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Abstract

In this paper, we obtain some vanishing and finiteness theorems for Lp p-harmonic

1-forms on a locally conformally flat Riemmannian manifolds which satisfies an integral

pinching condition on the traceless Ricci tensor, and for which the scalar curvature

satisfies pinching curvature conditions or the first eigenvalue of the Laplace-Beltrami

operator of M is bounded by a suitable constant.

1. Introduction

Let us recall that an m-dimensional Riemannian manifold ðMm; gÞ is said to
be locally conformally flat if it admits a coordinate covering fUa; jag such that
the map ja; ðUa; jaÞ ! ðSm; g0Þ is a conformal map, where g0 is the standard
metric on Sm. It is well known that a conformally flat manifold is a higher
dimensional generalization of a Riemannian surface. But not every higher di-
mensional manifold admits a locally conformally flat structure, and it is di‰cult
to give a good classification of locally conformally flat Riemannaian manifolds.
However, by adding various geometric conditions, many authors have given some
partial classification for locally conformally flat Riemannian manifolds (for exam-
ples, [2, 4, 5, 7, 11, 12, 13], etc.).

For a compact Riemannian manifold Mm, according to Hodge theory, the
space of harmonic 1-forms on Mm is isomorphic to its first de Rham cohomology
group. And it is well known that there are no harmonic p-forms, 0 < p < m, on
a compact conformally flat manifold Mm with positive Ricci curvature. When
M is non-compact, the Hodge theory does not work anymore, hence it is natural
to consider L2-harmonic forms, as is showed that L2-Hodge theory remains valid
in complete non-compact manifolds as classical Hodge theory works well in the
compact case. In [10], Li-Tam showed that the theory of L2-harmonic 1-forms
can be used to study the topology at infinity of a complete Riemannian manifold.
Recently, H. Z. Lin [11], investigated the L2 harmonic 1-form on locally con-
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formally flat Riemannian manifolds and obtain some vanishing and finiteness
theorems for L2 harmonic 1-forms. For p-harmonic 1-forms, Zhang [14] ob-
tained vanishing results for p-harmonic 1-form. Chang [3] obtained the com-
pactness for any bounded set of p-harmonic 1-forms. The first author in [8]
investigated Lp p-harmonic 1-forms on complete noncompact submanifolds in
a Hadamard manifold, and obtained some vanishing and finiteness theorems for
these forms.

Let ðMm; gÞ be a Riemannian manifold, and let u be a real Cy function
on Mm. Fix p A R, pb 2 and consider a compact domain W � Mm. The
p-energy of u on W, is defined to be

EpðW; uÞ ¼ 1

p

ð
W

j‘ujp:

The function u is said to be p-harmonic on Mm if u is a critical point of EpðW; �Þ
for every compact domain W � Mm. Equivalently, u satisfies the Euler-Lagrange
equation.

divðj‘ujp�2‘uÞ ¼ 0:

Thus, the concept of p-harmonic function is a natural generalization of that of
harmonic function, that is, of a critical point of the 2-energy functional.

Definition 1.1. A p-harmonic 1-form is a di¤erentiable 1-form on Mm

satisfying the following properties:

do ¼ 0;

dðjojp�2
oÞ ¼ 0;

�

where d is the codi¤erential operator. It is easy to see that the di¤erential of a
p-harmonic function is a p-harmonic 1-from.

In this paper, we investigate the properties for p-harmonic 1-form on locally
conformally flat Riemannian manifolds. We assume that Mm is a complete
noncompact manifold and define the space of the Lp p-harmonic 1-froms on M
by

H 1;pðMÞ ¼ o

����
ð
M

jojp < y; do ¼ 0 and dðjojp�2oÞ ¼ 0

� �

where pb 2. We obtain the following results:

Theorem 1.2 (cf. Theorem 3.1). Let ðMm; gÞ, mb 3, be an m-dimensional
complete, simply connected, locally conformally flat Riemannian manifold. Assume
that ð

M

jRjm=2 < y and

ð
M

jT jm=2 < y:
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Then we have dim H 1;pðMÞ < y for pb 2, where Ric, R and T ¼ Ric� R

m
g are

the Ricci curvature tensor, the scalar curvature and the traceless Ricci tensor
respectively of ðMm; gÞ.

Theorem 1.3 (cf. Theorem 3.2). Let ðMm; gÞ, mb 3, be an m-dimensional
complete, simply connected, locally conformally flat Riemannian manifold. Then

there exists a positive constant L <
4½ðm� 1Þðp� 1Þ þ 1�

Sp2ðm� 1Þ such that if

ð
M

jT jm=2

� �2=m
þ 1ffiffiffiffi

m
p

ð
M

jRjm=2

� �2=m
aL;

then we have H 1;pðMÞ ¼ f0g for pb 2, where S is a positive constant in the
inequality (6).

Theorem 1.4 (cf. Theorem 3.3). Let ðMm; gÞ, mb 3, be an m-dimensional
complete, simply connected, locally conformally flat Riemannian manifold. As-
sume that

Ð
M
jT jm=2

dv < y and R is bounded on M and supM jRj > 0. If the first
eigenvalue of the Laplace-Beltrami operator of M satisfies

l1ðMÞ > ðm� 1Þp2 supM jRj
4
ffiffiffiffi
m

p
½ðm� 1Þðp� 1Þ þ 1� ;

then we have dim H 1;pðMÞ < y for pb 2.

Theorem 1.5 (cf. Theorem 3.4). Let ðMm; gÞ, mb 3, be an m-dimensional
complete, simply connected, locally conformally flat Riemannian manifold. As-
sume that R is bounded on M and supM jRj > 0. Assume the first eigenvalue of
the Laplace-Beltrami operator of M satisfies

l1ðMÞ > ðm� 1Þp2 supM jRj
4
ffiffiffiffi
m

p
½ðm� 1Þðp� 1Þ þ 1� :

then there exists a positive constant L such that if ð
Ð
M
jT jm=2Þ2=m < L, then we

have H 1;pðMÞ ¼ f0g for pb 2.

Theorem 1.6 (cf. Theorem 3.5). Let ðMm; gÞ, m > p4, be an m-dimensional
complete, simply connected, locally conformally flat Riemannian manifold with
Ra 0. Assume that

Ð
M
jT jm=2 < y. Then we have dim H 1;pðMÞ < y for

pb 2.

From the proof of Theorem 1.6, we can obtain the following result.

Theorem 1.7. Let ðMm; gÞ, m > p4, be an m-dimensional complete, simply
connected, locally conformally flat Riemannian manifold with Ra 0. Then there
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exists a positive constant L <
4

p2
ðm� 1Þðp� 1Þ þ 1

m� 1
� 4ðm� 1Þffiffiffiffi

m
p

ðm� 2Þ

� �
QðSmÞ such

that if ð
M

jT jm=2

� �2=m
aL;

then we have H 1;pðMÞ ¼ f0g for pb 2, where QðSmÞ ¼ mðm� 2Þo2=m
m

4
is the

Yamabe constant of Sm and om is the volume of the unit sphere in Rm.

2. Preliminaries

In order to prove our main result, we need the following results:

Lemma 2.1 ([9]). Let E be a finite dimensional subspace of the space L2

q-forms on a compact Riemannian manifold ~MMm. Then there exists o A E such
that

dim E

Volð ~MMÞ

ð
~MM

joj2 dvaminfðmq Þ; dim Eg sup
~MM

joj2:

From Lemma 2.1, the first author in [8] obtained the following result.

Lemma 2.2 ([8]). Let E be a finite dimensional subspace of the space Lp

q-forms on a compact Riemannian manifold ~MMm. Then there exists o A E such
that

dim E

Volð ~MMÞ

ð
~MM

jojp dvaminfCpðmq Þ; dim Eg sup
~MM

jojp;

where Cp is a positive constant depending only p and pb 2.

We also need a Kato type inequality for p-harmonic 1-form.

Lemma 2.3 ([8]). Let o be a p-harmonic 1-form on Riemannian manifold
Mm. Then we have the following inequality

j‘ðjojp�2
oÞj2 b 1þ 1

ðm� 1Þðp� 1Þ2

 !
j‘jojp�1j2;ð1Þ

where pb 2.

Using Bochner’s formula [1], we have the following results.

Lemma 2.4. Let o be a p-harmonic 1-form on Riemannian manifold Mm.
Then we have
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1

2
sjoj2ðp�1Þ ¼ j‘ðjojp�2Þoj2 � hddðjojp�2oÞ; jojp�2oið2Þ

þ joj2ðp�2Þ
RicMðo;oÞ:

From (1) and (2), we have

jojp�1sjojp�1
b

1

ðm� 1Þðp� 1Þ2
j‘jojp�1j2ð3Þ

� hddðjojp�2oÞ; jojp�2oi;þjoj2ðp�2Þ
RicMðo;oÞ;

where o is a p-harmonic 1-form on Riemannian manifold Mm.
In [11], H. Z. Lin obtained following result.

Lemma 2.5 ([11]). Let ðMm; gÞ be an m-dimensional complete Riemannian
manifold. Then

Ricb�jT jg� jRjffiffiffiffi
m

p gð4Þ

in the sense of quadratic forms, where Ric, R and T ¼ Ric� R

m
g are the Ricci

curvature tensor, the scalar curvature and the traceless Ricci tensor respectively of
ðMm; gÞ.

It is known that a simply connected, locally conformally flat manifold Mm,
mb 3, has a conformal immersion into Sm and according to [6], the Yamabe

constant of Mm satisfies QðMmÞ ¼ QðSmÞ ¼ mðm� 2Þo2=m
m

4
, which om is the

volume of the unit sphere in Rm. Therefore the following inequality

QðSmÞ
ð
M

f 2m=ðm�2Þ
� �ðm�2Þ=m

a

ð
M

j‘f j2 þ m� 2

4ðm� 1Þ

ð
M

Rf 2ð5Þ

holds for all f A Cy
0 ðMÞ. From (5), H. Z. Lin in [11] proved the following

result.

Lemma 2.6 ([11]). Let ðMm; gÞ, mb 3, be an m-dimensional complete,
simply connected, locally conformally flat Riemannian manifold with Ra 0 orÐ
M
jRjm=2

dv < y. Then the following Sobolev inequality

ð
M

f 2m=ðm�2Þ
� �ðm�2Þ=m

aS

ð
M

j‘f j2; Ef A Cy
0 ðMÞð6Þ
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holds for some constant S > 0, which is equal to QðSmÞ�1
in the case where

Ra 0. In particular, M has infinite volume.

In [8], the first author proved the following result.

Lemma 2.7 ([8]). Let f : Mm ! R be a smooth function on Riemannian
manifold M, and o be a closed 1-form on M. Then we have jdð foÞja jdf j joj.

3. Proof of the main results

Theorem 3.1. Let ðMm; gÞ, mb 3, be an m-dimensional complete, simply
connected, locally conformally flat Riemannian manifold. Assume thatð

M

jRjm=2 < y and

ð
M

jT jm=2 < y:

Then we have dim H 1;pðMÞ < y for pb 2.

Proof. Assume that o is a p-harmonic 1-form on Mm, i.e. o A H 1;pðMÞ.
From (3) and (4), we have

jojp�1sjojp�1
b�hddðjojp�2

oÞ; jojp�2
oiþ 1

ðm� 1Þðp� 1Þ2
j‘jojp�1j2

� jT j joj2ð p�1Þ � jRjffiffiffiffi
m

p joj2ðp�1Þ

b�hddðjojp�2oÞ; jojp�2oiþ 1

m� 1

4

p2
jojp�2j‘jojp=2j2

� jT j joj2ð p�1Þ � jRjffiffiffiffi
m

p joj2ðp�1Þ:

So we have

jojsjojp�1
b�hddðjojp�2oÞ;oiþ 1

m� 1

4

p2
j‘jojp=2j2 � jT j jojp � jRjffiffiffiffi

m
p jojp:ð7Þ

Fix a point x0 A M. Let m A Cy
0 ðMÞ be a smooth function with compact support

on M. Multiplying (7) by m2 and integrating over on M, we have

�
ð
M

m2h‘joj;‘jojp�1i� 2

ð
M

mjojh‘m;‘jojp�1iþ
ð
M

m2hddðjojp�2
oÞ;oið8Þ

b
1

m� 1

4

p2

ð
M

m2j‘jojp=2j2 �
ð
M

jT jm2jojp � 1ffiffiffiffi
m

p
ð
M

jRjm2jojp

From Lemma 2.7, we have
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ð
M

m2hddðjojp�2
oÞ;oi

����
���� ¼

ð
M

hdðjojp�2
oÞ; dðm2oÞi

����
����ð9Þ

a

ð
M

jdðjojp�2oÞj jdðm2oÞj

a 2

ð
M

mjdmj joj2jdjojp�2j

¼ 4ðp� 2Þ
p

ð
M

mj‘mj jojp=2j‘jojp=2j:

By direct computation, we get

�
ð
M

m2‘joj‘jojp�1 � 2

ð
M

mjojh‘m;‘jojp�1ið10Þ

¼ � 4ðp� 1Þ
p2

ð
M

m2j‘jojp=2j2 � 4ðp� 1Þ
p

ð
M

mh‘m;‘jojp=2ijojp=2

a� 4ðp� 1Þ
p2

ð
M

m2j‘jojp=2j2 þ 4ðp� 1Þ
p

ð
M

mj‘mj jojp=2j‘jojp=2j:

From (8), (9) and (10), we have

0a� 4ðp� 1Þ
p2

ð
M

m2j‘jojp=2j2 þ 4ð2p� 3Þ
p

ð
M

mj‘mj jojp=2j‘jojp=2jð11Þ

� 4

p2ðm� 1Þ

ð
M

m2j‘jojp=2j2 þ
ð
M

jT jm2jojp þ 1ffiffiffiffi
m

p
ð
M

jRjm2jojp:

For e1 > 0, we apply the Cauchy-Schwarz inequality, we have

4

p2
ðm� 1Þðp� 1Þ þ 1

m� 1
� 4ð2p� 3Þ

p
e1

� � ð
M

m2j‘jojp=2j2ð12Þ

a
ð2p� 3Þ

p

1

e1

ð
M

jojpj‘mj2 þ
ð
M

jT jm2jojp þ 1ffiffiffiffi
m

p
ð
M

jRjm2jojp:

From the assumption and Lemma 2.6, we know the Sobolev inequality (6) holds
on M. Now since mb 3, we use Hölder, Sobolev inequality (6), and Cauchy-
Schwartz inequalities to obtainð

M

jT jm2jojp a
ð
suppðmÞ

jT jm=2

 !2=m ð
M

ðmjojp=2Þ2m=ðm�2Þ
� �ðm�2Þ=m

ð13Þ

aS

ð
suppðmÞ

jT jm=2

 !2=mð
M

j‘ðmjojp=2Þj2

a fðmÞ ð1þ e2Þ
ð
M

m2j‘jojp=2j2 þ 1þ 1

e2

� �ð
M

jojpj‘mj2
� �
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and

ð
M

jRjm2jojp a
ð
suppðmÞ

jRjm=2

 !2=m ð
M

ðmjojp=2Þ2m=ðm�2Þ
� �ðm�2Þ=m

ð14Þ

aS

ð
suppðmÞ

jRjm=2

 !2=mð
M

j‘ðmjojp=2Þj2

a jðmÞ ð1þ e3Þ
ð
M

m2j‘jojp=2j2 þ 1þ 1

e3

� �ð
M

jojpj‘mj2
� �

for e2 > 0, e3 > 0 where

fðmÞ ¼ S

ð
suppðmÞ

jT jm=2

 !2=m

and jðmÞ ¼ S

ð
suppðmÞ

jRjm=2

 !2=m

:

From (12), (13) and (14), we have

A

ð
M

m2j‘jojp=2j2 aB

ð
M

jojpj‘mj2;ð15Þ

where

A ¼ 4

p2
ðm� 1Þðp� 1Þ þ 1

m� 1
� 4ð2p� 3Þ

p
e1 � fðmÞð1þ e2Þ �

1ffiffiffiffi
m

p jðmÞð1þ e3Þ

B ¼ ð2p� 3Þ
p

1

e1
þ fðmÞ 1þ 1

e2

� �
þ 1ffiffiffiffi

m
p jðmÞ 1þ 1

e3

� �
:

Since
Ð
M
jT jm=2 < y and

Ð
M
jRjm=2 < y, we can choose r0 large enough such

that ð
MnBx0

ðr0Þ
jT jm=2

a
ðm� 1Þðp� 1Þ þ 1

p2ðm� 1ÞSð1þ e2Þ

� �2=m
ð16Þ

and ð
MnBx0

ðr0Þ
jRjm=2

a
ðm� 1Þðp� 1Þ þ 1

p2ðm� 1ÞSð1þ e3Þ
ffiffiffiffi
m

p� �2=m
;ð17Þ

where Bpðr0Þ is the geodesic ball centered at p of radius r0. Let m ¼ mr0 A
Cy

0 ðMÞ be any smooth function with compact support which satisfies SuppðmÞ �
MnBx0ðr0Þ. From (16) and (17), we have

fðmÞa ðm� 1Þðp� 1Þ þ 1

p2ðm� 1Þð1þ e2Þ
and jðmÞa ðm� 1Þðp� 1Þ þ 1

p2ðm� 1Þð1þ e3Þ
ffiffiffiffi
m

p
:ð18Þ
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From (18), we have

4½ðm� 1Þðp� 1Þ þ 1�
p2ðm� 1Þ � fðmÞð1þ e2Þ �

1ffiffiffiffi
m

p jðmÞð1þ e3Þ

b
2½ðm� 1Þðp� 1Þ þ 1�

p2ðm� 1Þ > 0

Hence we can choose e1 > 0 small enough such that

A ¼ 4

p2
ðm� 1Þðp� 1Þ þ 1

m� 1
� 4ð2p� 3Þ

p
e1 � fðmÞð1þ e2Þ �

1ffiffiffiffi
m

p jðmÞð1þ e3Þ > 0:

Therefore, (15) reduces toð
MnBx0

ðr0Þ
m2j‘jojp=2j2 aC

ð
MnBx0

ðr0Þ
jojpj‘mj2;ð19Þ

where C ¼ Cðm; pÞ > 0 depends only on m, p. On the other hand, applying the
Sobolev inequality (6) to mjojp=2, we have

ð
MnBx0

ðr0Þ
ðmjojp=2Þ2m=ðm�2Þ

 !ðm�2Þ=m

ð20Þ

aS

ð
MnBx0

ðr0Þ
j‘ðmjojp=2Þj2

a 2S

ð
MnBx0

ðr0Þ
ðm2j‘jojp=2j2 þ jojpj‘mj2Þ

" #

From (19) and (20), we haveð
MnBx0

ðr0Þ
ðmjojp=2Þ2m=ðm�2Þ

 !ðm�2Þ=m

aC1

ð
MnBx0

ðr0Þ
jojpj‘mj2Þ

" #
ð21Þ

where C1 ¼ C1ðm; pÞ > 0 depends only on m, p. Let rðxÞ be the geodesic
distance on M from x0 to x. Let us choose m A Cy

0 ðMÞ satisfying

mðxÞ ¼

0 on Bx0ðr0Þ [ ðMnBx0ð2rÞÞ;
rðxÞ � r0 on Bx0ðr0 þ 1ÞnBx0ðr0Þ;
1 on Bx0ðrÞnBx0ðr0 þ 1Þ;
2r� rðxÞ

r
on Bx0ð2rÞnBx0ðrÞ;

8>>>>><
>>>>>:

where r > r0 þ 1. From (21) and the definition of m, we haveð
Bx0

ðrÞnBx0
ðr0Þ

jojpm=ðm�2Þ
 !ðm�2Þ=m

aC1

ð
Bx0

ðr0þ1ÞnBx0
ðr0Þ

jojp þ C1

r2

ð
Bx0

ð2rÞnBx0
ðrÞ

jojp
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since joj A LpðMÞ, taking r ! y, we haveð
MnBx0

ðr0Þ
jojpm=ðm�2Þ

 !ðm�2Þ=m

aC1

ð
Bx0

ðr0þ1ÞnBpðr0Þ
jojp:ð22Þ

It follows from the Hölder inequality thatð
Bx0

ðr0þ2ÞnBx0
ðr0þ1Þ

jojpð23Þ

a ½VolðBx0ðr0 þ 2ÞÞ�2=m
ð
Bx0

ðr0þ2ÞnBx0
ðr0þ1Þ

jojpm=ðm�2Þ
 !ðm�2Þ=m

:

From (22) and (23), we haveð
Bx0

ðr0þ2Þ
jojp aC2

ð
Bx0

ðr0þ1Þ
jojp;ð24Þ

where C2 depends on VolðBx0ðr0 þ 2ÞÞ, m and p.
From (7), we have

jojsjojp�1
b�hddðjojp�2

oÞ;oiþ 1

m� 1

4

p2
j‘jojp=2j2 � F jojp:ð25Þ

where F : M ! ½0;þyÞ is the function given by F ¼ jT j þ jRjffiffiffiffi
m

p .

Fix x A M and take h A Cy
0 ðBxð1ÞÞ. Multiply both sides of (25) by

h2jojpq=2�p, with qb 2, and integrating by parts we obtain

� 4ðp� 1Þ
p

ð
Bxð1Þ

hjojpq=2�p=2h‘h;‘jojp=2ið26Þ

b
2ðp� 1Þðpq� 2pþ 2Þ

p2
þ 4

p2ðm� 1Þ

� � ð
Bxð1Þ

jojpq=2�pj‘jojp=2j2h2

� F

ð
Bxð1Þ

h2jojpq=2 �
ð
Bxð1Þ

hdðjojp�2oÞ; dðh2jojpq=2�poÞi:

From Lemma 2.7 and Cauchy-Schwatz inequality, we haveð
Bxð1Þ

jhdðjojp�2oÞ; dðh2jojpq=2�poÞijð27Þ

a

ð
Bxð1Þ

jdðjojp�2
oÞj jdðh2jojpq=2�p

oÞj

a

ð
Bxð1Þ

j‘jojp�2j joj2j½dðh2Þjojpq=2�p þ h2djojpq=2�p�j
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a
4ðp� 2Þ

p

ð
Bxð1Þ

hjojpq=2�p=2j‘hj j‘jojp=2j

þ 2ðp� 2Þðq� 2Þ
p

ð
Bxð1Þ

h2jojpq=2�pj‘jojp=2j2

a
2

p2ðm� 1Þ

ð
Bxð1Þ

jojpq=2�pj‘jojp=2j2h2

þ 2ðp� 2Þ2ðm� 1Þ
ð
Bxð1Þ

j‘hj2jojpq=2

þ 2ðp� 2Þðq� 2Þ
p

ð
Bxð1Þ

h2jojpq=2�pj‘jojp=2j2

and

� 4ðp� 1Þ
p

ð
Bxð1Þ

hjoj pq=2�p=2h‘h;‘jojp=2ið28Þ

a
2

p2ðm� 1Þ

ð
Bxð1Þ

jojpq=2�pj‘jojp=2j2h2

þ 2ðp� 1Þ2ðm� 1Þ
ð
Bxð1Þ

j‘hj2jojpq=2:

From (26), (27) and (28), we have

2ðp� 1Þðpq� 2pþ 2Þ
p2

� 2ðp� 2Þðq� 2Þ
p

� � ð
Bxð1Þ

jojpq=2�pj‘jojp=2j2h2ð29Þ

aF

ð
Bxð1Þ

h2jojpq=2 þ ½2ðp� 1Þ2 þ 2ðp� 2Þ2�ðm� 1Þ
ð
Bxð1Þ

j‘hj2jojpq=2:

By using the Cauchy-Schwarz inequality, we haveð
Bxð1Þ

j‘ðhjojpq=4Þj2ð30Þ

a ð1þ qÞ
ð
Bxð1Þ

jojpq=2j‘hj2 þ q

4

ð
Bxð1Þ

h2jojpq=2�pj‘jojp=2j2
" #

:

From (29) and (30), we haveð
Bxð1Þ

j‘ðhjojpq=4Þj2 aC3

ð
Bxð1Þ

jojpq=2j‘hj2 þ C4

ð
Bxð1Þ

Fh2jojpq=2;ð31Þ
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where

C3 ¼ 1þ qþ q

4
ðqþ 1Þ½2ðp� 1Þ2 þ 2ðp� 2Þ2�ðm� 1Þ

2ðp� 1Þðpq� 2pþ 2Þ
p2

� 2ðp� 2Þðq� 2Þ
p

� ��1

aCðpÞmq;

C4 ¼
q

4
ðqþ 1Þ 2ðp� 1Þðpq� 2pþ 2Þ

p
� 2ðp� 2Þðq� 2Þ

p

� ��1

aCðpÞq;

where CðpÞ is a positive constant depending only on p. Applying (5) to hjojpq=4
and using (31), we have

QðSmÞ
ð
Bxð1Þ

ðhjojpq=4Þ2m=ðm�2Þ
 !ðm�2Þ=m

a

ð
Bxð1Þ

j‘ðhjojpq=4Þj2 þ m� 2

4ðm� 1Þ

ð
Bxð1Þ

Rh2jojpq=2

a

ð
Bxð1Þ

C4F þ m� 2

4ðm� 1ÞR
� �

h2jojpq=2 þ C3

ð
Bxð1Þ

jojpq=2j‘hj2:

so we haveð
Bxð1Þ

ðhjojpq=4Þ2m=ðm�2Þ
 !ðm�2Þ=m

a qC5

ð
Bxð1Þ

½h2 þ j‘hj2�jojpq=2;ð32Þ

for a constant C5 > 0 depending m, p, VolðBxð1ÞÞ, supBxð1Þ F and supBxð1ÞjRj.

Given an integer kb 0, we set qk ¼
2mk

ðm� 2Þk
and rk ¼

1

2
þ 1

2kþ1
. Take a

function xk A Cy
0 ðBxðrkÞÞ satisfying hk b 0, hk ¼ 1 on Bxðrkþ1Þ and j‘hkja 2kþ3.

Replacing q and h in (32) by qk and hk respectively, we have

ð
Bxðrkþ1Þ

jojðpqkþ1Þ=2
 !1=qkþ1

a ðqkC54
kþ4Þ1=qk

ð
BxðrkÞ

jojpqk=2
 !1=qk

:ð33Þ

Applying the Moser iteration to (33), we conclude that

jojpðxÞa kokp

LyðBxð1=2ÞÞ aC6

ð
Bxð1Þ

jojpð34Þ

for a constant C6 > 0 depending only on m, p, VolðBxð1ÞÞ, supBxð1Þ F and
supBxð1ÞjRj. Take x A Bx0ðr0 þ 1Þ such that

jojpðxÞ ¼ sup
Bx0

ðr0þ1Þ
jojp:ð35Þ
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From (34) and (35), we have

sup
Bx0

ðr0þ1Þ
jojp aC6

ð
Bx0

ðr0þ2Þ
jojp:ð36Þ

From (24) and (36), we have

sup
Bx0

ðr0þ1Þ
jojp aC7

ð
Bx0

ðr0þ1Þ
jojp;ð37Þ

where C7 > 0 is a constant depending on m, p, VolðBxðr0 þ 2ÞÞ, supBxðr0þ2Þ F and
supBxðr0þ2ÞjRj.

Finally, let V be any finite-dimensional subspace of H 1;pðMÞ. From
Lemma 2.2, there exists o A V such that

dim V

VolðBx0ðr0 þ 1ÞÞ

ð
Bx0

ðr0þ1Þ
jojp aminfCpðmq Þ; dim Vg sup

Bx0
ðr0þ1Þ

jojp:ð38Þ

From (37) and (38), we have dim V aC8, where C8 > 0 depends only on m, p,
VolðBxðr0 þ 2ÞÞ, supBxðr0þ2Þ F and supBxðr0þ2ÞjRj. This implies that H 1;pðMÞ has
finite dimension. r

From the proof of Theorem 3.1, we can obtain the following result:

Theorem 3.2. Let ðMm; gÞ, mb 3, be an m-dimensional complete, simply
connected, locally conformally flat Riemannian manifold. Then there exists a

positive constant L <
4½ðm� 1Þðp� 1Þ þ 1�

Sp2ðm� 1Þ such that if

ð
M

jT jm=2

� �2=m
þ 1ffiffiffiffi

m
p

ð
M

jRjm=2

� �2=m
aL;

then we have H 1;pðMÞ ¼ f0g for pb 2.

Proof. For a point p and take a cut-o¤ function m satisfying 0a ma 1,

m ¼ 1 on Bx0ðrÞ, m ¼ 0 on MnBx0ð2rÞ and jdmja c

r
, where c is a positive

constant. From (12), (13) and (14), we have

A

ð
M

m2j‘jojp=2j2 aB

ð
M

jojpj‘mj2;ð39Þ

where

A ¼ 4

p2
ðm� 1Þðp� 1Þ þ 1

m� 1
� 4ð2p� 3Þ

p
e1 � fðmÞð1þ e2Þ �

1ffiffiffiffi
m

p jðmÞð1þ e3Þ

B ¼ ð2p� 3Þ
p

1

e1
þ fðmÞ 1þ 1

e2

� �
þ 1ffiffiffiffi

m
p jðmÞ 1þ 1

e3

� �
:
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Now we choose e small enough such that

0 < e <
ðm� 1Þðp� 1Þ þ 1� 1

4SLp2ðm� 1Þ
ð2p� 3Þpðm� 1Þ þ ðp� 1Þðm� 1Þ þ 1

;

and ei < e, i ¼ 1; 2; 3, so we have

A ¼ 4

p2
ðm� 1Þðp� 1Þ þ 1

m� 1
� 4ð2p� 3Þ

p
e1 � fðmÞð1þ e2Þ �

1ffiffiffiffi
m

p jðmÞð1þ e3Þð40Þ

>
4

p2
ðm� 1Þðp� 1Þ þ 1

m� 1
� SL

� �
� 4ð2p� 3Þ

p
þ SL

� �
e

>
4

p2
ðm� 1Þðp� 1Þ þ 1

m� 1
� SL

� �

� 4ð2p� 3Þ
p

þ 4

p2
ðm� 1Þðp� 1Þ þ 1

m� 1

� �
e > 0:

From (39) and (40), we haveð
M

m2j‘jojp=2j2 a B

A

ð
M

jojpj‘mj2:ð41Þ

From (41) and the definition of m, we haveð
Bx0

ðrÞ
j‘jojp=2j2 a Bc2

A

1

r2

ð
M

jojp:

Taking r ! y, we have j‘jojp=2j ¼ 0. Then joj is constant. Since M has
infinite volume and

Ð
M
jojp < y. So we obtain that o ¼ 0. Hence H 1;pðMÞ ¼

f0g. r

Theorem 3.3. Let ðMm; gÞ, mb 3, be an m-dimensional complete, sim-
ply connected, locally conformally flat Riemannian manifold. Assume thatÐ
M
jT jm=2

dv < y and R is bounded on M and supM jRj > 0. If the first
eigenvalue of the Laplace-Beltrami operator of M satisfies

l1ðMÞ > ðm� 1Þp2 supM jRj
4
ffiffiffiffi
m

p
½ðm� 1Þðp� 1Þ þ 1� ;

then we have dim H 1;pðMÞ < y for pb 2.

Proof. By using the similar method in the proof in Theorem 3.1, we will
prove this theorem. From the formulas (12) and (13), we have

D

ð
M

m2j‘jojp=2j2 aE

ð
M

jojpj‘mj2 þ 1ffiffiffiffi
m

p
ð
M

jRjm2jojp;ð42Þ
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where

D ¼ 4

p2
ðm� 1Þðp� 1Þ þ 1

m� 1
� 4ð2p� 3Þ

p
e1 � fðmÞð1þ e2Þ

E ¼ ð2p� 3Þ
p

1

e1
þ fðmÞ 1þ 1

e2

� �
:

Since
Ð
M
jT jm=2 < y, we can choose r0 large enough such thatð

MnBx0
ðr0Þ

jT jm=2
a e3;ð43Þ

where Bpðr0Þ is the geodesic ball centered at p of radius r0 and e3 is small enough
positive constant. So we have

D ¼ 4

p2
ðm� 1Þðp� 1Þ þ 1

m� 1
� 4ð2p� 3Þ

p
e1 � fðmÞð1þ e2Þð44Þ

>
4

p2
ðm� 1Þðp� 1Þ þ 1

m� 1
� 4ð2p� 3Þ

p
e1 � e3ð1þ e2Þ > 0

where e1, e2, e3 are small enough. From (42) and (44), we have

ð
MnBx0

ðr0Þ
m2j‘jojp=2j2 a E

D

ð
MnBx0

ðr0Þ
jojpj‘mj2 þ 1

D
ffiffiffiffi
m

p
ð
MnBx0

ðr0Þ
jRjm2jojp:ð45Þ

Now we recall that the first eigenvalue l1ðMÞ of the Laplacian of M satisfies

l1ðMÞ
ð
M

j2
a

ð
M

j‘jj2ð46Þ

for any j A Cy
0 ðMÞ. Applying (46) with j ¼ mjojp=2, we have

l1ðMÞ
ð
M

m2jojp a
ð
M

j‘½mjojp=2�j2

¼
ð
M

½m2j‘jojp=2j þ 2mjojp=2h‘m;‘jojp=2iþ jojpj‘mj2�

By using the Cauchy-Schwarz inequality, we have for e4 > 0

l1ðMÞ
ð
M

m2jojp a
ð
M

½ð1þ e4Þm2j‘jojp=2j þ 1þ 1

e4

� �
jojpj‘mj2�:ð47Þ

From (45) and (47), we have
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l1ðMÞ � ð1þ e4Þ
1

D
ffiffiffiffi
m

p supjRj
� �ð

MnBx0
ðr0Þ

m2jojpð48Þ

a ð1þ e4Þ
E

D
þ 1þ 1

e4

� �� � ð
MnBx0

ðr0Þ
jojpj‘mj2

Thus, if l1ðMÞ > ðm� 1Þp2 supM jRj
4
ffiffiffiffi
m

p
½ðm� 1Þðp� 1Þ þ 1� , then we can choose ei, i ¼ 1; . . . ; 4

small enough and depending on m, p, l1ðMÞ and supM jRj, so that ðl1ðMÞ�

ð1þ e4Þ
1

D
ffiffiffiffi
m

p supjRjÞ > 0. Then we have

ð
MnBx0

ðr0Þ
m2jojp a ~DD

ð
MnBx0

ðr0Þ
j‘mj2jojpð49Þ

where ~DD ¼ ~DDðm; p; l1ðMÞ; supM jRjÞ is a positive constant. From (49) and the
proof of Theorem 3.1, we can complete this proof. r

From the proof of Theorem 3.3, we can obtain the following result.

Theorem 3.4. Let ðMm; gÞ, mb 3, be an m-dimensional complete, simply
connected, locally conformally flat Riemannian manifold. Assume that R is
bounded on M and supM jRj > 0. Assume the first eigenvalue of the Laplace-
Beltrami operator of M satisfies

l1ðMÞ > ðm� 1Þp2 supM jRj
4
ffiffiffiffi
m

p
½ðm� 1Þðp� 1Þ þ 1� :

then there exists a positive constant L such that if ð
Ð
M
jT jm=2Þ2=m < L, then we

have H 1;pðMÞ ¼ f0g for pb 2.

Proof. We choose e

0 < e <
1

2
� 1þ 4ð2p� 3Þ

p

� �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ð2p� 3Þ

p

� �2
þ 16½ðm� 1Þðp� 1Þ þ 1�

p2ðm� 1Þ

s8<
:

9=
;

0
@

1
A;

0 < e1; e2 < e and a positive constant L ¼ LðeÞ > 0 satisfying:

D ¼ 4

p2
ðm� 1Þðp� 1Þ þ 1

m� 1
� 4ð2p� 3Þ

p
e1 � fðmÞð1þ e2Þ

>
4

p2
ðm� 1Þðp� 1Þ þ 1

m� 1
� 4ð2p� 3Þ

p
e� eð1þ eÞ > 0

and

SL < e:
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Assume kTkLm=2 < L. From (42), we haveð
M

m2j‘jojp=2j2 a E

D

ð
M

jojpj‘mj2 þ 1

D
ffiffiffiffi
m

p
ð
M

jRjm2jojp:ð50Þ

From (47) and (50), we have

l1ðMÞ � ð1þ e4Þ
1

D
ffiffiffiffi
m

p supjRj
� �ð

M

m2jojpð51Þ

a ð1þ e4Þ
E

D
þ 1þ 1

e4

� �� � ð
M

jojpj‘mj2

Thus, if l1ðMÞ > ðm� 1Þp2 supM jRj
4
ffiffiffiffi
m

p
½ðm� 1Þðp� 1Þ þ 1� , then we can choose ei, i ¼ 1; . . . ; 4

small enough and depending on m, p, l1ðMÞ and supM jRj, so that

l1ðMÞ � ð1þ e4Þ
1

D
ffiffiffiffi
m

p supjRj
� �

> 0. Then we have

ð
M

m2jojp a ~DD

ð
M

j‘mj2jojpð52Þ

where ~DD ¼ ~DDðm; p; l1ðMÞ; supM jRjÞ is a positive constant. For a point p and
take a cut-o¤ function m satisfying 0a ma 1, m ¼ 1 on Bx0ðrÞ, m ¼ 0 on

MnBx0ð2rÞ and jdmja c

r
, where c is a positive constant.

From (52) and the definition of m, we haveð
Bx0

ðrÞ
jojp a ~DD

c2

r2

ð
M

jojpð53Þ

Let r ! y and since kokL pðMÞ < y, we have jojp ¼ 0 i.e. o ¼ 0. Hence
H 1;pðMÞ ¼ f0g. r

Theorem 3.5. Let ðMm; gÞ, m > p4, be an m-dimensional complete, simply
connected, locally conformally flat Riemannian manifold with Ra 0. Assume thatÐ
M
jT jm=2 < y. Then we have dim H 1;pðMÞ < y for pb 2.

Proof. Since Mm is a locally conformally flat Riemannian manifold with
Ra 0, and the inequality (5), we can obtain

m� 2

4ðm� 1Þ

ð
M

jRj f 2
a

ð
M

j‘f j2ð54Þ

for any f A Cy
0 ðMÞ. Applying the inequality (54) to mjojp=2, we have

m� 2

4ðm� 1Þ

ð
M

jRjm2jojp a
ð
M

j‘ðmjojp=2Þj2:ð55Þ
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From (55) and Cauchy-Schwarz inequality, we haveð
M

jRjm2jojp a 4ðm� 1Þ
ðm� 2Þ ð1þ e5Þ

ð
M

m2j‘jojp=2j2 þ 1þ 1

e5

� �ð
M

jojpj‘mj2
� �

ð56Þ

where e5 > 0 is a positive constant. From (12), (13) and (56), we have

~AA

ð
M

m2j‘jojp=2j2 a ~BB

ð
M

jojpj‘mj2;ð57Þ

where

~AA ¼ 4

p2
ðm� 1Þðp� 1Þ þ 1

m� 1
� 4ð2p� 3Þ

p
e1 � fðmÞð1þ e2Þ �

4ðm� 1Þffiffiffiffi
m

p
ðm� 2Þ ð1þ e5Þ

~BB ¼ ð2p� 3Þ
p

1

e1
þ fðmÞ 1þ 1

e2

� �
þ 4ðm� 1Þffiffiffiffi

m
p

ðm� 2Þ 1þ 1

e5

� �
:

Since m > p4, we have

4

p2
ðm� 1Þðp� 1Þ þ 1

m� 1
� 4ðm� 1Þffiffiffiffi

m
p

ðm� 2Þ > 0

Since
Ð
M
jT jm=2 < y, we can choose r0 large enough such thatð

MnBx0
ðr0Þ

jT jm=2

 !2=m
<

1

S

4

p2
ðm� 1Þðp� 1Þ þ 1

m� 1
� 4ðm� 1Þffiffiffiffi

m
p

ðm� 2Þ

� �

Hence we can choose e1, e2, e5 small enough such that

~AA ¼ 4

p2
ðm� 1Þðp� 1Þ þ 1

m� 1
� 4ð2p� 3Þ

p
e1 � fðmÞð1þ e2Þ �

4ðm� 1Þffiffiffiffi
m

p
ðm� 2Þ ð1þ e5Þ > 0

Therefore, (57) can be written asð
MnBx0

ðr0Þ
m2j‘jojp=2j2 a ~CC

ð
MnBx0

ðr0Þ
jojpj‘mj2;ð58Þ

where ~CC > 0 depends only on m, p. From (58) and the proof of Theorem 3.1,
we can complete this proof. r
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