convergence rates in
various non — and semiparametric problems. As was pointed out in the intro-
duction, inequality derived by Van Trees (1968) has been obtained earlier by
Schutzenberger (1959). Applications to obtain locally asymptotic minimax
estimators in several examples through a Bayesian version of Cramer-Rao
bound, extending the work of Borovkov and Sakhanenko (1980), were dis-
cussed in Prakasa Rao (1992) and Bhattacharya and Prakasa Rao (1995).

References

Abdushukurov, I.A. and Kim, L.V. (1987). Cramer-Rao and Bhattacharya
bounds for randomly censored observations. J. Soviet Math.. 2171-
2185.

Babrovsky, B.Z. and Zakai, M. (1976). A lower bound on the estimation
for certain diffusion processes. IEEE Trans. Inform. Theory, IT - 22,
45-52.

Bhattacharya, C.G. and Prakasa Rao, B.L.S. (1995). Generalized Cramer-
Rao type integral inequalities and their applications to linear models
with elliptically distributed errors (Preprint). Indian Statistical Insti-
tute.

Borovkov, A.A. and Sakhanenko, A.I. (1980). On estimates for the average
quadratic risk. Probab. Math. Statist. 1, 185-195 (In Russian).

Crow, L.H. and Shimi, I.LN. (1980). Estimation using type I censoring for
a class of life distributions. J. Statist. Plan. Inference, 4, 91-97.

Eubank, R.L. and LaRiccia, V.N. (1982). Location and scale parameter
estimation from random censored data. Comm. Statist. A — Theory
Methods 11, 2869-2888.

Gill, R.D. and Levit, B.Y. (1992). Application of the Von Trees inequality
: a Bayesian Cramer-Rao lower bound. Tech. Report. Mathematical
Inst. Univ. Utrecht.

Lehmann, E.L. (1983). Theory of Point Estimation, Wiley, New York.

Prakasa Rao, B.L.S. (1991). On Cramer-Rao type integral inequalities.
Calcutta Statistical Association Bulletin 40, 183-205.



Cramer-Rao Inequality... randomly censored data 175

Prakasa Rao, B.L.S. (1992). Cramer-Rao type integral inequalities for func-
tions of multidimensional parameter. Sankhya Ser. A 54, 53-73.

Schutzenberger, M.P. (1959). A generalization of the Frechet-Cramer in-
equality to the case of Bayes estimation. Bull. Amer. Math. Soc. 63,
142.

Van Trees, H.I. (1968). Detection, Estimation and Modulation Theory,
Part-I, Wiley, New York.

Weinstein, E. and Weiss, A. (1985). Lower bounds on the mean square
estimation error. Proceedings of the IEEE, 73, 1433-1434.

Wyckoff, J. and Engelhardt, M. (1980). Cramer-Rao lower bounds for esti-
mators based on censored data. Cummun. Statist. A Theory Methods,
9, 1385-1399.








