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ABSOLUTE ZETA FUNCTIONS AND THE AUTOMORPHY

Nobushige Kurokawa and Hidekazu Tanaka

Introduction

In this paper we study the absolute zeta function zf ðsÞ associated to a certain
‘‘absolute automorphic form’’ f ðxÞ on the group

G ¼ R>0 ¼ fx A R j x > 0g:

We require f ðxÞ to satisfy the following automorphy:

f
1

x

� �
¼ Cx�Df ðxÞ;

where D A Z with C ¼G1.
To explain our problem we first recall the history of absolute zeta func-

tions briefly. Soulé [17] (2004) introduced the absolute zeta function (the zeta
functions over F1) of a suitable scheme X as the limit of the congruence zeta
function

zX=F1
¼ lim

p!1
zX=Fp

ðsÞ;

where

zX=Fp
ðsÞ ¼ exp

Xy
m¼1

jXðFpmÞj
m

p�ms

 !
;

see Kurokawa [12] (2005) and Deitmar [4] (2006). Later Connes-Consani [2]
(2010) [3] (2011) interpreted it as

zX=F1
ðsÞ ¼ exp

ðy
1

f ðxÞx�s�1

log x
dx

� �

when

f ðxÞ ¼ jXðFxÞj A Z½x�:

584

2010 Mathematics Subject Classification. Primary 14G10.

Key words and phrases. absolute zeta function, absolute automorphic form.

Received December 22, 2016; revised February 1, 2017.



At this point, it would be suggestive to explain this integral via the Jackson
p-integral. The congruence zeta function

zX=Fp
ðsÞ ¼ exp

Xy
m¼1

f ðpmÞ
m

p�ms

 !

is written as

zX=Fp
ðsÞ ¼ exp

log p

1� p�1

ðy
1

f ðxÞx�s�1

log x
dpx

� �
;

where the Jackson p-integral ðp > 1Þ
ðy
1

gðxÞ dpx ¼
Xy
m¼1

gðpmÞðpm � pm�1Þ

will have the property

lim
p!1

ðy
1

gðxÞ dpx ¼
ðy
1

gðxÞ dx

for a suitable class of functions gðxÞ. Hence, for

gðxÞ ¼ log p

1� p�1
� f ðxÞx

�s�1

log x

it would be reasonable to expect that

lim
p!1

zX=Fp
ðsÞ ¼ exp

ðy
1

f ðxÞx�s�1

log x
dx

� �
:

Unfortunately this integral has divergency in general. For example, let
X ¼ Pn. Then

f ðxÞ ¼ jPnðFxÞj ¼ xn þ xn�1 þ � � � þ 1 ¼ xnþ1 � 1

x� 1
;

so ðy
1

f ðxÞx�s�1

log x
dx ¼ y

from the contribution around x ¼ 1, where f ð1Þ ¼ nþ 1.
To remedy this di‰culty, Kurokawa-Ochiai [9] (2013) and Deitmar-Koyama-

Kurokawa [5] (2015) used the zeta-regularization process:

zX=F1
ðsÞ ¼ exp

q

qw
ZX=F1

ðw; sÞ
����
w¼0

� �
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with

ZX=F1
ðw; sÞ ¼ 1

GðwÞ

ðy
1

f ðxÞx�s�1ðlog xÞw�1
dx:

We notice that

ZX=F1
ðw; sÞ ¼ 1

GðwÞ

ðy
0

f ðetÞe�sttw�1 dt

is the Mellin transform frequently used in the theory of zeta functions, where
f ðetÞ is usually an automorphic form.

As an example of this procedure, we see that

ZP n=F1
ðw; sÞ ¼ ðs� nÞ�w þ ðs� ðn� 1ÞÞ�w þ � � � þ s�w

and

zPn=F1
ðsÞ ¼ 1

ðs� nÞðs� ðn� 1ÞÞ � � � s ;

which has a functional equation

zP n=F1
ðn� sÞ ¼ ð�1Þnþ1zPn=F1

ðsÞ:
Here

n ¼ dim Pn

and

nþ 1 ¼ wðPnÞ ¼ f ð1Þ;

where wðX Þ is the Euler-Poincaré characteristic. At the same time

f ðxÞ ¼ xnþ1 � 1

x� 1

has the automorphy

f
1

x

� �
¼ x�nf ðxÞ

corresponding to the functional equation of zP n=F1
ðsÞ under s $ n� s.

The situation is exactly similar in the case of the Grassmannian scheme
Grðn;mÞ classifying the m-dimensional linear subspaces in the n-dimensional
linear space, where

f ðxÞ ¼ jGrðn;mÞðFxÞj

¼ ðxn � 1Þ � � � ðxn�mþ1 � 1Þ
ðxm � 1Þ � � � ðx� 1Þ
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with the automorphy

f
1

x

� �
¼ x�mðn�mÞf ðxÞ:

Here

mðn�mÞ ¼ dim Grðn;mÞ:

The absolute zeta function zGrðn;mÞ=F1
ðsÞ is a rational function satisfying the

functional equation

zGrðn;mÞ=F1
ðmðn�mÞ � sÞ ¼ ð�1Þ

n
mð ÞzGrðn;mÞ=F1

ðsÞ;
where

n

m

� �
¼ wðGrðn;mÞÞ ¼ f ð1Þ:

The case of Pn is a special case of the Grassmannian:

Pn ¼ Grðnþ 1; 1Þ:

These are particular cases of the following Theorem 1, which is the first
result of this paper.

Theorem 1. Let

f ðxÞ ¼ xl ðxmð1Þ � 1Þ � � � ðxmðaÞ � 1Þ
ðxnð1Þ � 1Þ � � � ðxnðbÞ � 1Þ

with an integer lb 0, and positive integers mðiÞ, nð jÞ. Put

degð f Þ ¼ l þ jmj � jnj;

deg
@

ð f Þ ¼ degð f Þ þ l

¼ 2l þ jmj � jnj;

where

jmj ¼
Xa
i¼1

mðiÞ;

jnj ¼
Xb
j¼1

nð jÞ:

Define

zf ðsÞ ¼ exp
q

qw
Zf ðw; sÞ

����
w¼0

� �
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with

Zf ðw; sÞ ¼
1

GðwÞ

ðy
1

f ðxÞx�s�1ðlog xÞw�1
dx:

Then the following properties hold.
(1)

f
1

x

� �
¼ Cx�Df ðxÞ

with C ¼ ð�1Þa�b
and D ¼ deg

@
ð f Þ.

(2) zf ðsÞ is a meromorphic function on C written explicitly by multiple gamma
functions of order b. Moreover, zeros and poles of zf ðsÞ belong to Z.

(3) zf ðsÞ is non-zero holomorphic in ReðsÞ > degð f Þ � 1 except for the simple
pole at s ¼ degð f Þ.

(4) zf ðsÞ has a functional equation

zf ðD� sÞC ¼ ef ðsÞzf ðsÞ;
where ef ðsÞ is written explicitly by multiple sine functions of order b.

(5) zf ðsÞ is a rational function if and only if f ðxÞ A Z½x�.
(6) When zf ðsÞ is a rational function (i.e., f ðxÞ A Z½x� by (5))

zf ðD� sÞC ¼ ð�1Þ f ð1Þzf ðsÞ:

We may refer to f ðxÞ and zf ðsÞ in Theorem 1 as ‘‘cyclotomic absolute
automorphic forms’’ and ‘‘cyclotomic absolute zeta functions’’ respectively since

f ðxÞ ¼ xl

Qa
i¼1ðxmðiÞ � 1ÞQb
j¼1ðxnð jÞ � 1Þ

l A Zb0;

mðiÞ; nð jÞ A Z>0;

a; b A Zb0

������
8<
:

9=
;

¼ f ðxÞ ¼ xl
YM
m¼1

FmðxÞcðmÞ
l A Zb0;

cðmÞ A Z;

M A Zb0

������
8<
:

9=
;;

where FmðxÞ is the m-th cyclotomic polynomial.
We explain general procedures of constructing absolute zeta functions with

the theory of multiple gamma functions and multiple sine functions in §1. The
detailed formulations and the proof of Theorem 1 are given in §2. We show that
many examples of X such as An, Pn, Grðn;mÞ, GLðnÞ, SLðnÞ, SpðnÞ are special
cases of ‘‘cyclotomic’’ Theorem 1 in §3.

The next theme of this paper is to consider the (absolute) zeta function zrðsÞ
of a virtual representation r of G.

Theorem 2. Let r ¼ ðrþ; r�Þ be a virtual representation of G:

rG : G ! GLðdG;CÞ:
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Define

zrðsÞ ¼ sdetðs�DrÞ�1

¼ detðs�Dr�Þ
detðs�DrþÞ

with

DrG ¼ lim
x!1

rGðxÞ � rGð1Þ
x� 1

:

Let

f ðxÞ ¼ strðrðxÞÞ
¼ trðrþðxÞÞ � trðr�ðxÞÞ:

Then the following properties hold.
(1)

zrðsÞ ¼ zf ðsÞ;
where

zf ðsÞ ¼ exp
q

qw
Zf ðw; sÞ

����
w¼0

� �
with

Zf ðw; sÞ ¼
1

GðwÞ

ðy
1

f ðxÞx�s�1ðlog xÞw�1
dx:

(2) When r is self-dual (self-contragradient) unitary,

zrð�sÞ ¼ ð�1ÞdegðrÞzrðsÞ
with

degðrÞ ¼ degðrþÞ � degðr�Þ
¼ dþ � d�

and

f
1

x

� �
¼ f ðxÞ:

In this case zrðsÞ (and zf ðsÞ) satisfies the analogue of the Riemann hypothesis:

zrðsÞ ¼ 0; y ) ReðsÞ ¼ 0:

The proof is given in §4. We notice that the correspondence from a
representation r to an absolute automorphic form f may be regarded as the
Langlands correspondence over F1.
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The next theme of this paper is to consider the absolute zeta function of
several valuables zf ðs1; . . . ; sqÞ.

Theorem 3. Let

f ðx1; . . . ; xqÞ ¼ x
lð1Þ=2
1 � � � xlðqÞ=2

q

Qa
i¼1ðx

mði;1Þ
1 � � � xmði;qÞ

q � 1ÞQb
j¼1ðx

nð j;1Þ
1 � � � xnð j;qÞ

q � 1Þ
with an integer lðkÞb 0, and positive integers mði; kÞ, nð j; kÞ.

Put

deg
@

kð f Þ ¼ lðkÞ þ
Xa
i¼1

mði; kÞ �
Xb
j¼1

nð j; kÞ:

Define

zf ðs1; . . . ; sqÞ ¼ exp
q

qw
Zf ðw; ðs1; . . . ; sqÞÞ

����
w¼0

� �
with

Zf ðw; ðs1; . . . ; sqÞÞ ¼
1

GðwÞq
ðy
1

� � �
ðy
1

f ðx1; . . . ; xqÞx�s1
1 � � � x�sq

q

� ððlog x1Þ � � � ðlog xqÞÞw�1 dx1

x1
� � � dxq

xq
:

Then the following properties hold.
(1)

f
1

x1
; . . . ;

1

xq

� �
¼ Cx

�Dð1Þ
1 � � � x�DðqÞ

q f ðx1; . . . ; xqÞ

with C ¼ ð�1Þa�b
and DðkÞ ¼ deg

@
kð f Þ.

(2) zf ðs1; . . . ; sqÞ is a meromorphic function on Cq written explicitly by gener-
alized multiple gamma functions.

(3) zf ðs1; . . . ; sqÞ has a functional equation

zf ðDð1Þ � s1; . . . ;DðqÞ � sqÞC ¼ ef ðs1; . . . ; sqÞzf ðs1; . . . ; sqÞ;
where ef ðs1; . . . ; sqÞ is written explicitly by generalized multiple sine functions.

The proof is given in §5. We may refer to f ðx1; . . . ; xqÞ and zf ðs1; . . . ; sqÞ in
Theorem 3 as ‘‘cyclotomic absolute automorphic forms of several valuables’’ and
‘‘cyclotomic absolute zeta functions of several variables’’ respectively.

Theorem 4. We assume qb 2 and f ðx1; . . . ; xqÞ A Z½x1; . . . ; xq�. Then the
following conditions (1) and (2) are equivalent.

(1)

f ðx1; . . . ; xqÞ A ððxi � 1Þðxj � 1Þ j 1a i < ja qÞ:
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(2)

zf ðs1; . . . ; sqÞ ¼ 1:

The proof is given in §6. We remark that in the one variable case, zf ðsÞ ¼ 1
if and only if f ðxÞ ¼ 0.

Acknowledgement. We thank the referee for invaluable comments refining
the paper.

1. General constructions

Let

f : G� f1g ! C [ fyg
be a function. We define

Zf ðw; sÞ ¼
1

GðwÞ

ðy
1

f ðxÞx�sðlog xÞw�1 dx

x

and

zf ðsÞ ¼ exp
q

qw
Zf ðw; sÞ

����
w¼0

� �
;

where we assume that Zf ðw; sÞ has an analytic continuation in w to a region
containing w ¼ 0.

We define

f �ðxÞ ¼ f
1

x

� �
and

ef ðsÞ ¼
zf � ð�sÞ
zf ðsÞ

:

For example, let

f ðxÞ ¼ xa ða A CÞ:
Then

Zf ðw; sÞ ¼ ðs� aÞ�w;

zf ðsÞ ¼
1

s� a
;

f �ðxÞ ¼ x�a;

zf � ðsÞ ¼ 1

sþ a
;
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and

ef ðsÞ ¼ �1:

It would be interesting to extend the above construction to the case of
several variables, where

f : ðG� f1gÞq ! C [ fyg;

Zf ðw; ðs1; . . . ; sqÞÞ ¼
1

GðwÞq
ðy
1

� � �
ðy
1

f ðx1; . . . ; xqÞx�s1
1 � � � x�sq

q

� ððlog x1Þ � � � ðlog xqÞÞw�1 dx1

x1
� � � dxq

xq
;

zf ðs1; . . . ; sqÞ ¼ exp
q

qw
Zf ðw; ðs1; . . . ; sqÞÞ

����
w¼0

� �
;

f �ðx1; . . . ; xqÞ ¼ f
1

x1
; . . . ;

1

xq

� �
;

and

ef ðs1; . . . ; sqÞ ¼
zf � ð�s1; . . . ;�sqÞ
zf ðs1; . . . ; sqÞ

:

For example, let

f ðx1; . . . ; xqÞ ¼ xa1
1 � � � xaq

q ða1; . . . ; aq A CÞ:
Then

Zf ðw; ðs1; . . . ; sqÞÞ ¼ ðs1 � a1Þ�w � � � ðsq � aqÞ�w;

zf ðs1; . . . ; sqÞ ¼
1

ðs1 � a1Þ � � � ðsq � aqÞ
;

f �ðx1; . . . ; xqÞ ¼ x�a1
1 � � � x�aq

q ;

zf � ðs1; . . . ; sqÞ ¼
1

ðs1 þ a1Þ � � � ðsq þ aqÞ
;

and

ef ðs1; . . . ; sqÞ ¼ ð�1Þq:
Now, since the theory of multiple gamma functions and multiple sine func-

tions is essential in the proof of Theorem 1 we briefly review the construction.
For

o ¼ ðo1; . . . ;orÞ
with o1; . . . ;or > 0 (actually this condition can be relaxed: see [1], [10], [11], [8],
[18], [19]) we define the multiple Hurwitz zeta function as

zrðs; x;oÞ ¼
X

n1;...;nrb0

ðn1o1 þ � � � þ nror þ xÞ�s:

592 nobushige kurokawa and hidekazu tanaka



This converges absolutely in ReðsÞ > r and it has an analytic continuation to
all s A C. Moreover, zrðs; x;oÞ is holomorphic at s ¼ 0. The multiple gamma
function Grðx;oÞ and the multiple sine function Srðx;oÞ are defined as

Grðx;oÞ ¼ exp
q

qs
zrðs; x;oÞ

����
s¼0

� �

and

Srðx;oÞ ¼ Grðx;oÞ�1Grðjoj � x;oÞð�1Þ r ;

where

joj ¼ o1 þ � � � þ or:

Both functions Grðx;oÞ and Srðx;oÞ are meromorphic in x A C. When r ¼ 1 we
get classical functions:

z1ðs; x;oÞ ¼
Xy
n¼0

ðnoþ xÞ�s

¼ o�sz s;
x

o

� �

with the Hurwitz zeta function

zðs; xÞ ¼
Xy
n¼0

ðnþ xÞ�s;

G1ðx;oÞ ¼
G

x

o

� �
ffiffiffiffiffiffi
2p

p ox=o�1=2

with the usual gamma function GðxÞ, and

S1ðx;oÞ ¼ 2 sin
px

o

� �
:

The analytic continuation of zrðs; x;oÞ from ReðsÞ > r to all s A C is
obtained by using the integral expression

zrðs; x;oÞ ¼
1

GðsÞ

ðy
0

e�xtts�1

ð1� e�o1tÞ � � � ð1� e�ortÞ dt

¼ 1

GðsÞ

ðy
1

u�x�1ðlog uÞs�1

ð1� u�o1Þ � � � ð1� u�orÞ du:

Hence, we see that the theory of multiple gamma functions and multiple sine
functions is obtained as a special case of the absolute zeta function starting from
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the absolute automorphic function

f ðxÞ ¼ 1

ð1� x�o1Þ � � � ð1� x�orÞ
as follows:

f
1

x

� �
¼ Cx�Df ðxÞ

with C ¼ ð�1Þr and D ¼ joj ¼ o1 þ � � � þ or,

zrðw; s;oÞ ¼ Zf ðw; sÞ;
Grðs;oÞ ¼ zf ðsÞ;

Grðjoj þ s;oÞð�1Þ r ¼ zf � ðsÞ;

and

Srðs;oÞ ¼ ef ðsÞ:

We describe the ‘‘multiple gamma function of negative order’’ G�rðx;oÞ for
o ¼ ðo1; . . . ;orÞ also. This is defined as

G�rðx;oÞ ¼ exp
q

qs
z�rðs; x;oÞ

����
s¼0

� �

for

z�rðs; x;oÞ ¼
X

n1;...;nr¼0;1

ð�1Þn1þ���þnrðn1o1 þ � � � þ nror þ xÞ�s

¼
X

I�f1;...; rg
ð�1ÞjI jðoðIÞ þ xÞ�s;

where

oðIÞ ¼
X
i A I

oi:

Hence, we have the explicit formula

G�rðx;oÞ ¼
Y

n1;...;nr¼0;1

ðn1o1 þ � � � þ nror þ xÞð�1Þ n1þ���þnrþ1

¼
Y

I�f1;...; rg
ðoðIÞ þ xÞð�1ÞjI jþ1

:

The multiple sine function of negative order S�rðx;oÞ is defined by

S�rðx;oÞ ¼ G�rðx;oÞ�1G�rð�joj � x;oÞð�1Þ r :
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We remark the simplest case r ¼ 0:

z0ðs; x; jÞ ¼ x�s;

G0ðx; jÞ ¼
1

x
;

and

S0ðx; jÞ ¼ G0ðx; jÞ�1G0ð�x; jÞ
¼ �1:

We have

S�rðx;oÞ ¼ 1

for rb 1 as shown below. Let

f ðxÞ ¼ ð1� x�o1Þ � � � ð1� x�orÞ

¼
X

I�f1;...; rg
ð�1ÞjI jx�oðIÞ:

Then

f
1

x

� �
¼ Cx�Df ðxÞ

with C ¼ ð�1Þr and D ¼ �joj: Moreover we have

z�rðw; s;oÞ ¼ Zf ðw; sÞ;
G�rðs;oÞ ¼ zf ðsÞ;

G�rð�joj þ s;oÞð�1Þ r ¼ zf � ðsÞ;

and

S�rðs;oÞ ¼ ef ðsÞ:

Now, the fact

S�rðs;oÞ ¼ 1

is proved exactly in the similar way as Theorem 1 (6), but we show it directly
here from

S�rðs;oÞ ¼ G�rðs;oÞ�1G�rð�joj � s;oÞð�1Þ r

¼
Y

I�f1;...; rg
ðsþ oðIÞÞð�1ÞjI jþ1

�
Y

J�f1;...; rg
ð�joj � sþ oðJÞÞð�1Þ r�jJj

:
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In the second factor replace J by I ¼ f1; . . . ; rg � J: Then we have

S�rðx;oÞ ¼
Y

I�f1;...; rg
fðsþ oðIÞÞð�1ÞjI jþ1

� ð�s� oðIÞÞð�1ÞjI j g

¼
Y

I�f1;...; rg
ð�1Þð�1ÞjI j

¼ ð�1Þ0

¼ 1

as expected above.

2. Proof of Theorem 1

(1) From

f ðxÞ ¼ xl ðxmð1Þ � 1Þ � � � ðxmðaÞ � 1Þ
ðxnð1Þ � 1Þ � � � ðxnðbÞ � 1Þ

we obtain

f
1

x

� �
¼ x�l ðx�mð1Þ � 1Þ � � � ðx�mðaÞ � 1Þ

ðx�nð1Þ � 1Þ � � � ðx�nðbÞ � 1Þ

¼ ð�1Þa�b
x�degð f Þ ðxmð1Þ � 1Þ � � � ðxmðaÞ � 1Þ

ðxnð1Þ � 1Þ � � � ðxnðbÞ � 1Þ
¼ Cx�Df ðxÞ

with

C ¼ ð�1Þa�b

and

D ¼ deg
@

ð f Þ ¼ degð f Þ þ l:

(2) Since

f ðxÞ ¼ xl�jnj ðxmð1Þ � 1Þ � � � ðxmðaÞ � 1Þ
ð1� x�nð1ÞÞ � � � ð1� x�nðbÞÞ

¼ 1

ð1� x�nð1ÞÞ � � � ð1� x�nðbÞÞ
X

I�f1;...;ag
ð�1Þa�jI j

xl�jnjþmðIÞ

with

mðIÞ ¼
X
i A I

mðiÞ;
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we get

Zf ðw; sÞ ¼
X

I�f1;...;ag

ð�1Þa�jI j

GðwÞ

ðy
1

x�ðs�lþjnj�mðIÞÞðlog xÞw�1

ð1� x�nð1ÞÞ � � � ð1� x�nðbÞÞ
dx

x

¼
X

I�f1;...;ag
ð�1Þa�jI j

zbðw; s� l þ jnj �mðIÞ; nÞ:

Hence

zf ðsÞ ¼
Y

I�f1;...;ag
Gbðs� l þ jnj �mðIÞ; nÞð�1Þ a�jI j

:

Especially, zf ðsÞ is meromorphic on C, and its zeros and poles belong to Z.
(3) From the expression

zf ðsÞ ¼ Gbðs� degð f Þ; nÞ

�
Y

I�f1;...;ag
Gbðs� l þ jnj �mðIÞ; nÞð�1Þ a�jI j

¼ Gbðs� degð f Þ; nÞ

�
Y

I�f1;...;ag
I0j

Gbðs� degð f Þ þmðIÞ; nÞð�1ÞjI j

we know that zf ðsÞ is non-zero holomorphic in ReðsÞ > degð f Þ � 1 except for the
simple pole at s ¼ degð f Þ coming from the first factor.

Moreover

Ress¼degð f Þ zf ðsÞ ¼ rbðnÞ
�1 �

Y
I0j

GbðmðIÞ; nÞð�1ÞjI j

with

rbðnÞ ¼
Ya

k1;...;kbb0
ðk1;...;kbÞ0ð0;...;0Þ

ðk1nð1Þ þ � � � þ kbnðbÞÞ;

which is the Stirling modular form of Barnes [1] (1904) and
Q‘

denotes the
regularized product of Deninger [6] (1992):Ya

l AL

l ¼ exp � d

ds

X
l AL

l�s

����
s¼0

 !
:

In [20] (2012), Tanaka investigated the Stirling modular form.
(4) From (1) we see that

f �ðxÞ ¼ Cx�Df ðxÞ
with C ¼ ð�1Þa�b and D ¼ deg

@
ð f Þ.
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Hence, we know exactly as in (2) that

zf � ðsÞ ¼ zf ðDþ sÞC

is a meromorphic function. Thus

ef ðsÞ ¼
zf � ð�sÞ
zf ðsÞ

¼
zf ðD� sÞC

zf ðsÞ

is also a meromorphic function and

zf ðD� sÞC ¼ zf ðsÞef ðsÞ:

Moreover, from the explicit formula for zf ðsÞ using the multiple gamma function
proved in (2) (3) we obtain the following explicit formula for ef ðsÞ using the
multiple sine function:

ef ðsÞ ¼
Y

I�f1;...;ag
Sbðs� degð f Þ þmðIÞ; nÞð�1ÞjI j :

In fact,

zf ðsÞ ¼
Y
I

Gbðs� degð f Þ þmðIÞ; nÞð�1ÞjI j

and

zf ðD� sÞC ¼
Y
I

GbðD� s� degð f Þ þmðIÞ; nÞCð�1ÞjI j

¼
Y
I

GbðD� s� degð f Þ þ jmj �mðIÞ; nÞCð�1ÞjI j�a

¼
Y
I

Gbðl þ jmj �mðIÞ � s; nÞð�1ÞjI jþb

¼
Y
I

Gbðjnj � ðs� degð f Þ þmðIÞÞ; nÞð�1ÞjI jþb

give

ef ðsÞ ¼ zf ðsÞ�1zf ðD� sÞC

¼
Y
I

ðGbðs� degð f Þ þmðIÞ; nÞ�1Gbðjnj � ðs� degð f Þ þmðIÞÞ; nÞð�1ÞbÞð�1ÞjI j

¼
Y
I

Sbðs� degð f Þ þmðIÞ; nÞð�1ÞjI j :
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(5)
(a) proof of ():
Let

f ðxÞ ¼
X
k

aðkÞxk A Z½x�:

Then

Zf ðw; sÞ ¼
X
k

aðkÞðs� kÞ�w;

so

zf ðsÞ ¼
Y
k

ðs� kÞ�aðkÞ

is a rational function.
(b) proof of )):
From

f ðxÞ ¼ xl�jnj

ð1� x�nð1ÞÞ � � � ð1� x�nðbÞÞ
X

I�f1;...;ag
ð�1Þa�jI j

xmðIÞ

we obtain the following expression in x > 1:

f ðxÞ ¼
X

I�f1;...;ag
ð�1Þa�jI j

xl�jnjþmðIÞ
X

k1;...;kbb0

x�ðk1nð1Þþ���þkbnðbÞÞ:

Let X
k1;...;kbb0

x�ðk1nð1Þþ���þkbnðbÞÞ ¼
X
mb0

vnðmÞx�m

with

vnðmÞ ¼ jfðk1; . . . ; kbÞ j k1; . . . ; kb b 0; k1nð1Þ þ � � � þ kbnðbÞ ¼ mgj:
Then we get

f ðxÞ ¼
X

I�f1;...;ag
ð�1Þa�jI j

xl�jnjþmðIÞ
X
mb0

vnðmÞx�m

 !

¼
X
m

X
I�f1;...;ag

ð�1Þa�jI j
vnðmþ l � jnj þmðIÞÞ

0
@

1
Ax�m

¼
X
m

X
I�f1;...;ag

ð�1ÞjI jvnðmþ degð f Þ �mðIÞÞ

0
@

1
Ax�m:
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Now, from the expression

zf ðsÞ ¼
Y

I�f1;...;ag
Gbðs� degð f Þ þmðIÞ; nÞð�1ÞjI j

we see that

ords¼�m zf ðsÞ ¼
X

I�f1;...;ag
ð�1ÞjI jvnðmþ degð f Þ �mðIÞÞ;

where the order is considered as the order of a pole (so, negative order for a
zero). Thus we obtain the expression

f ðxÞ ¼
X
m

ðords¼�m zf ðsÞÞx�m:

When zf ðsÞ is a rational function,

ords¼�m zf ðsÞ ¼ 0

for jmj su‰ciently large.
Hence, f ðxÞ is a Laurent polynomial with Z-coe‰cients. Since

f ðxÞ ¼ xl

Q
iðxmðiÞ � 1ÞQ
jðxnð jÞ � 1Þ

shows that f ð0Þ is finite, f ðxÞ A Z½x�.
(6) From (5), put

f ðxÞ ¼
X
k

aðkÞxk A Z½x�:

Then

f �ðxÞ ¼
X
k

aðkÞx�k:

Since

Zf ðw; sÞ ¼
X
k

aðkÞðs� kÞ�w

and

Zf � ðw; sÞ ¼
X
k

aðkÞðsþ kÞ�w

we get

zf ðsÞ ¼
Y
k

ðs� kÞ�aðkÞ
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and

zf � ðsÞ ¼
Y
k

ðsþ kÞ�aðkÞ:

Hence

ef ðsÞ ¼
zf � ð�sÞ
zf ðsÞ

¼
Q

kð�sþ kÞ�aðkÞQ
kðs� kÞ�aðkÞ

¼ ð�1ÞTkaðkÞ

¼ ð�1Þ f ð1Þ:

Thus, by (4) we obtain the functional equation

zf ðdeg
@

ð f Þ � sÞð�1Þ a�b

¼ ð�1Þ f ð1Þzf ðsÞ:

Otherwise we may argue as follows. The equation

f
1

x

� �
¼ Cx�Df ðxÞ

of (1) (C ¼G1, D A Z) for

f ðxÞ ¼
X
k

aðkÞxk A Z½x�

implies X
k

aðkÞx�k ¼
X
k

C � aðkÞxk�D

¼
X
k

C � aðD� kÞx�k:

Hence, we get

aðkÞ ¼ C � aðD� kÞ:

By the way

zf ðsÞ ¼
Y
k

ðs� kÞ�aðkÞ

gives
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zf ðD� sÞC ¼
Y
k

ððD� kÞ � sÞ�C�aðkÞ

¼
Y
k

ðk � sÞ�C�aðD�kÞ

¼
Y
k

ðk � sÞ�aðkÞ;

where we used

aðkÞ ¼ C � aðD� kÞ:
Thus

ef ðsÞ ¼
zf ðD� sÞC

zf ðsÞ

¼
Q

kðk � sÞ�aðkÞQ
kðs� kÞ�aðkÞ

¼ ð�1Þ f ð1Þ: ½QED of Theorem 1�

3. Examples

In this section we illustrate by examples that the absolute zeta functions
zX=F1

ðsÞ of some typical Z-schemes over F1 are identified with the zeta func-
tions zf ðsÞ of certain cyclotomic absolute automorphic forms f such that f ðxÞ ¼
jX ðFxÞj for primes powers x; and that in each subsection we list the f ðxÞ,
zX=F1

ðsÞ ¼ zf ðsÞ, the invariants D, C, l, a, b, f ð1Þ as Theorem 1, and the func-
tional equation for zX=F1

ðsÞ.

3.1. A‰ne space An.

f ðxÞ ¼ xn;

zA n=F1
ðsÞ ¼ zf ðsÞ ¼

1

s� n
:

[D ¼ 2n, C ¼ þ1; l ¼ n, a ¼ b ¼ 0; f ð1Þ ¼ 1]

zA n=F1
ð2n� sÞ ¼ �zAn=F1

ðsÞ:

3.2. Projective space Pn.

f ðxÞ ¼ xn þ xn�1 þ � � � þ 1 ¼ xnþ1 � 1

x� 1
;

zPn=F1
ðsÞ ¼ 1

ðs� nÞ � � � s :
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[D ¼ n, C ¼ þ1; l ¼ 0, a ¼ b ¼ 1; mð1Þ ¼ nþ 1, nð1Þ ¼ 1; f ð1Þ ¼ nþ 1]

zP n=F1
ðn� sÞ ¼ ð�1Þnþ1zPn=F1

ðsÞ:

3.3. Grassmannian space Grðn;mÞ.

f ðxÞ ¼ ðxn � 1Þ � � � ðxn�mþ1 � 1Þ
ðxm � 1Þ � � � ðx� 1Þ ;

zGrðn;mÞ=F1
ðsÞ is a rational function.

[D ¼ mðn�mÞ, C ¼ þ1; l ¼ 0, a ¼ b ¼ m; f ð1Þ ¼ n

m

� �
.]

zGrðn;mÞ=F1
ðmðn�mÞ � sÞ ¼ ð�1Þ

n
mð ÞzGrðn;mÞ=F1

ðsÞ:

3.4. General linear group GLðnÞ.
f ðxÞ ¼ xnðn�1Þ=2ðx� 1Þðx2 � 1Þ � � � ðxn � 1Þ;

zGLðnÞ=F1
ðsÞ is the rational function G�nðs� n2; ð1; 2; . . . ; nÞÞ.

[D ¼ nð3n� 1Þ
2

, C ¼ ð�1Þn; l ¼ nðn� 1Þ
2

, a ¼ n, b ¼ 0; f ð1Þ ¼ 0.]

zGLðnÞ=F1

nð3n� 1Þ
2

� s

� �ð�1Þ n

¼ zGLðnÞ=F1
ðsÞ:

3.5. Special linear group SLðnÞ.
f ðxÞ ¼ xnðn�1Þ=2ðx2 � 1Þ � � � ðxn � 1Þ;

zSLðnÞ=F1
ðsÞ is the rational function G�ðn�1Þðs� ðn2 � 1Þ; ð2; 3; . . . ; nÞÞ.

[D ¼ nð3n� 1Þ
2

� 1, C ¼ ð�1Þn�1; l ¼ nðn� 1Þ
2

, a ¼ n� 1, b ¼ 0; f ð1Þ ¼ 0.]

zSLðnÞ=F1

nð3n� 1Þ
2

� 1� s

� �ð�1Þ n�1

¼ zSLðnÞ=F1
ðsÞ:

3.6. Symplectic group SpðnÞ (size 2n).

f ðxÞ ¼ xn2ðx2 � 1Þðx4 � 1Þ � � � ðx2n � 1Þ;
zSpðnÞ=F1

ðsÞ is the rational function G�nðs� ð2n2 þ nÞ; ð2; 4; . . . ; 2nÞÞ.
[D ¼ nð3nþ 1Þ, C ¼ ð�1Þn; l ¼ n2, a ¼ n, b ¼ 0; f ð1Þ ¼ 0.]

zSpðnÞ=F1
ðnð3nþ 1Þ � sÞð�1Þn ¼ zSpðnÞ=F1

ðsÞ:

Remarks.

ð1Þ zSpðnÞ=F1
ðsÞ ¼ zGLðnÞ=F1

s� n

2

� �
;

ð2Þ zSpðnÞ=Fq
ðsÞ ¼ zGLðnÞ=F

q2

s� n

2

� �
:
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3.7. Multiple gamma functions of order r.

f ðxÞ ¼ 1

ðxnð1Þ � 1Þ � � � ðxnðrÞ � 1Þ ;

zf ðsÞ ¼ Grðsþ jnj; nÞ:
[D ¼ �jnj, C ¼ ð�1Þr; l ¼ 0, a ¼ 0, b ¼ r.]

zf ð�jnj � sÞð�1Þ r ¼ zf ðsÞef ðsÞ;
ef ðsÞ ¼ Srðsþ jnj; nÞ:

3.8. Multiple gamma functions of oder �r.

f ðxÞ ¼ ðxmð1Þ � 1Þ � � � ðxmðrÞ � 1Þ;

zf ðsÞ ¼
Y

I�f1;...; rg
ðs�mðIÞÞð�1Þ r�jI jþ1

;

mðIÞ ¼
X
i A I

mðiÞ:

[D ¼ jmj, C ¼ ð�1Þr; l ¼ 0, a ¼ r, b ¼ 0; f ð1Þ ¼ 0]

zf ðjmj � sÞð�1Þ r ¼ zf ðsÞ:

4. Proof of Theorem 2

(1) Let

rþ G 0
dþ

j¼1

wað jÞ;

r� G 0
d�

k¼1

wbðkÞ

with

wa : G ! GLð1;CÞ
defined by

waðxÞ ¼ xa:

Then

Drþ G lim
x!1

0
dþ

j¼1

wað jÞðxÞ � 1

x� 1

� �

¼
að1Þ O

. .
.

O aðdþÞ

0
BB@

1
CCA;
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and

Dr� G lim
x!1

0
d�

k¼1

wbðkÞðxÞ � 1

x� 1

� �

¼
bð1Þ O

. .
.

O bðd�Þ

0
BB@

1
CCA:

Hence

zrðsÞ ¼
detðs�Dr�Þ
detðs�DrþÞ

¼
Qd�

k¼1ðs� bðkÞÞQdþ
j¼1ðs� að jÞÞ

:

On the other hand we see that

f ðxÞ ¼ trðrþðxÞÞ � trðr�ðxÞÞ

¼
Xdþ
j¼1

xað jÞ �
Xd�
k¼1

xbðkÞ:

Hence

Zf ðw; sÞ ¼
Xdþ
j¼1

ðs� að jÞÞ�w �
Xd�
k¼1

ðs� bðkÞÞ�w

and

zf ðsÞ ¼
Qd�

k¼1ðs� bðkÞÞQdþ
j¼1ðs� að jÞÞ

:

Thus, we get the identity

zrðsÞ ¼ zf ðsÞ:

(2) From the unitariness of rG, we have

f ðxÞ ¼
Xdþ
j¼1

xað jÞ �
Xd�
k¼1

xbðkÞ

with að jÞ; bðkÞ A
ffiffiffiffiffiffiffi
�1

p
R.

By the way, the expression

zrðsÞ ¼
Qd�

k¼1ðs� bðkÞÞQdþ
j¼1ðs� að jÞÞ
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obtained in (1) gives

zrð�sÞ ¼
Qd�

k¼1ð�s� bðkÞÞQdþ
j¼1ð�s� að jÞÞ

¼ ð�1Þdþ�d�

Qd�
k¼1ðsþ bðkÞÞQdþ
j¼1ðsþ að jÞÞ

¼ ð�1ÞdegðrÞzf � ðsÞ;
where we used

f �ðxÞ ¼
Xdþ
j¼1

x�að jÞ �
Xd�
k¼1

x�bðkÞ:

Now, the self-duality of rG means

�rrGG rG;

where

�rrGðxÞ ¼ trGðx�1Þ:
In particular, we get

f �ðxÞ ¼ f ðx�1Þ

¼ trð trþðx�1ÞÞ � trð tr�ðx�1ÞÞ
¼ trð�rrþðxÞÞ � trð�rr�ðxÞÞ
¼ trðrþðxÞÞ � trðr�ðxÞÞ
¼ f ðxÞ:

Thus we have

zrð�sÞ ¼ ð�1ÞdegðrÞzf ðsÞ

¼ð1Þ ð�1ÞdegðrÞzrðsÞ: ½QED of Theorem 2�

5. Proof of Theorem 3

Now, we introduce the generalized multiple gamma function Gðx1; . . . ; xq;WÞ
and the generalized multiple sine function Sðx1; . . . ; xq;WÞ respectively.

For

W ¼
oð1; 1Þ � � � oð1; qÞ

..

. ..
.

oðr; 1Þ � � � oðr; qÞ

0
BB@

1
CCA
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with oð1; 1Þ; . . . ;oðr; qÞ > 0 (actually this condition can be relaxed: see [13], [14],
[15], [16], [7]) we define Shintani zeta function as

zðs; ðx1; . . . ; xqÞ;WÞ ¼
X

n1;...;nrb0

Yq
k¼1

Xr
i¼1

nioði; kÞ þ xk

 !�s

:

We remark that Shintani zeta function was introduced by Shintani [13], [14]
(1976) but the above definition is a modified version by Friedman-Ruijsenaars [7]

(2004). This converges absolutely in ReðsÞ > r

q
and it has an analytic continua-

tion to all s A C. Moreover, zðs; ðx1; . . . ; xqÞ;WÞ is holomorphic at s ¼ 0. The
generalized multiple gamma function Gðx1; . . . ; xq;WÞ and the generalized mul-
tiple sine function Sðx1; . . . ; xq;WÞ are defined as

Gðx1; . . . ; xq;WÞ ¼ exp
q

qs
zðs; ðx1; . . . ; xqÞ;WÞ

����
s¼0

� �

and

Sðx1; . . . ; xq;WÞ

¼ Gðx1; . . . ; xq;WÞ�1G
Xr
i¼1

oði; 1Þ � x1; . . . ;
Xr
i¼1

oði; qÞ � xq;W

 !ð�1Þ r

:

Both functions Gðx1; . . . ; xq;WÞ and Sðx1; . . . ; xq;WÞ are meromorphic in
ðx1; . . . ; xqÞ A Cq.

(1) From

f ðx1; . . . ; xqÞ ¼ x
lð1Þ=2
1 � � � xlðqÞ=2

q

Qa
i¼1ðx

mði;1Þ
1 � � � xmði;qÞ

q � 1ÞQb
j¼1ðx

nð j;1Þ
1 � � � xnð j;qÞ

q � 1Þ

we obtain

f
1

x1
; . . . ;

1

xq

� �
¼ Cx

�Dð1Þ
1 � � � x�DðqÞ

q f ðx1; . . . ; xqÞ

with

C ¼ ð�1Þa�b

and

DðkÞ ¼ deg
@

kð f Þ ¼ lðkÞ þ
Xa
i¼1

mði; kÞ �
Xb
j¼1

nð j; kÞ:
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(2) Since

f ðx1; . . . ; xqÞ ¼ x
lð1Þ=2�T

j
nð j;1Þ

1 � � � xlðqÞ=2�T
j
nð j;qÞ

q

�
X

I�f1;...;ag
ð�1Þa�jI j

x
mðI ;1Þ
1 � � � xmðI ;qÞ

q

0
@

1
A

�
X

v1;...; vqb0

ðx�nð1;1Þ
1 � � � x�nð1;qÞ

q Þv1 � � � ðx�nðb;1Þ
1 � � � x�nðb;qÞ

q Þvq
0
@

1
A

with

mðI ; kÞ ¼
X
i A I

mði; kÞ;

we get

Zf ðw; ðs1; . . . ; sqÞÞ

¼
X

v1;...; vqb0

X
I�f1;...;ag

ð�1Þa�jI jYq
k¼1

sk þ
Xb
j¼1

ðvj þ 1Þnð j; kÞ �mðI ; kÞ � lðkÞ
2

 !�w

:

Hence

zf ðs1; . . . ; sqÞ

¼
Y

I�f1;...;ag

Ya
v1;...; vq

Yq
k¼1

sk þ
Xb
j¼1

ðvj þ 1Þnð j; kÞ �mðI ; kÞ � lðkÞ
2

 ! !ð�1Þ a�jI jþ1

¼
Y

I�f1;...;ag

Ya
v1;...; vq

Yq
k¼1

sk � degkð f Þ þmðI ; kÞ þ
Xb
j¼1

vjnð j; kÞ
 ! !ð�1ÞjI jþ1

;

where degkð f Þ ¼
lðkÞ
2

þ
Pa

i¼1 mði; kÞ �
Pb

j¼1 nð j; kÞ. Thus we obtain

zf ðs1; . . . ; sqÞ ¼
Y

I�f1;...;ag
Gðs1 � deg1ð f Þ þmðI ; 1Þ; . . . ;

sq � degqð f Þ þmðI ; qÞ;NÞð�1ÞjI j ;

where

N ¼
nð1; 1Þ � � � nð1; qÞ

..

. ..
.

nðb; 1Þ � � � nðb; qÞ

0
BB@

1
CCA
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and

Gðx1; . . . ; xq;NÞ ¼ Gb;qðx1; . . . ; xq;NÞ
is the generalized multiple gamma function. Hence zf ðs1; . . . ; sqÞ is a meromor-
phic function on Cq.

(3) From (1) we see that

f �ðx1; . . . ; xqÞ ¼ Cx
�Dð1Þ
1 � � � x�DðqÞ

q f ðx1; . . . ; xqÞ
with C ¼ ð�1Þa�b and DðkÞ ¼ deg

@
kð f Þ. Hence, we have

zf � ð�s1; . . . ;�sqÞ

¼ zf ðDð1Þ � s1; . . . ;DðqÞ � sqÞC

¼
Y

I�f1;...;ag
G

lð1Þ
2

� s1 þmðI ; 1Þ; . . . ; lðqÞ
2

� sq þmðI ; qÞ;N
� �ð�1Þa�bþjI j

¼
Y

I�f1;...;ag
G

 Xb
j¼1

nð j; 1Þ � s1 þ deg1ð f Þ �mðI ; 1Þ; . . . ;

Xb
j¼1

nð j; qÞ � sq þ degqð f Þ �mðI ; qÞ;N
!ð�1Þ bþjI j

:

Thus

ef ðs1; . . . ; sqÞ ¼
Y

I�f1;...;ag
Sðs1 � deg1ð f Þ þmðI ; 1Þ; . . . ;

sq � degqð f Þ þmðI ; qÞ;NÞð�1ÞjI j ;

where

Sðx1; . . . ; xq;NÞ

¼ Gðx1; . . . ; xq;NÞ�1G
Xb
j¼1

nð j; 1Þ � x1; . . . ;
Xb
j¼1

nð j; qÞ � xq;N

 !ð�1Þ b

is the generalized multiple sine function. [QED of Theorem 3]

6. Proof of Theorem 4

(a) Proof of (1) ) (2):
Let

f ðx1; . . . ; xqÞ ¼
X

1ai< jan

ðxi � 1Þðxj � 1Þgijðx1; . . . ; xqÞ

609absolute zeta functions and the automorphy



with

gijðx1; . . . ; xqÞ ¼
X

k1;...;kq

bijðk1; . . . ; kqÞxk1
1 � � � xkq

q A Z½x1; . . . ; xq�:

Then we have

Zf ðw; ðs1; . . . ; sqÞÞ ¼
X

1ai< jan

X
k1;...;kq

bijðk1; . . . ; kqÞ
1

ðs1 � k1Þw
� � � 1

ðsi�1 � ki�1Þw

� 1

ðsi � ki � 1Þw � 1

ðsi � kiÞw
� �

1

ðsiþ1 � kiþ1Þw
� � � 1

ðsj�1 � kj�1Þw

� 1

ðsj � kj � 1Þw � 1

ðsj � kjÞw
� �

1

ðsjþ1 � kjþ1Þw
� � � 1

ðsq � kqÞw
:

Since

q

qw
Zf ðw; ðs1; . . . ; sqÞÞ

����
w¼0

¼ 0;

we have

zf ðs1; . . . ; sqÞ ¼ exp
q

qw
Zf ðw; ðs1; . . . ; sqÞÞ

����
w¼0

� �

¼ 1:

Thus, we obtain (1) ) (2) of Theorem 4.
(b) Proof of (2) ) (1):
Let

f ðx1; . . . ; xqÞ ¼
X

k1;...;kq

aðk1; . . . ; kqÞxk1
1 � � � xkq

q A Z½x1; . . . ; xq�:

Since

zf ðs1; . . . ; sqÞ ¼
Y

k1;...;kq

1

ðs1 � k1Þ � � � ðsq � kqÞ

� �aðk1;...;kqÞ
¼ 1;

we have Y
k1

ðs1 � k1Þ�T
k2 ;...; kq

aðk1;...;kqÞ ¼ 1:

This gives X
k2;...;kq

aðk1; . . . ; kqÞ ¼ 0

610 nobushige kurokawa and hidekazu tanaka



for every k1. Similarly, we have

X
k1;k3;...;kq

aðk1; . . . ; kqÞ ¼ 0; . . . ;
X

k1;k2;...;kq�2;kq

aðk1; . . . ; kqÞ ¼ 0

and X
k1;k2;...;kq�1

aðk1; . . . ; kqÞ ¼ 0

for every k2; . . . ; kq�1 and kq respectively. Now f ðx1; . . . ; xqÞ divided by x1 � 1
can be written as

f ðx1; . . . ; xqÞ ¼ ðx1 � 1Þf1ðx1; . . . ; xqÞ þ r1ðx2; . . . ; xqÞ:

Since r1ðx2; . . . ; xqÞ divided by x2 � 1 can be written as

r1ðx2; . . . ; xqÞ ¼ ðx2 � 1Þf2ðx2; . . . ; xqÞ þ r2ðx3; . . . ; xqÞ;

we have

f ðx1; . . . ; xqÞ ¼ ðx1 � 1Þf1ðx1; . . . ; xqÞ þ ðx2 � 1Þf2ðx2; . . . ; xqÞ þ r2ðx3; . . . ; xqÞ:

When it’s repeated, we have

f ðx1; . . . ; xqÞ ¼ ðx1 � 1Þf1ðx1; . . . ; xqÞ þ ðx2 � 1Þf2ðx2; . . . ; xqÞ
þ � � � þ ðxq�1 � 1Þfq�1ðxq�1; xqÞ þ rq�1ðxqÞ:

Since

X
k1;k2;...;kq�1

aðk1; . . . ; kqÞ ¼ 0;

we have

rq�1ðxqÞ ¼ 0:

Thus, we have

f ðx1; . . . ; xqÞ A ðx1 � 1; x2 � 1; . . . ; xq�1 � 1Þ:

Similarly, we have

f ðx1; . . . ; xqÞ A ðx1 � 1; x2 � 1; . . . ; xq�2 � 1; xq � 1Þ; . . . ; f ðx1; . . . ; xqÞ
A ðx2 � 1; x3 � 1; . . . ; xq � 1Þ:
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Hence, we have

f ðx1; . . . ; xqÞ A
\q
i¼1

ðx1 � 1; . . . ; xi�1 � 1; xiþ1 � 1; . . . ; xq � 1Þ:

Finally, we show

\q
i¼1

ðx1 � 1; . . . ; xi�1 � 1; xiþ1 � 1; . . . ; xq � 1Þ ¼ ððxi � 1Þðxj � 1Þ j 1a i < ja qÞ:

Obviously, we have

ððxi � 1Þðxj � 1Þ j 1a i < ja qÞ �
\q
i¼1

ðx1 � 1; . . . ; xi�1 � 1; xiþ1 � 1; . . . ; xq � 1Þ:

Now we show

\q
i¼1

ðx1 � 1; . . . ; xi�1 � 1; xiþ1 � 1; . . . ; xq � 1Þ � ððxi � 1Þðxj � 1Þ j 1a i < ja qÞ:

If f ðx1; . . . ; xqÞ A
Tq

i¼1ðx1 � 1; . . . ; xi�1 � 1; xiþ1 � 1; . . . ; xq � 1Þ, then we have

f ðx1; . . . ; xqÞ ¼ ðx2 � 1Þh12ðx1; . . . ; xqÞ þ ðx3 � 1Þh13ðx1; . . . ; xqÞ
þ � � � þ ðxq � 1Þh1qðx1; . . . ; xqÞ;

f ðx1; . . . ; xqÞ ¼ ðx1 � 1Þh21ðx1; . . . ; xqÞ þ ðx3 � 1Þh23ðx1; . . . ; xqÞ
þ � � � þ ðxq � 1Þh2qðx1; . . . ; xqÞ;

� � �
f ðx1; . . . ; xqÞ ¼ ðx1 � 1Þhq1ðx1; . . . ; xqÞ þ � � � þ ðxq�1 � 1Þhqq�1ðx1; . . . ; xqÞ:

Using

f ðx1; . . . ; xqÞ ¼ ðx2 � 1Þh12ðx1; . . . ; xqÞ þ ðx3 � 1Þh13ðx1; . . . ; xqÞ
þ � � � þ ðxq � 1Þh1qðx1; . . . ; xqÞ

and

f ðx1; . . . ; xqÞ ¼ ðx1 � 1Þh21ðx1; . . . ; xqÞ þ ðx3 � 1Þh23ðx1; . . . ; xqÞ
þ � � � þ ðxq � 1Þh2qðx1; . . . ; xqÞ;

we have h12ðx1; . . . ; xqÞ A ðx1 � 1; x3 � 1; . . . ; xq � 1Þ: Similarly, we have

h13ðx1; . . . ; xqÞ A ðx1 � 1; x2 � 1; x4 � 1; . . . ; xq � 1Þ; . . . ; h1q�1ðx1; . . . ; xqÞ
A ðx1 � 1; x2 � 1; . . . ; xq�2 � 1; xq � 1Þ
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and h1qðx1; . . . ; xqÞ A ðx1 � 1; x2 � 1; . . . ; xq�1 � 1Þ: Hence, we obtain

f ðx1; . . . ; xqÞ A ððxi � 1Þðxj � 1Þ j 1a i < ja qÞ:

Thus, we obtain (2) ) (1) of Theorem 4. [QED of Theorem 4]
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