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Abstract

The complex measure condition was introduced by Itό (1965) as a suf-
ficient condition on the potential term in a one-dimensional Schrόdinger
equation and/or corresponding linear diffusion equation to obtain a Feynman-
Kac path integral formula. In this paper we provide an alternative prob-
abilistic derivation of this condition and extend it to include any other
lower order terms, i.e. drift and forcing terms, that may be present. In
particular, under a complex measure condition on the lower order terms
of the diffusion equation, we derive a representation of mild solutions of
the Fourier transform as a functional of a jump Markov process in wave-
number space.

Keywords: Duality, multiplicative cascade, multi-type branching random
walk

1 Introduction

The complex measure condition was introduced by Itό (1965) as a sufficient con-
dition on the potential term θ(x) in the one-dimensional Schrόdinger equation

hdφ h2 d2φ
= mθ{x)φ ( L 1 )

for the so-called Feynman principle of quantization. More specifically, under the
condition that θ(x) is the Fourier transform of a complex measure of bounded
variation on (—oo,oo), Itό (1965) establishes the validity of the Feynman-Kac
path integral formula appropriate to (1.1). Throughout "complex measure" will
imply a regular measure with finite total variation without further mention. Itό
(1965) further notes that his method is also applicable to the linear diffusion
equation

du a2 d2u . N iΛ n.
+ c{x)u- ( 1 2 )

Our first encounter with the complex measure condition arose in efforts to
better understand the branching random walk associated with incompressible
Navier-Stokes equations that was originally developed by LeJan and Sznitman
(1997) and elaborated upon in Bhattacharya et al (2002). From this point of
view the binary branching tree structure associated with the nonlinear Navier-
Stokes equation is replaced by a unary tree structure for the linear diffusion
equation. However in preparing the present article we learned about variants of
these results for the Schrόdinger equation recently given by Kolokoltsov (2000,
2002) and in references therein. We have not found a specific reference to the
extension to lower order terms given here, but given the rather sizeable physics
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interests in this topic, it may be known. In any case, a main point of emphasis
for us is the apparent wide scope of applicability of the recursive branching
techniques in Fourier space for both linear and non-linear partial differential
equations.

In this paper we shall consider the n-dimensional linear diffusion equation

βj. ~ o / v ^iJ o_. Q__ χ / j f̂ ™ \V3\~J~Ί ' - v-/- • ί Γ ! - ; V-1--̂ ;

with a view toward the complex measure condition. In particular we present an
approach which yields a natural probabilistic understanding of Itό's condition
for (1.2). Moreover, we will see that this condition extends to a general condition
on the lower order terms of (1.3). This is achieved by a "Fourier dual Feynman-
Kac formula" which also includes a Fourier dual to Duhamels' principle for the
equation with source term g(t,x). In place of the continuous Markov diffusion
process associated with (3) via the Feynman-Kac formula and Duhamel principle
in real-space time solutions, we derive a representation of mild solutions of the
Fourier transformed equation as a functional of a jump Markov process in wave-
number space. Although not explicitly treated in this paper, the reader may note
that extensions to certain higher order and/or fractional differential equations
of the type described in Podlubny (1999) are also possible by this approach.

The organization is as follows. In the next section we consider a simple ex-
ample that reveals the basic idea. This also includes an alternative probabilistic
derivation of Itό's complex measure condition for (1.2). The third section in-
cludes the more general result which extends the complex measure condition to
each of the lower order coefficients with a source term g(t, x) given by (1.3). Fi-
nally, we explore more general conditions on non-constant diffusion coefficient
wherein mild solutions continue to have a representation as a multiplicative
functional of a Markov jump process in wave-number space.

While it is a special pleasure for the authors to submit this paper in celebra-
tion of Rabi Bhattacharya's mathematical career, Rabi could easily have been
listed as a co-author in connection with his continued inspiration and working
relationship with this group at Oregon State University.

2 Itό's Condition: A basic example

To understand the nature of Itό's complex measure condition for (1.2) and to
prepare the way for extension to (1.3), consider the specific example

^ ^ cos(*K u(0+,z) = ixo(x), (2.4)

for positive constant α2 > 0.
For an integrable function / on R n the Fourier transform, as well as its

corresponding distributional extension, is defined with

= ( 2 ^ ) ϊ l e " ^ / ( ^ ' ^ R " (2.5)

Letting S denote the Schwartz space, a tempered distribution F G S' has corre-
sponding Fourier transform F G S' defined by (F, φ) = (F,φ),φ e S. Similarly,
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the inverse Fourier transform is defined by (F,φ) = (F,φ),φ G <S, where for

integrable /, f(x) = f(—x),x G R n . In particular the Fourier inversion formula

is simply (F) = (F) = F for F G Sf. Thus for Dirac point mass at the origin

δ0 G 5 ' , o n e h a s <<50,</>> = (δo,φ) = φ(0) = ^ JRn φ(x)dx = ( ( 2 π ) ~ ϊ , φ ) , φ €

<S, i.e. <5o = (2π)~ϊ. Taking n = 1, the respective translates to point masses
at dzl, δ±ι = τ±ιδo, therefore have inverse Fourier transforms δ±ι = -7k=e±ix-

Thus for the special choice of cos(x) = β ' a : +

2

e = *ψ-(δ+ι(x) -f δ-ι(x)) one
2

has

^ ( J _ 1 ) . (2.6)

For reasons that will become clear and without loss of generality let us re-
write (2.4) as

r\ 2

By standard Fourier transform operational calculus, a solution u G Sr to (2.7)
will have Fourier transform satisfying the Fourier transformed evolution

t,O + ^ + i + ί - i + < S o ) * f i ( t , O (2-8)

- -λ(ξ)ύ(t, ξ) + i«(ί, ξ +1) + iώ(ί, ξ - 1 ) + ^ΰ(ί, ξ)

where

λ(O = y£ 2 + i, ξeR. (2.9)

Integrating with the help of the integrating factor e λ ^ * gives the following
so-called "mild form" of the Fourier transformed equation

ί
Jo

m(ξ) £ λ ( O e - λ « > β φ i « ( ί - s,ξ + 1) + l-ύ{t -s,ξ-l)

^ (2.10)

where the multiplicative factor m(ξ) = 3/λ(ξ) is introduced to write the recur-
sion (2.10) in the form of an expected value. Namely,

> t] + m(ξ)κθύ(t - ^ , ξ < ! > ) l [ ^ < t}} (2.11)

where

i. 5^ is exponentially distributed with parameter \(ξβ) — 2̂ " "^ 2*

ii. Conditionally given ξβ = ξ, ξ<i> is ξ or ^ ± 1 with equal probabilities | each,
independently of S#.
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iii. KQ is 0-1 valued symmetric Bernoulli (coin tossing) random variable, inde-
pendent of Sβ,ζθ>

iv. m(ξ)λ(ξ) = 3 for all ξ e R.
In view of this structure one is naturally led to the jump Markov process

{ξ(t) : t > 0} defined on a probability space (Ω,^7, P) starting at ξe — ζ in
Fourier frequency space R having simple symmetric random walk £<9,£<i>,...
as discrete spatial structure and positive infinitesimal rates λ(£); see Blumenthal
and Getoor (1968) for detailed construction of the strong Markov process {ξ(t) :
t > 0} so specified. Additionally, KQ, K<I>, ft<2>,. is an i.i.d. Bernoulli 0-1
valued sequence independent of the jump process {ξ(t) : t > 0}. Now consider
the multiplicative random functional defined recursively by

5 β + 5i + S2,
= 1,

ώo(6
m(ξ6

m(ξβ

0, if Sθ

O^o(ξ<i>!
,)m(^<i>)

>

),
m

t
\ί SΘ <t
(ξ<2>)ύo

< SΘ + Si,
(C \ if

and

KQ = 1,

if KQ =

This stochastic recursion may be expressed more succinctly as

t α\ - /
ά o(6), if Sθ > t
κθm{ξθ)l{t -SΘ,<1 >) if 5, < t.

Thus defining

Λ Γ e - l J V t - l

ύ(t,ξ) = Eξθ=tt(t,θ) = Eξθ=ξ(ύ0(ξNt)exp{-

_ (2.12)
where iVt counts the number of jumps in {ξ(t) : t > 0} by time £, and using the
strong Markov property of the jump process {ξ(t) : t > 0} one has

ύ(t,ξ) = Ei

= Eξβ=ξ{X(t,θ)l[Sθ > t] + M,θ)l[Sθ < t}}

MO + f e~ms{\Eu,>=i+1t{t - s, < 1 >)
JO Ό

4- | ^ < 1 > = ^ - i X ( t - s,

^ ^ (2.13)

That is, ώ(ί, ξ) defined by (2.12) solves the mild form of the Fourier transformed
equation. The complex measure condition was designed in this example to
provide the simple random walk as the "complex measure". However, more
generally, under Itό's complex measure condition, by decomposing ύ into its
real and imaginary parts and then by applying respective Hahn decompositions
of these into positive and negative parts, up to appropriate normalizations to a
mixture of probability measures which can be absorbed into the multiplicative
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factors ra(ξ), one may obtain a random walk distribution. These details and
generalizations to additional lower order terms, including a Fourier-transformed
Duhamel principle, are the subject of the next section.

3 A General Complex Measure Condition

Let L denote the second order elliptic differential operator defined by

^ ^ f2^ f(x)-ef(x), (3.14)
j,k=l J j = l J

where A = ((α^ : 1 < j , k < n)) is a positive-definite matrix of real numbers
(constants), e > 0, b = (bj(x) : 1 < j < n), and c(x) have the property that the
Fourier transform of each term is a complex measure. We will also permit an
additional forcing term g(t, x) for which the Fourier transform g(t, ξ) is assumed
to exist as a function.

Precise conditions characterizing when a function is the Fourier transform of
a complex measure are not known to us, though various examples and sufficient
conditions are relatively easy to provide. For example, Bochner's theorem may
be used to get a sufficient condition for this in terms of non-negative definiteness.

We consider the Cauchy problem

du
— =Lu + g, u{0, x) = uo{x). (3.15)

In view of the linearity of the equation, the term — eu, e > 0, appearing in (3.15),
for L defined by (3.14), causes no loss in generality for applications to equations
with e = 0. Let

λ(ξ)=<Aξ,ξ>+e, ξeRn, (3.16)

where < , > is ordinary dot product. Then taking Fourier transforms in (3.15)
one has by the integrating factor method that

/ '
Jo

ji jr
+ 1 JU

A solution of the integral equation version (3.17) of the Fourier transformed
differential equation is referred to as a mild solution of the Fourier transform.

The hypothesis that the lower order coefficients each contributes a complex
measure provides a set of up to four probability measures by considering the
positive and negative parts of each of the real and imaginary parts. To obtain a
random walk distribution we proceed as follows. Define positive measures q, Q
on R n by
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and assuming q(Έίn) > 0,

Q{B) = $βγ BGβn; (3 19)

we leave the case q(RP) = 0 as a simple but illuminating exercise for the reader.
Then Q is a probability distribution which dominates each of the complex mea-
sures bj,c,j = 1,2,... n. Let the corresponding Radon-Nikodym derivatives be
denoted by

= -ηkiv) ( 3 2 0 )

and

Now let {ξn = ξ<n> : n = 0,1, 2,. . . } be the random walk on R n with
distribution of i.i.d. displacements 771,772,... given by Q. That is, ξo = ζ and
ξn = ξn_1 — ηn for n > 1. Also let {£(£) : t > 0} denote the corresponding
pure jump Markov process on R n with holding times SQ,SI,... defined by
the positive rates λ(ξn) = < Aξn,ξn > + e , n = 0,1,2,.. ., respectively. Let
{Nt : t > 0} denote the corresponding counting process of the number of jumps
by time ί, and let KΘ,K<I>, be i.i.d. Bernoulli 0-1 valued random variables
on (Ω, T, P) independent of the jump process {ξ(t) : t > 0}. The Bernoulli coin
tossing sequence will induce "virtual states" upon the occurence of Kj = 0. Let

7 | ^ (3.22)
(2π) 2 X(ξ)

and

mj(ξ)=iξjm0(ξ), j = l,2,...,n. (3.23)

Substituting (3.22) and (3.23) into (3.17) gives

ύ(t,ξ)

•ύ(t-s,ξ-η)Q(dη)

+ ]dS

> t]uo(ξθ) + [mj(ξθ)rj(ηi)ύ(t - 5 β

{ t ~ S θ ξ θ ) < t ] } . (3.24)
A(ςo)

Recursively define a times functional by

«o(ξe), if Sθ > t
X(t,0)=< ψ(t-Sθ,ξθ), HSθ<t,Kθ=0,

rj(ηi)mj{ξθ)X(t-Sθ,< 1 >) iϊ Sθ <t,κθ = 1,JΘ = j € {0,...,n}
(3.25)
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where {Ji : i = 1,2,...}, {^ : i = 0,1, 2,... } are respectively i.i.d. uniformly
distributed over {0,1,..., n}, and are i.i.d. symmetric Bernoulli 0-1, mutually
independent and independent of the jump process, and

(3.26)

Define the number of generations to the first "virtual state" by

K = inf{n > 0 : κn = 0}, Kt = Nt Λ K. (3.27)

Iteration of the stochastic recursion leads to

Nt

2 = 1

κt

+ ΠθMfeK-i(ίi-i)lW > K]φ(t -So SKt,ξKt)}(3.28)
2 = 1

where an empty product is assigned value one. Note that [κι = 1, i = 1, 2,..., Nt-
1] = []Vt < K] so that the two terms in (3.28) are complementary.

Theorem 3.1. Assume that there is a number B such that \ύo(ξ)\ < B, and

\g{t,ξ)\ < B\(ξ)/2,ξ e R n , t > 0. Then the expectation

is finite for each ξ G Rn, t > 0.

The proof will follow from (3.28) via a series of lemmas. Throughout fy
denotes the probability density of the designated random variable Y.

For ξ G R n , let Tξ be an exponentially distributed random variable with
parameter λ(£); i.e.

fTξ (s) = X(ξ)e-χ^s for s > 0. (3.29)

Lemma 3.1. For any ξ G R n and s > 0

mo(ξ)fτξ(s)<m0(0)fτ0(s). (3.30)

Proof. The matrix A is positive definite, giving λ(0) = e < e+ < Aξ, ξ > = λ(ξ)

for any ξ G R n . Then

< mo(0)/To(s). (3.31)

D
For r > 0 let g(r, •) denote the density of a gamma random variable having

shape parameter r and scale parameter e; that is g(r, s) = ersr~1e~ΐS/Γ(r) for

s > 0. Also define

α := max sup , ^ [ ^ . ^ > 0. (3.32)

Since A is positive definite, α is finite.
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Lemma 3.2. For any ξ G Rn, j — 1,..., n, and s > 0

\mj(O\fτξ(s) < mo(0)a( — )1/2g(l/2,s). (3.33)

Proof: First note that supy>oye~y2 = (2e)~1 / 2. Then for any ξ G Rn, 5 > 0,
and j = 1,..., n

mj(ξ)\fTΐ(s) =

mo(0)a e(2es)-l/2e~es

). (3.34)

D

L e m m a 3 . 3 . For β > 0

Proo/; For j > 1

so

β2j β2j+1

(j + 1) Γ ( j + |

= (l + ^ ) β ^ 2 . (3.36)

D

Remark The function Ea(z) := ]CŜ _:L r(αL+i) ^s ^^ e Mittag-Lefϊler function,_̂:L r(αL+i)

and £ i (z) = e^2{l + -^ j* e^2dt], e.g. see Feller (1971), Podlubny (1999).

However the simple bound in the above lemma is adequate for the present

development.

Proof of Theorem 3.1: We can rewrite (3.28) as

K/\Nt

1

+φ(t -So Sκ,ξκ)liNt>κ]] (3-37)

where K is a geometrically distributed random variable with parameter 1/2,
independent of the &'s and the SVs; that is P(K = k) = 2~k~ι for k > 0.
Observe that for any ξ G R n , j = 0,..., n

:=<?<oo. (3.38)
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The hypothesized bounds on UQ and g along with P(K < oo) = 1 give

K/\Nt

Π glmji-xte-i)!
1

k

[[\™>Ji-Λξi-i)\l{KΛNt=k]. (3.39)
/c>0 1

For A: > 1, set

+ 2 _ f c _ !

It is helpful to introduce the binomial random variable

fc-l

[j i =o] (3.41)

with parameters /c and ^ - . Setting mo(O) = M, and /? = α(π/2e) 1 / 2 , Lemmas
3.1 and 3.2 give

) if «/i—i = 0

Combining this with the convolution properties of gamma densities gives

Thus

Ak <
\Jo 2

1 Γ Γg(^r^,r)λ(ξk)e-λ^^'rUrds). (3.44)
Jo Jo z
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This is bounded as follows:

/ '
Jo

o

- /
6 Jo

e

< —

7Γ — 1 - T T ) ( 3 ' 4 5 )

and

ή rs k + Yk

0 Jr=O ^

f
r=0

f
r=0

L< I — _ ,,' , ̂  . dr

Combining the above bounds one has

3 , Me

Then (3.39) together with Lemma 3.3 gives

\ΰ(t,ξ)\ <

r=0 ί

-. (3.46)

W_ Mejβnt+t) *ΰ&t(βn+tv*)*

+t))e^-nt(βn+t^f <Oΰ_{3Λ8)

D

It is convenient to introduce the Fourier dual operator L defined for ξ £ R n

by

Lf(ξ) = -(<Aξ,ξ> +e)f(ξ) + -jL -b * f(ξ) - -±=c * f(ξ), (3.49)
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where the middle convolution is componentwise, b* f(ξ) = (/R n f(ζ~ri)bj(dη) :

Corollary 3.1. Under the conditions of the Theorem 3.1 one has that ύ(t,ξ)
is a mild solution of (3.17).

Proof. Conditioning (3.28) one has by independence of {{ξn,Kn,Sn) : n > 1}
and SΘ,KΘ, using the substitution lemma for conditional expectations, that

') + ![*<

+E ξ < 1 >(l[S* <t,κθ = l}rjθ(ηi)mjθ(ξ)X(t-Sθ,<l >))

+EUl>(l[Sθ <t,κθ = O]<p(t-Se,£<i>)X{t-Se,< 1 >)).

(3.50)

D

4 Nonconstant Diffusion Coefficient and the Com-

plex Measure Conditions

In this section we explore the complex measure condition on the lower order co-
efficients when the highest order diffusion coefficient is not necessarily constant.
Since the results are somewhat exploratory, we restrict to one dimension and
consider the Cauchy problem

— =Lu + g, u(0,x) = uo(x) (4.51)

for

Lf(x) = (a(x)f(x))xx + (b(x)f(x))x + c(x)f(x) - ef{x). (4.52)

Letting X(ξ) = e+ a(j^ξ2^ the Fourier transformed equation may be expressed

in the mild form

f Ht-s,ξ-η)a(dη)+ '[ f u(t - s,ξ - η)b(dη)
JR \/2πλ(ξ) JR
f [ f
R \/2πλ(ξ) JR

ύ(t-s,ξ- η)c(dη) + g(t - s, ξ)}ds, (4.53)
V^λ(O JR

where a is the complex measure defined by

a := —L(α({0})50 - a). (4.54)

For later notational convenience let

(4.55)
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To make the probabilistic construction in Fourier frequency space under the
complex measure condition on the lower order coefficients we will require a
condition of the following form on the leading order coefficient α(x).
CONDITION A: Assume that a is a complex measure and

α({0}) > |α|(R\{0}), (4.56)

where \ά\ denotes the corresponding total variation measure. One may note that
in the case of constant coefficient a(x) — α, Condition A is merely the condition
that a > 0.

The stochastic jump Markov process {ξ(t) : t > 0} and multiplicative func-
tional X in this setting are denned as follows. First let q, Q denote the measure
and probability distribution defined by the coefficients b, c exactly as in (3.18)-
(3.19) with dimension n — 1. Similarly, one defines

dc db
Γ o = rfQ' Γ l = dQ ( 4 5 7 )

precisely as in (3.20)-(3.21). In addition, let ao = JI?R) D e the probability
defined by normalizing the total variation measure of the complex measure a
defined above in (4.55). Now define

r 2 = -^L. (4.58)

Next let {Ji : i > 1} and {/̂  : i > 1} be mutually independent sequences of
i.i.d. symmetric Bernoulli 0—1 random variables as defined earlier for (3.25) with
n = 1. Additionally, let {σι : i > 1} be a sequence of independent Bernoulli 0—1
random variables, independent of {Ji : i > 1} and {/̂  : i > 1}, and distributed
according to the law

For future reference, one should also note that p = 7~ 1 |α |(R).
Now the increments {ηi : i > 1} of the jump Markov process are i.i.d. and

independent of the above coin tossing sequences {J^}, {^} with

P(Vi e dη\σi-!) = σi-KXoίdη) + (1 - σ<_i)Q(di7). (4.60)

Accordingly the skeletal jump process starting at ξo = ξ is given by

k

ξk=ξ-Σηi, * > 1 . (4.61)
2 = 1

Conditionally on the spatial random walk {ξk} the holding times {Sk ' k > 1}
for the jump Markov process may be defined by specifying infinitesimal rates
λ(£fc), (e.g. see Blumenthal and Getoor (1968), Bhattacharya and Waymire
(1990)), where

β = e + 7(
2 (4.62)
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Recall that e > 0 is a parameter of (4.52).

Finally, the multiplicative times functional X is recursively defined with scale
factors

( i A o » if^' = 1 (4-63)

and rescaled forcing term φ(t,ξ) = 2((1 — p)λ(ζ)) 1g(t,ξ), by the following
stochastic recursion

if Sθ > t

\j(+n\-) ψ(t-sθ,ξ), if Sβ<t, KΘ = 0,

- %, < 1 >) if Sθ <t,κθ = 1, σ, = l , J f l = j G {0,1}
(4.64)

We are now ready to state the theorem in this setting.

Theorem 4.1. Assume that the diffusion coefficient a satisfies Condition A. If
b and c are complex measures and if there is a number B such that \ύo{ζ)\ ̂  B,
and \g(t,ξ)\ < BX(ξ)/2,ξ e R n , ί > 0. Then a mild solution ύ(t,ξ) for the
Fourier transformed equation is given by the stochastic representation

ΰ(t,ξ) = Έξβ=ζUt,θ), eeR n , i>o.

Proof The focus is on the implied convergence of the expectation. We leave it to
the reader to use the strong Markov property of the underlying jump process to
verify the equation from the stochastic recursion defined by the times functional
X To establish integrability first note that

= |α|(R\{0})

and

Thus

\r2(η)m2(ξ)\ < 1, Vη,ξ. (4.65)

Now with counting random variables K, Nt, and Kt defined exactly as in (3.27),
where Nt is again the number of jumps by time t, one has upon iteration of the
stochastic recursion that

κt

+ ψ(t-S0 SKt,tκt)l[Nt > K}} (4.66)

where an empty product is assigned value one. Therefore, letting q = q(R), one

has

k>0
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For each k it is helpful to introduce the mutually dependent pair of binomial
distributed random variables

fc-l fc-l

2 = 0

Also in the case that σo = = (Jk-ι — 0 set hk — 1, else let /ι̂  denote the
density of J ] o ~ σ^5i conditional on the σ2's, J^'s.
similarly as in the proof of Theorem 3.1, consider
density of J ] o σiSi conditional on the σ2's, J^'s, and ξ '̂s. Then, proceeding

fc-l
\l-σiAk:=Eξθ=ξ [[ iqmj^ξi^-^liKANt = k]

o

fc-l

o

0

— s)ds

•(l[~ + Yk > 1] + l[Xfe = 1, Yk = 0] + l[Xk +Yk = 0])

= 0] + P*

Setting /3 = ( Ϊ ^ J max{ j^fr-, ^ - } , we have

p.
()
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Thus we obtain

2g 2

2 - p

k>l2<n<2k

n

Γ(n/2)

<

This establishes the desired convergence. D
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