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CLASSIFICATION RESULTS OF QUASI EINSTEIN SOLITONS
SHU Yau HuaNG AND LIN FENG WANG

Abstract

We classify (p,7)-quasi Einstein solitons with (a,7)-concurrent vector fields. We
also give a necessary and sufficient condition for a submanifold to be a (p,7)-quasi
Einstein soliton in a Riemannian manifold equipped with an (a,t)-concurrent vector
field.

1. Introduction

Let M be an m-dimensional Riemannian manifold with metric g. We call g
(p,7)-quasi Einstein if

1 |
(L.1) 5 vg+Rlc—;v*®v*:pRg+/1g

holds for some potential field v and some constant A, where Ric is the Ricci
curvature tensor of M, %,g is the Lie derivative of g with respect to v, p and
7> 0 are two given constants and v* is defined by v*(X) = g(v, X) for any vector
X tangent to M. A (p,7)-quasi Einstein soliton is a manifold M whose metric
satisfies (1.1). Recall that a Ricci soliton is a manifold M whose metric satisfies

(1.2) %fvg—kRic:ig
for some potential field v. Hence the (p,7)-quasi Einstein soliton is a gener-
alization of the Ricci soliton.

Classification question for the (p,7)-quasi Einstein soliton is complicated.
Now some additional conditions (for example, the pinching of the Ricci curva-
ture, the harmonicity of the Weyl tensor, the flatness of the Bach tensor, the
locally conformally flatness, the conditions at infinity of the scalar curvature
or the integral conditions of the potential function, etc) should be added. For
works in this direction, we can refer to [1, 2, 3, 9, 10] and the references therein.
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A vector field v is called (a,7t)-concurrent if it satisfies
1
(1.3) va:aX—&—;g(v,X)v

for any vector X tangent to M, where V denotes the Levi-Civita connection
of M. Then an (a, l)-concurrent vector field is a closed torse forming [7] and a
(1, c0)-concurrent vector field is a concurrent vector field [4]. A closed torse
forming is the generator of a biconcircular gradient vector field X, which satisfies
[6]

VyX = g(U, V)X +g(X, Y)U

for any vector Y tangent to M. It was proved in [11] that the concurrent vector
field is existed if the holonomy group of M leaves a point invariant. We can
refer to [4, 5, 7, 8] to see the study of concurrent vector fields.

In [4] Chen and Deshmukh classified Ricci solitons with concurrent potential
fields. They also derived a necessary and sufficient condition for a submanifold
to be a Ricci soliton in a Riemannian manifold equipped with a concurrent
vector field. Inspired by Chen-Deshmukh’s work, we will classify (p,7)-quasi
Einstein solitons with («,7)-concurrent vector fields. We will also give a nec-
essary and sufficient condition for a submanifold to be a (p,7)-quasi Einstein
soliton in a Riemannian manifold equipped with an (a,7)-concurrent vector
field.

2. Classification results via the (a,7)-concurrent vector field

In this section we will classify (p,7)-quasi Einstein solitons with (a,7)-
concurrent vector fields for some constant @ # 0 and 7 > 0. We firstly state a
lemma.

LemmA 2.1. Let v be an (a,t)-concurrent vector field on an m-dimensional

Riemannian manifold M with metric g Then for any unit vector X orthogonal
to v, the sectional curvature of M satisfies

(2.1) mx@:%

Proof. By (1.3) and the definition of the Riemannian curvature, we
have

R(X,v,X,v) = g(VxVov — V,Vxv — Viy v, X)

= g(VX(CZU—I-%MZU),X) —g(VU(aX—i—%g(v,X)v),X)

(et~ el o x).
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Since g(X,v) =0 and
Vyvo -V, X — [X,v] =0,

we have
s ) )
eV, X) = 2 foPe(aX + (00X ) =P
Hence (2.1) holds. O

Lemma 2.1 tells us that the Ricci curvature of M satisfies

-1

(2.2) Ric(v,v) = alv)?.

Now let’s state the main result in this section.

THEOREM 2.2. Let © > 0,a # 0 and p be given constants. Then the metric g
of an m-dimensional Riemannian manifold M is (p,t)-quasi Einstein, i.e., g satisfies
(1.1), for some constant A and some (a,t)-concurrent vector field v, if and only if
the following three conditions hold.

(a)
(2.3)

a(l —mp),

(b) M™ is an open part of a warped product manifold I X, F, where I is an
open interval with arclength s and F is an (m — 1)-dimensional Einstein manifold
whose Ricci tensor satisfies Ricp = (m — 2)ggp, gp is the metric tensor of F,

(©)

Moreover, after applying a suitable translation and dilation,

T . Ja
\/:sm\/:s, a>0
a T

(2.4) fs) = \/_—2 - \/_—%7
. o Var tan \/gs, a>0

—+/—art tanh ,/—gs, a<0.
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Proof. The main idea comes from [4]. We firstly assume that g is (p,1)-
quasi Einstein for some (a,7)-concurrent vector field v. Let us put v = ue;,
where e; is a unit vector field tangent to M™. Also let us extend e; to a local

orthonormal frame {ey,...,e,} on M™. Denote by {wy,...,®,} the dual frame
of 1-forms of {ej,...,en}. Define the connection forms ! (i, j=1,...,m) on
M™ by

m .
(2.6) VXe,»:Za)i’(X)ej, i=1,...,m.

=1

Letting X =¢; in (1.3) we have

2
er(p)er + 1V, el = ae +'u7e1.

Since (V,ei,e1) =0, we have

2
(2.7) e =a+t
and

(2.8) Ve =0.

Put D; = Span{e,} and D, = Span{es,...,e,}. It follows from (2.8) that D; is
a totally geodesic distribution so that the leaves of D; are geodesics of M™.
Also, we may derive from (1.3) with X =¢; (i=2,...,m) that

ei(wer + uVeer = ae;, 2<i<m.

Hence

(2.9) er(p) = =en(p) =0
and

(2.10) uVeer =ae;, 2<i<m.
Due to (2.6), we have

(2.11) ol (e;) = a,

(2.12) wl(e) =0, j#i.

From Cartans structure equations, we have

m

(2.13) dwi:—ijij, i=1,...,m
J=1

Thus, after applying (2.12) and (2.13), we obtain dw'=0. Hence we have
locally @' = ds for some function s on M™. Tt follows from (2.12) that

gllee] 1) = o/ (@) —wj(e) =0, 2<i#j<m.
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Therefore D, is an integrable distribution. Moreover, from (2.11) we know that
the second fundamental form %4 of each leaf L of D, in M™ satisfies

(2.14) h(ei,e) = —

which shows that the mean curvature of each leaf L is given by —au~!.

Equation (2.14) implies that each leaf of D, is a totally umbilical hypersurface

.o ae .
of M™ whose mean curvature vector is H = ——. Furthermore, by applying

u
(2.9) we conclude that D, is a spherical distribution, i.e., the mean curvature
vector of each totally umbilical leaf is parallel in the normal bundle. Conse-
quently, as in [4] we know that M"™ is locally a warped product manifold
I Xy F whose warped metric is given by

(2.15) g=ds’ + /2 (s)gr,

such that ¢; :%. Hence (2.7) becomes
(2.16) w(s)=a+—.

Solving this equation and applying a suitable translation, we get (2.5).
Due to (2.15), a standard calculation shows that the sectional curvature of
M satisfies

(2.17) K(X,v) = — J;((Ss)) ,

for each unit vector X orthogonal to v. Now, after comparing (2.1) with (2.17)
we obtain

(2.18) f"(s) = —gf(S)-

Solving this differential equation yields

C| sin \/as—k C> cos \/as, a>0
T T
C sinh,/—gs—i—Czcosh,/—gs, a<0.

(2.19) Sl _ a

S(s) =

From (2.11) we have

Hence



CLASSIFICATION RESULTS OF QUASI EINSTEIN SOLITONS 643

C; cos \/Es — (, sin \/és cos \/és
T T T
Cy sin \/és + C, cos \/és sin \/és
T T T
C; cosh \/as + C, sinh \/as cosh \/as
T T T
= , a<0.
C; sinh \/és + C, cosh \/és sinh \/és
T T T

Hence C; =0 and
C| sin \/—gs, a>0
fls) =

C sinh’/—%s7 a<0.

Now after applying a suitable dilation of the metric tensor of F, we can choose
f(s) as in (2.4).
On the other hand, by (1.3) and the definition of Lie-derivative we have

a>0

(220)  Lg(X,Y) = g(Vyv, Y) + g(Vyo, X)
- g(aX+1g<X, o), Y) T g(aY+1g<Y, v)v,X>
T T

=2ag(X,Y) + %g(X, v)g(Y,v)
for any X, Y tangent to M™. Combining (2.20) with (1.1) gives
(2.21) Ric(X,Y) = (pR+ 1 —a)g(X,Y).
Choosing X = Y = v and comparing (2.2) and (2.21) we get

(2.22) pR+7—a="""1

a.

Tracing (2.21) leads to
(2.23) R=m(pR+ 1 —a).
Solving (2.22) and (2.23) we get that

1
(2.24) d=a+2

a(l —mp),

(2.25) R:H&%:Qa
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Due to (2.15), a standard calculation shows that (see [10])
Ric(ei, e1) = f*(s) Ricr(ei, ) = [(log /(5))" + (m — 1)((log /(5))')],
i=2,...,m,
where Ricyg denotes the Ricci curvature tensor of F. Hence
Ricy = (m — 2)gg.

Conversely, we assume that (M, g) satisfies conditions a), b) and c) in

0
Theorem 2.2. Let ¢ = e e, ...,e, be a local orthonormal frame tangent to
M™. Note f(s), u(s) satisfy (2.16), (2.18), (2.19). Then

J'(s)
S(s)
2

1
V., (v) = ' (s)er + u(s)Ve,e1 = p'(s)er = (a —|—'u7> e] = ae +;g(v,el)v.

1
Ve, (0) = u(s)Ve,er = pu(s) e; = ae; = ae; + ;g(u, e, 2<i<m,

Hence v is an (a, 7)-concurrent vector field. On the other hand, due to (2.15), a
standard calculation shows that (see [10])

(2.26) Rip = —(m —1)[(log f(1))" + ((log /(1)) )61

and

(227)  Ry=f(O)Rpy — [(log f(1)" + (m = 1)((log £(1))))65, 2<i,j<m,

where R; and Rpr ; denotes the Ricci curvature of M" and F respectively in the
local orthonormal frame. Since F is an Einstein (m — 1)-manifold whose Ricci
tensor satisfies Ricyp = (m —2)gp, we can verify (1.1) directly by using (2.3),
(2.20), (2.26) and (2.27). O

When we choose a = 1, p =0 and let ¢ — oo in Theorem 2.2, we will get the
following classification result, which was derived in [4].

COROLLARY 2.3. An m-dimensional Riemannian manifold (M,g) is a Ricci
soliton, i.e., g satisfies (1.2), for some constant A and some concurrent vector field v,
if and only if the following three conditions hold:

() 2 =1,

(b) M™ is an open part of a warped product manifold I x; F, where I is an
open interval with arclength s and F is an Einstein (m — 1)-manifold whose Ricci
tensor satisfies Ricp = (m — 2)gp, gp is the metric tensor of F,

(€) v(s,-) = s%.



CLASSIFICATION RESULTS OF QUASI EINSTEIN SOLITONS 645
3. Submanifolds with (p,7)-quasi Einstein metric

Let ¢: M™ — N" be an isometric immersion from an m-dimensional
Riemannian manifold (M™,g,,) into an n-dimensional Riemannian manifold
(N",gy). Weuse VM, V¥ to denote the Levi-Civita connections on M and N"
respectively. For vector fields X, Y tangent to M"™ and # normal to M", the
Gauss formula and Weingarten formula are given respectively by [4]

(3.1) VY =VYY +h(X,Y),
(3.2) Vin=—4,X + Dyn,

where (X, Y) is the normal components of VYY, —4,X and Dyn are the
tangential and normal components of V{#. These two formulas define the
second fundamental form /4, the shape operator 4, and the normal connection D
of M in the ambient space N”. For any vector field v on N”, we use v’ and
vt to denote the tangential and normal components of v on M™, respectively.

The following result gives a necessary and sufficient condition, under which
the metric of a submanifold in a Riemannian manifold equipped with an (a,7)-
concurrent vector field is (p,7)-quasi Einstein.

THEOREM 3.1. Let (N",gy) be a Riemannian manifold endowed with an
(a,7t)-concurrent vector field v. Then the metric of a submanifold M™ in N" is

(p,7)-quasi Einstein for the potential field vT and some constant A, if and only if
the Ricci curvature of (M,g) satisfies

(33) Ricy (X, Y) = (2 + pRy — 2a)gy (X, Y) — gy (h(X, Y),07)
for any X, Y tangent to M, where Ry denotes the scalar curvature of M.

Proof. Since v =uvT + v, from (1.3), (3.1) and (3.2) we have
(3.4) aX = VioT + Vvt —%gN(v,X)v
= V¥l + h(X,v") — 4, X + Dyv* — %gN(v, X) (" 4 vh).
By comparing the tangential and normal components of (3.4) we obtain
v :AULX+aX+%gM(UT,X)vT
and
h(X,v") = —Dyv* —l—%gM(vT,X)vL.

Then for vector fields X, Y tangent to M,
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(3.5)  (ZLorgy)(X,Y) =gy (V0T Y) + gy (VYo X)

1
=gy (AL,LX +aX —l—;gM(vT,X)vT, Y)
1
+gM(AvLY+aY+;gM(UTa Y)UT7X>

2
=2agy (X, Y) +2gy(4,.X,Y) +;gM(UT7X)gM(UT7 Y).

From (1.1) we have

1 . 1
(36) EgngM(X> Y) + RICM(X7 Y) - ;gM(UT7X)gM(UT7 Y)

= pRegy (X, Y) + 2gy (X, Y).
Plugging (3.5) into (3.6) leads to
Ricy (X,Y) = (A+pR—-2a)gy,(X,Y) — gy (4,: X, Y).
Since the shape operator and the second fundamental form are related by
£y (A X, ¥) = gy (h(X, V), 05).
We arrive at (3.3). O

Note that t does not appear in (3.3). If welet p=0,a=1 and 7 — oo in
Theorem 3.1, we can get the following result, which was proved in [4].

COROLLARY 3.2. Let (N",gy) be a Riemannian manifold endowed with a
concurrent vector field v. Then a submanifold M™ in N" is a gradient soliton for
the potential field v’ and some constant J. if and only if the Ricci curvature of
(M,g) satisfies

Ricy (X, Y) = (2= 2)gy (X, Y) — gy (h(X, Y),0")
for any X, Y tangent to M.

Recall that a Riemannian submanifold M" is called #-umbilical (with respect
to a normal vector field #) if its shape operated satisfies 4, = @I, where ¢ is a
function on M™ and I is the identity map [4]. The following result can be
deduced from Theorem 3.1 easily.

THEOREM 3.3. Let (N",gy) be a Riemannian manifold endowed with an
(a, 7)-concurrent vector field v. We assume that the metric of a submanifold M™
in N" is (p,t)-quasi Einstein for the potential field v’ and some constant ). Then
M™ is trivial in the sense that g, is Einstein if and only if M™ is v*--umbilical.
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Proof. M"™ is vi-umbilical is equivalent to the fact that for all X, Y

tangent to M,

gM(h<X7 Y)avl) = ¢gM(X7 Y)

Hence (3.3) is equivalent to

Hence this theorem holds. O

(9]

(10]
(1]
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