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Abstract

In this paper, we investigate the existence, uniqueness of almost automorphic in

one-dimensional distribution mild solution for semilinear stochastic di¤erential equations

driven by Lévy noise. The semigroup theory, fixed point theorem and stochastic

analysis technique are the main tools in carrying out proof. Finally, we give one

example to illustrate the main findings.

1. Introduction

Almost automorphy of deterministic di¤erential equations in abstract space
has been extensively investigated and many authors have made important
contributions to this theory [7, 9, 14, 16, 26, 28]. For stochastic di¤erential
equations (SDEs), the concept of almost automorphy can be defined in square-
mean and in distribution, respectively. Square-mean almost automorphy for
stochastic processes is first introduced in [22] with the applications to the SDEs.
For almost automorphy in distribution sense, Fu [20] systematically explore the
properties, and existence, uniqueness of almost automorphic in distribution solu-
tions to nonautonomous SDEs are studied.

Stochastic di¤erential equations are used widely in many fields, such as
nonlinear vibration, engineering, population dynamics, neural networks, control
theory and so on. The asymptotic properties of solutions for SDEs have been
studied from di¤erent points, such as square-mean almost periodicity [4, 6],
almost periodicity in distribution [2, 15, 30, 24], square-mean almost automorphy
[5, 10], almost autommorphy in distribution [3, 21], ergodicity [11, 17, 12], stability
[8, 13, 23] and so on. Note that most studies are concerned with di¤erential
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equations perturbed by Gaussian noise. It is worthwhile to mention that many
models involve jump perturbations, or more general Lévy noise. Almost auto-
morphy of SDEs with Lévy noise is first investigated by Liu and Sun [27], where
Poisson square-mean almost automorphy is introduced and studied. For SDEs
driven by Lévy noise, one can see [25, 32, 33] for more details.

In this paper, we investigate the existence, unqueness of almost automorphic
in distribution mild solution for SDEs driven by Lévy noise. Intuitively, a large
jump may destroy almost automorphy, but we will see that the almost auto-
morphy property may persist under some suitable conditions. Di¤erent form
[25, 27, 33], here the state space we consider is intermediate space, and the
operator is the infinitesimal generator of an analytic semigroup.

The paper is organized as follows. In Section 2, some notations and
preliminary results are presented. Sections 3 is devoted to the existence, unique-
ness of almost automorphic in one-dimensional distribution mild solution for
semilinear SDEs with Lévy noise. In Section 4, to illustrate the main findings,
we consider one example with Lévy noise.

2. Preliminaries and basic results

Throughout the paper, N, Z, R and C stand for the set of natural numbers,
integers, real numbers and complex numbers, respectively. For A being a linear
operator, DðAÞ, rðAÞ, Rðl;AÞ, sðAÞ stand for the domain, the resolvent set,
the resolvent and spectrum of A. We assume that ðH; k � kÞ; ðV ; j � jV Þ are real
separable Hilbert spaces. LðV ;HÞ denotes the space of all bounded linear
operators from V to H: We assume that ðW;F;PÞ is a probability space, and
L2ðP;HÞ stands for the space of all H-valued random variables Y such that

EkYk2 ¼
ð
W

kYk2 dP < y:

For Y A L2ðP;HÞ, let

kYk2 :¼
ð
W

kYk2 dP
� �1=2

;

then L2ðP;HÞ is a Hilbert space equipped with the norm k � k2.

2.1. Sectorial operators and intermediate space

Definition 2.1 ([19]). A linear operator A : DðAÞ � H ! H is said to be
o-sectorial of angle y if the following hold: there exist constants o A R, y A ðp=2; pÞ
and ~MM > 0 such that

rðAÞ � Sy;o :¼ fl A C : l0o; jargðl� oÞj < yg;ð2:1Þ

kRðl;AÞka
~MM

jl� oj ; l A Sy;o;

where Rðl;AÞ ¼ ðlI � AÞ�1 for each l A Sy;o.
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It is well know that [29] if A is o-sectorial of angle y, then it generates
an analytic semigroup ðTðtÞÞtb0 in the sector Sy�p=2;0, which maps ð0;þyÞ to
LðH;HÞ such that there exist M0;M1 > 0 with

kTðtÞkaM0e
ot; t > 0;

ktðA� oÞTðtÞkaM1e
ot; t > 0:

Definition 2.2 ([19]). A semigroup ðTðtÞÞtb0 is said to be hyperbolic, if
there exist projection P and constants M; d > 0 such that each TðtÞ commutes
with P, Ker P is invariant with respect to TðtÞ, TðtÞ : Im J ! Im J is invertible
and

kTðtÞPxkaMe�dtkxk for tb 0;

kTðtÞJxkaMedtkxk for ta 0;

where J :¼ I � P and TðtÞ :¼ ðTð�tÞÞ�1 for ta 0.

Recall that if a semigroup ðTðtÞÞtb0 is analytic, then ðTðtÞÞtb0 is hyperbolic
if and only if

sðAÞ \ iR ¼ j;

see for instance [19].
Next, we recall the definition of intermediate space.

Definition 2.3 ([29]). Let a A ð0; 1Þ. A Banach space ðHa; k � kaÞ is said to
be an intermediate space between DðAÞ and H, if DðAÞ � Ha � H and there
exists a constant ~cc > 0 such that

kxka a ~cckxk1�akxka
A; x A DðAÞ;

where k � kA is the graph norm of A. Here kxka
A ¼ kxk þ kAxk for each

x A DðAÞ.

Concrete examples of Ha include Dðð�AÞaÞ for a A ð0; 1Þ, the domains of the
fraction power of �A, the real interpolation spaces DAða;yÞ, a A ð0; 1Þ, defined
as follows:

DAða;yÞ :¼ x A X : ½x�a :¼ sup
0<ta1

kt1�aðA� oÞe�otTðtÞxk < þy

� �

kxka ¼ kxk þ ½x�a;

8><
>:

and the abstract Hölder space DAðaÞ :¼ DðAÞk�ka as well as the complex inter-
polation space ½X ;DðAÞ�a, see [29] for more details.
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Similar as L2ðP;HÞ, for 0 < a < 1, we can define L2ðP;HaÞ, where the
norm is defined by

kYka;2 :¼
ð
W

kYk2a dP

� �1=2
:

Lemma 2.1 ([29]). For the hyperbolic analytic semigroup ðTðtÞÞtb0, there
exist constants c > 0, M > 0, d > 0 and g > 0 such that

kTðtÞJxka a cedtkxk for ta 0;ð2:2Þ
kTðtÞPxka aMt�ae�gtkxk for t > 0:ð2:3Þ

2.2. Lévy process

Definition 2.4 ([1, 31]). A V -valued stochastic process L ¼ ðLðtÞ; tb 0Þ is
called Lévy process if

(i) Lð0Þ ¼ 0 almost surely;
(ii) L has independent and stationary increments;
(iii) L is stochastically continuous, i.e., limt!s PðjLðtÞ � LðsÞjV > eÞ ¼ 0 for

all e > 0 and s > 0.

Given a Lévy process L, we define the process of jumps of L by DLðtÞ ¼
LðtÞ � Lðt�Þ, tb 0. For any Borel set B in V � f0g, define the random count-
ing measure

Nðt;BÞðoÞ :¼af0a sa t : DLðsÞðoÞ A Bg ¼
X

0asat

wBðDLðsÞðoÞÞ;

where a means the counting and wB is the indicator function. We write nð�Þ ¼
EðNð1; �ÞÞ and call it the intensity measure associated with L. If a Borel set B
in V � f0g is bounded below (that is 0 B B, where B is the closure of B), then
Nðt;BÞ < y almost surely for all tb 0 and fNðt;BÞ; tb 0g is a Poisson process
with the intensity nðBÞ. So N is called Poisson random measure. For each
tb 0 and B bounded below, the compensated Poisson random measure is defined
by

~NNðt;BÞ ¼ Nðt;BÞ � tnðBÞ:

Proposition 2.1 (Lévy-Itô decomposition [31]). If L is a V-valued Lévy
process, then there exist a A V , a V-valued Wiener process W with covariance
operator Q, and an independent Poisson random measure N on Rþ � ðV � f0gÞ
such that for each tb 0,

LðtÞ ¼ atþWðtÞ þ
ð
jxjV<1

x ~NNðt; dxÞ þ
ð
jxjVb1

xNðt; dxÞ:ð2:4Þ
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Here the Poisson random measure N has the intensity measure n which satisfies

ð
V

ðjyj2V51ÞnðdyÞ < yð2:5Þ

and ~NN is the compensated Poisson random measure of N.

Given two independent, identically distributed Lévy processes L1 and L2

with decompositions as in Proposition 2.1 with a, Q, W , N. Let

LðtÞ ¼ L1ðtÞ; for tb 0;

�L2ð�tÞ; for ta 0:

�

Then L is a two-sided Lévy process. In this paper, we need consider two-sided
Lévy process. The two-sided Lévy process L is defined on the filtered probability
space ðW;F;P; ðFtÞt ARÞ. We assume that the covariance operator Q of W is
of trace class, i.e., Tr Q < y.

Remark 2.1. It follows from that (2.5) that
Ð
jxjVb1 nðdxÞ < y. For con-

venience, we denote

b :¼
ð
jxjVb1

nðdxÞ

throughout the paper.

Remark 2.2. Note that the stochastic process ~LL ¼ ð~LLðtÞ; t A RÞ given by
~LLðtÞ ¼ Lðtþ sÞ � LðsÞ for some s A R is also a two-sided Lévy process which
share the same law as L. In particular, when s A Rþ, the similar conclusions
hold for one-sided Lévy process.

2.3. Square-mean almost automorphic process

Definition 2.5. A stochastic process Y : R ! L2ðP;HÞ is said to be L2-
bounded if there exists a constant M > 0 such that

EkY ðtÞk2 ¼
ð
W

kYðtÞk2 dPaM:

Definition 2.6. A stochastic process Y : R ! L2ðP;HÞ is said to be L2-
continuous if for any s A R,

lim
t!s

EkY ðtÞ � YðsÞk2 ¼ 0:

Note that if an H-valued process is L2-continuous, then it is necessarily stochas-
tically continuous.
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Denoted by SBCðR;L2ðP;HÞÞ the collection of all the L2-bounded and
L2-continuous processes. It is a Banach space equipped with the norm kYky :¼
supt ARkY ðtÞk2 ¼ supt ARðEkYðtÞk2Þ1=2.

Definition 2.7 ([22]). An L2-continuous process Y : R ! L2ðP;HÞ is said
to be square-mean almost automorphic if for every sequence of real numbers
fs 0ng, there exists a subsequence fsng and a stochastic process ~YY : R ! L2ðP;HÞ
such that

lim
n!y

EkYðtþ snÞ � ~YYðtÞk2 ¼ 0 and lim
n!y

Ek ~YYðt� snÞ � YðtÞk2 ¼ 0;

hold for each t A R. The collection of all square-mean almost automorphic
processes Y : R ! L2ðP;HÞ is denoted by SAAðR;L2ðP;HÞÞ.

Remark 2.3. (i) [22] Any square-mean almost automorphic process is L2-
bounded.

(ii) [22] SAAðR;L2ðP;HÞÞ is Banach space with the supremum norm
kYky ¼ supt ARkYðtÞk2.

Definition 2.8 ([22]). A function f : R�L2ðP;HÞ ! LðV ;L2ðP;HÞÞ,
ðt;Y Þ ! f ðt;YÞ is said to be square-mean almost automorphic in t A R for each
Y A L2ðP;HÞ if f is continuous in the following sense

Ek f ðt;YÞ � f ðt 0;Y 0Þk2LðV ;L2ðP;HÞÞ ! 0 as ðt;YÞ ! ðt 0;Y 0Þ
and that for every sequence of real numbers fs 0ng, there exists a subsequence fsng
and an function ~ff : R�L2ðP;HÞ ! LðV ;L2ðP;HÞÞ such that

lim
n!y

Ek f ðtþ sn;Y Þ � ~ff ðt;Y Þk2LðV ;L2ðP;HÞÞ ¼ 0

lim
n!y

Ek ~ff ðt� sn;Y Þ � f ðt;Y Þk2LðV ;L2ðP;HÞÞ ¼ 0

hold for each t A R and each Y A L2ðP;HÞ. Denote by SAAðR�L2ðP;HÞ;
LðV ;L2ðP;HÞÞÞ the set of such functions.

Theorem 2.1 ([22]). Assume that f : R�L2ðP;HÞ ! L2ðP;HÞ, ðt;Y Þ !
f ðt;Y Þ is square-mean almost automorphic in t A R for each Y A L2ðP;HÞ, and
there exists a constant Lf > 0 such that

Ek f ðt;Y Þ � f ðt;ZÞk2 aLf � EkY � Zk2; for all Y ;Z A L2ðP;HÞ; t A R:

Then f ð�;Y ð�ÞÞ A SAAðR;L2ðP;HÞÞ if Y ð�Þ A SAAðR;L2ðP;HÞÞ.

Now, we introduce the concept of almost automorphy in distribution. Let
PðHÞ be the space of all Borel probability measures on H endowed with the b
metric:

bðm; nÞ :¼ sup

ð
f dm�

ð
f dn

����
���� : k f kBL a 1

� �
; m; n A PðHÞ;
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where f are Lipschitz continuous real-valued functions on H with the norm

k f kBL ¼ k f kL þ k f ky; k f kL ¼ sup
x0y

j f ðxÞ � f ðyÞj
kx� yk ; k f ky ¼ sup

x AH
j f ðxÞj:

A sequence fmng � PðHÞ is said to weakly converge to m if
Ð
f dmn !

Ð
f dm

for all f A BCðR;HÞ, the space of all bounded continuous real-valued functions
on H. It is well know that the b metric is a complete metric on PðHÞ and a
sequence fmng weakly converges to m if and only if bðmn; mÞ ! 0 as n ! y, one
can see [18, §11:3] for more details.

Definition 2.9 ([27]). An H-valued stochastic process f is said to be almost
automorphic in one-dimensional distribution if its law mðtÞ is a PðHÞ-valued
almost automorphic mapping, that is, for every sequence of real numbers fs 0ng,
there exist a subsequence fsng and a PðHÞ-valued mapping ~mmðtÞ such that

lim
n!y

bðmðtþ snÞ; ~mmðtÞÞ ¼ 0 and lim
n!y

bð~mmðt� snÞ; mðtÞÞ ¼ 0

hold for each t A R:

Remark 2.4. Note that square-mean almost automorphic stochastic process
is necessarily an almost automorphic in one-dimensional distribution, but the
converse is not true, one can see [27] for more details.

2.4. Poisson square-mean almost automorphic process

Definition 2.10. A stochastic process Fðt; xÞ : R� V ! L2ðP;HÞ is said
to be Poisson stochastically bounded if there exists a constant M > 0 such that

ð
V

EkFðt; xÞk2nðdxÞaM for all t A R; x A V :

Definition 2.11. A stochastic process Fðt; xÞ : R� V ! L2ðP;HÞ is said
to be Poisson stochastically continuous if

lim
t!s

ð
V

EkF ðt; xÞ � F ðs; xÞk2nðdxÞ ¼ 0:

Denoted by PSBCðR� V ;L2ðP;HÞÞ the collection of all the Poisson sto-
chastically bounded and continuous processes.

Definition 2.12 ([27]). A stochastic process F : R� V ! L2ðP;HÞ, ðt; xÞ
! F ðt; xÞ is said to Poisson square-mean almost automorphic in t A R if F
is Poisson stochastically continuous and for every sequence of real numbers
fs 0ng, there exist a subsequence fsng and a function ~FF : R� V ! L2ðP;HÞ with
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Ð
V
Ek ~FFðt; xÞk2nðdxÞ < y, such that

lim
n!y

ð
V

EkF ðtþ sn; xÞ � ~FFðt; xÞk2nðdxÞ ¼ 0

and

lim
n!y

ð
V

Ek ~FF ðt� sn; xÞ � Fðt; xÞk2nðdxÞ ¼ 0

for each t A R. The collection of all Poisson square-mean almost automorphic sto-

chastic processes F : R� V ! L2ðP;HÞ is denoted by PSAAðR� V ;L2ðP;HÞÞ.

Next, we give the concept of Poisson square-mean almost automorphic
process with the parameter.

Definition 2.13. A stochastic process F : R�L2ðP;HÞ � V ! L2ðP;HÞ,
ðt;Y ; xÞ ! Fðt;Y ; xÞ is said to be Poisson stochastically bounded if there exists
a constant M > 0 such thatð

V

EkFðt;Y ; xÞk2nðdxÞaM for all t A R; x A V :

Definition 2.14. A stochastic process F : R�L2ðP;HÞ � V ! L2ðP;HÞ,
ðt;Y ; xÞ ! Fðt;Y ; xÞ is said to be Poisson stochastically continuous ifð

V

EkF ðt;Y ; xÞ � Fðt 0;Y 0; xÞk2nðdxÞ ! 0 as ðt;YÞ ! ðt 0;Y 0Þ:

Denoted by PSBCðR�L2ðP;HÞ � V ;L2ðP;HÞÞ the collection of all the
Poisson stochastically bounded and continuous processes.

Definition 2.15 ([27]). A stochastic process F : R�L2ðP;HÞ � V !
L2ðP;HÞ, ðt;Y ; xÞ ! Fðt;Y ; xÞ is said to uniformly Poisson square-mean
almost automorphic if F is Poisson stochastically continuous and for every
sequence of real numbers fs 0ng, there exist a subsequence fsng and a function
~FF : R�L2ðP;HÞ � V ! L2ðP;HÞ with

Ð
V
Ek ~FF ðt;Y ; xÞk2nðdxÞ < y, such that

lim
n!y

ð
V

EkF ðtþ sn;Y ; xÞ � ~FFðt;Y ; xÞk2nðdxÞ ¼ 0

and

lim
n!y

ð
V

Ek ~FF ðt� sn;Y ; xÞ � Fðt;Y ; xÞk2nðdxÞ ¼ 0

for each t A R and each Y A L2ðP;HÞ. The collection of all uniformly Poisson
square-mean almost automorphic stochastic processes F : R�L2ðP;HÞ � V !
L2ðP;HÞ is denoted by PSAAðR�L2ðP;HÞ � V ;L2ðP;HÞÞ.
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Theorem 2.2 ([27]). Assume that F A PSAAðR�L2ðP;HÞ � V ;L2ðP;HÞÞ,
and there exists a constant L > 0 such thatð

V

EkFðt;Y ; xÞ � F ðt;Z; xÞk2nðdxÞ

aL � EkY � Zk2; for all Y ;Z A L2ðP;HÞ; t A R:

Then Fð�;Yð�Þ; xÞ A PSAAðR� V ;L2ðP;HÞÞ if Yð�Þ A SAAðR;L2ðP;HÞÞ.

3. SDEs driven by Lévy noise

We consider semilinear SDEs with Lévy noise:

dY ðtÞ ¼ AY ðtÞ dtþ f ðt;Y ðtÞÞ dtþ gðt;Y ðtÞÞ dW ðtÞð3:1Þ

þ
ð
jxjV<1

F ðt;Y ðt�Þ; xÞ ~NNðdt; dxÞ

þ
ð
jxjVb1

Gðt;Yðt�Þ; xÞNðdt; dxÞ; t A R;

where f : R�L2ðP;HaÞ ! L2ðP;HÞ, g : R�L2ðP;HaÞ ! LðV ;L2ðP;HÞÞ,
F ;G : R�L2ðP;HaÞ � V ! L2ðP;HÞ, W and N are the Lévy-Itô decompo-
sition components of the two-sided Lévy process L with assumptions stated in
Subsection 2.2.

First, we make the following assumptions:
ðH1Þ The operator A is a sectorial and sðAÞ \ iR ¼ j.
ðH2Þ f A SAAðR�L2ðP;HaÞ;L2ðP;HÞÞ, g A SAAðR�L2ðP;HaÞ; LðV ;

L2ðP;HÞÞÞ, F ;G A PSAAðR�L2ðP;HaÞ � V ;L2ðP;HÞÞ and there
exists a constant L > 0 such that

Ek f ðt;YÞ � f ðt;ZÞk2 aL � EkY � Zk2a ;

Ekðgðt;YÞ � gðt;ZÞÞQ1=2k2LðV ;L2ðP;HÞÞ aL � EkY � Zk2a ;ð
jxjV<1

EkFðt;Y ; xÞ � F ðt;Z; xÞk2nðdxÞaL � EkY � Zk2a ;
ð
jxjVb1

EkGðt;Y ; xÞ � Gðt;Z; xÞk2nðdxÞaL � EkY � Zk2a ;

for all t A R, Y ;Z A L2ðP;HaÞ:
Before starting our main results, we recall the definition of the mild solution

to (3.1).

Definition 3.1 ([33]). Let a A ð0; 1Þ. An Ft-progressively measurable sto-
chastic process fYðtÞgt AR is called a mild solution of (3.1) if it satisfies the
corresponding stochastic integral equation:
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Y ðtÞ ¼ Tðt� aÞYðaÞ þ
ð t

a

Tðt� sÞ f ðs;YðsÞÞ dsð3:2Þ

þ
ð t

a

Tðt� sÞgðs;YðsÞÞ dW ðsÞ

þ
ð t

a

ð
jxjV<1

Tðt� sÞFðs;Yðs�Þ; xÞ ~NNðds; dxÞ

þ
ð t

a

ð
jxjVb1

Tðt� sÞGðs;Y ðs�Þ; xÞNðds; dxÞ;

for all tb a and each a A R.

Theorem 3.1. Let ðH1Þ–ðH2Þ be satisfied, then (3.1) has a unique L2-
bounded mild solution if

Y :¼ 8Lð1þ 2bÞðMga�1Gð1� aÞÞ2 þ 32LM 2ð2gÞ2a�1Gð1� 2aÞ

þ 8Lð1þ 2bÞc2d�2 þ 16Lc2d�1 < 1:

Furthermore, this unique L2-bounded mild solution is almost automorphic in one-
dimensional distribution if

Q :¼ 16Lð1þ 2bÞðMga�1Gð1� aÞÞ2 þ 64LM 2ð2gÞ2a�1Gð1� 2aÞ

þ 16Lð1þ 2bÞc2d�2 þ 32Lc2d�1 < 1:

Proof. Note that if YðtÞ is L2-bounded, then Y ðtÞ is a mild solution of
(3.1) if and only if it satisfies the following integral equation

YðtÞ ¼
ð t

�y
Tðt� sÞPf ðs;YðsÞÞ ds�

ðþy

t

Tðt� sÞJf ðs;YðsÞÞ dsð3:3Þ

þ
ð t

�y
Tðt� sÞPgðs;YðsÞÞ dW ðsÞ �

ðþy

t

Tðt� sÞJgðs;YðsÞÞ dW ðsÞ

þ
ð t

�y

ð
jxjV<1

Tðt� sÞPF ðs;Y ðs�Þ; xÞ ~NNðds; dxÞ

�
ðþy

t

ð
jxjV<1

Tðt� sÞJF ðs;Yðs�Þ; xÞ ~NNðds; dxÞ

þ
ð t

�y

ð
jxjVb1

Tðt� sÞPGðs;Yðs�Þ; xÞNðds; dxÞ

�
ðy
t

ð
jxjVb1

Tðt� sÞJGðs;Y ðs�Þ; xÞNðds; dxÞ;
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where Pþ J ¼ I . In fact, for tb a, a A R, by the properties of Tðt� aÞTða� sÞ
¼ Tðt� sÞ, one has

Tðt� aÞYðaÞ ¼
ð a

�y
Tðt� sÞPf ðs;YðsÞÞ ds�

ðþy

a

Tðt� sÞJf ðs;YðsÞÞ ds

þ
ð a

�y
Tðt� sÞPgðs;Y ðsÞÞ dW ðsÞ

�
ðþy

a

Tðt� sÞJgðs;YðsÞÞ dW ðsÞ

þ
ð a

�y

ð
jxjV<1

Tðt� sÞPFðs;Y ðs�Þ; xÞ ~NNðds; dxÞ

�
ðþy

a

ð
jxjV<1

Tðt� sÞJF ðs;Yðs�Þ; xÞ ~NNðds; dxÞ

þ
ð a

�y

ð
jxjVb1

Tðt� sÞPGðs;Yðs�Þ; xÞNðds; dxÞ

�
ðy
a

ð
jxjVb1

Tðt� sÞJGðs;Y ðs�Þ; xÞNðds; dxÞ

¼ Y ðtÞ �
ð t

a

Tðt� sÞ f ðs;YðsÞÞ ds�
ð t

a

Tðt� sÞgðs;Y ðsÞÞ dW ðsÞ

�
ð t

a

ð
jxjV<1

Tðt� sÞF ðs;Yðs�Þ; xÞ ~NNðds; dxÞ

�
ð t

a

ð
jxjVb1

Tðt� sÞGðs;Y ðs�Þ; xÞNðds; dxÞ;

so YðtÞ is a mild solution of (3.1). On the other hand, if Y ðtÞ is a mild solution
of (3.1), then

PY ðtÞ ¼ Tðt� aÞPY ðaÞ þ
ð t

a

Tðt� sÞPf ðs;Y ðsÞÞ dsð3:4Þ

þ
ð t

a

Tðt� sÞPgðs;Y ðsÞÞ dW ðsÞ

þ
ð t

a

ð
jxjV<1

Tðt� sÞPFðs;Y ðs�Þ; xÞ ~NNðds; dxÞ

þ
ð t

a

ð
jxjVb1

Tðt� sÞPGðs;Yðs�Þ; xÞNðds; dxÞ;

for all tb a; a A R;
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JY ðtÞ ¼ Tðt� aÞJYðaÞ þ
ð t

a

Tðt� sÞJf ðs;YðsÞÞ dsð3:5Þ

þ
ð t

a

Tðt� sÞJgðs;YðsÞÞ dW ðsÞ

þ
ð t

a

ð
jxjV<1

Tðt� sÞJFðs;Yðs�Þ; xÞ ~NNðds; dxÞ

þ
ð t

a

ð
jxjVb1

Tðt� sÞJGðs;Y ðs�Þ; xÞNðds; dxÞ;

for all tb a; a A R:

Since Y is L2-bounded, then letting a ! �y in (3.4) and a ! þy in (3.5), by
using (2.2), (2.3) and Pþ J ¼ I , we have (3.3) holds.

In the following, we will prove (3.3) is the unique almost automorphic in
one-dimensional distribution mild solution of (3.1). We divide the proof into
several steps.

Step 1. L2-bounded mild solution is L2-continuous.

Similar as the proof of [33], it is not di‰cult to see the L2-continuity of YðtÞ.

Step 2. Existence and uniqueness of L2-bounded mild solution.

Let S : SBCðR;L2ðP;HaÞÞ ! SBCðR;L2ðP;HaÞÞ be the operator defined
by (3.3) and let

ðSYÞðtÞ :¼ ðS1Y ÞðtÞ þ ðS2YÞðtÞ þ ðS3YÞðtÞ þ ðS4YÞðtÞ;
where

ðS1YÞðtÞ ¼
ð t

�y
Tðt� sÞPf ðs;YðsÞÞ ds�

ðþy

t

Tðt� sÞJf ðs;Y ðsÞÞ ds

ðS2YÞðtÞ ¼
ð t

�y
Tðt� sÞPgðs;YðsÞÞ dW ðsÞ �

ðþy

t

Tðt� sÞJgðs;YðsÞÞ dW ðsÞ

ðS3YÞðtÞ ¼
ð t

�y

ð
jxjV<1

Tðt� sÞPF ðs;Yðs�Þ; xÞ ~NNðds; dxÞ

�
ðþy

t

ð
jxjV<1

Tðt� sÞJFðs;Y ðs�Þ; xÞ ~NNðds; dxÞ

ðS4YÞðtÞ ¼
ð t

�y

ð
jxjVb1

Tðt� sÞPGðs;Y ðs�Þ; xÞNðds; dxÞ

�
ðy
t

ð
jxjVb1

Tðt� sÞJGðs;Yðs�Þ; xÞNðds; dxÞ:
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If YðtÞ is L2-bounded, it is not di‰cult to see that ðSY ÞðtÞ is L2-bounded.
By the proof of Step 1, ðSY ÞðtÞ is L2-continuous if YðtÞ is L2-bounded.
Hence S is well-defined. Next, we will show that S is a contraction mapping
on SBCðR;L2ðP;HaÞÞ. For Y1;Y2 A SBCðR;L2ðP;HaÞÞ, one has

EkðSY1ÞðtÞ � ðSY2ÞðtÞk2a

a 4EkðS1Y1ÞðtÞ � ðS1Y2ÞðtÞk2a þ 4EkðS2Y1ÞðtÞ � ðS2Y2ÞðtÞk2a

þ 4EkðS3Y1ÞðtÞ � ðS3Y2ÞðtÞk2a þ 4EkðS4Y1ÞðtÞ � ðS4Y2ÞðtÞk2a :

Similar as the proof of [4], the first term of the right-hand side of the above
inequality can be estimated as follows:

EkðS1Y1ÞðtÞ � ðS1Y2ÞðtÞk2a

a 2E

ð t

�y
Tðt� sÞP½ f ðs;Y1ðsÞÞ � f ðs;Y2ðsÞÞ� ds

����
����
2

a

þ 2E

ðþy

t

Tðt� sÞJ½ f ðs;Y1ðsÞÞ � f ðs;Y2ðsÞÞ� ds
����

����
2

a

a 2M 2E

ð t

�y
ðt� sÞ�a

e�gðt�sÞk f ðs;Y1ðsÞÞ � f ðs;Y2ðsÞÞk ds

� �2

þ 2c2E

ðþy

t

edðt�sÞk f ðs;Y1ðsÞÞ � f ðs;Y2ðsÞÞk ds

� �2
;

Note that ð t

�y
ðt� sÞ�a

e�gðt�sÞ ds ¼ ga�1Gð1� aÞ;

where G is the Gamma function. Hence by Cauchy-Schwarz inequality, one
has

EkðS1Y1ÞðtÞ � ðS1Y2ÞðtÞk2a

a 2M 2ga�1Gð1� aÞ
ð t

�y
ðt� sÞ�a

e�gðt�sÞEk f ðs;Y1ðsÞÞ � f ðs;Y2ðsÞÞk2 ds

þ 2c2d�1

ðþy

t

edðt�sÞEk f ðs;Y1ðsÞÞ � f ðs;Y2ðsÞÞk2 ds

a 2L½ðMga�1Gð1� aÞÞ2 þ c2d�2� � sup
s AR

EkY1ðsÞ � Y2ðsÞk2a :
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By Itô isometry, the second term as follows:

EkðS2Y1ÞðtÞ � ðS2Y2ÞðtÞk2a

a 2E

ð t

�y
Tðt� sÞP½gðs;Y1ðsÞÞ � gðs;Y2ðsÞÞ� dW ðsÞ

����
����
2

a

þ 2E

ðþy

t

Tðt� sÞJ½gðs;Y1ðsÞÞ � gðs;Y2ðsÞÞ� dW ðsÞ
����

����
2

a

a 2M 2

ð t

�y
ðt� sÞ�2a

e�2gðt�sÞEkðgðs;Y1ðsÞÞ � gðs;Y2ðsÞÞÞQ1=2k2LðV ;L2ðP;HÞÞ ds

þ 2c2
ðþy

t

e2dðt�sÞEkðgðs;Y1ðsÞÞ � gðs;Y2ðsÞÞÞQ1=2k2LðV ;L2ðP;HÞÞ ds;

Note thatð t

�y
ðt� sÞ�2a

e�2gðt�sÞ ds ¼
ðþy

0

s�2ae�2gs ds ¼ ð2gÞ2a�1Gð1� 2aÞ;

Hence

EkðS2Y1ÞðtÞ � ðS2Y2ÞðtÞk2a

a 2L M 2ð2gÞ2a�1Gð1� 2aÞ þ 1

2
c2d�1

� �
� sup
s AR

EkY1ðsÞ � Y2ðsÞk2a :

By the properties of the integral for the Poisson random measure, we have

EkðS3Y1ÞðtÞ � ðS3Y2ÞðtÞk2a

a 2E

ð t

�y

ð
jxjV<1

Tðt� sÞP½Fðs;Y1ðs�Þ; xÞ � F ðs;Y2ðs�Þ; xÞ� ~NNðds; dxÞ
�����

�����
2

a

þ 2E

ðþy

t

ð
jxjV<1

Tðt� sÞJ½F ðs;Y1ðs�Þ; xÞ � Fðs;Y2ðs�Þ; xÞ� ~NNðds; dxÞ
�����

�����
2

a

a 2M 2

ð t

�y

ð
jxjV<1

ðt� sÞ�2a
e�2gðt�sÞ

� EkFðs;Y1ðs�Þ; xÞ � F ðs;Y2ðs�Þ; xÞk2nðdxÞ ds

þ 2c2
ðþy

t

ð
jxjV<1

e2dðt�sÞEkFðs;Y1ðs�Þ; xÞ � F ðs;Y2ðs�Þ; xÞk2nðdxÞ ds

a 2L M 2ð2gÞ2a�1Gð1� 2aÞ þ 1

2
c2d�1

� �
� sup
s AR

EkY1ðsÞ � Y2ðsÞk2a ;

Note that
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E

ð t

�y

ð
jxjVb1

Tðt� sÞP½Gðs;Y1ðs�Þ; xÞ � Gðs;Y2ðs�Þ; xÞ�nðdxÞ ds
�����

�����
2

a

þ E

ðþy

t

ð
jxjVb1

Tðt� sÞJ½Gðs;Y1ðs�Þ; xÞ � Gðs;Y2ðs�Þ; xÞ�nðdxÞ ds
�����

�����
2

a

aM 2

ð t

�y

ð
jxjVb1

ðt� sÞ�a
e�gðt�sÞnðdxÞ ds

�
ð t

�y

ð
jxjVb1

ðt� sÞ�a
e�gðt�sÞEkGðs;Y1ðs�Þ; xÞ � Gðs;Y2ðs�Þ; xÞk2nðdxÞ ds

þ c2
ðþy

t

ð
jxjVb1

e2dðt�sÞEkGðs;Y1ðs�Þ; xÞ � Gðs;Y2ðs�Þ; xÞk2nðdxÞ ds

�
ðþy

t

ð
jxjVb1

edðt�sÞEkGðs;Y1ðs�Þ; xÞ � Gðs;Y2ðs�Þ; xÞk2nðdxÞ ds

aL½bðMga�1Gð1� aÞÞ2 þ bc2d�2� � sup
s AR

EkY1ðsÞ � Y2ðsÞk2a ;

then similarly as the proof of S3, one has

EkðS4Y1ÞðtÞ � ðS4Y2ÞðtÞk2a

a 4L M 2ð2gÞ2a�1Gð1� 2aÞ þ bðMga�1Gð1� aÞÞ2 þ 1

2
c2d�1 þ bc2d�2

� �

� sup
s AR

EkY1ðsÞ � Y2ðsÞk2a :

Hence, it follow that, for each t A R

EkðSY1ÞðtÞ � ðSY2ÞðtÞk2a aY � sup
s AR

EkY1ðsÞ � Y2ðsÞk2a :

Note that

sup
s AR

kY1ðsÞ � Y2ðsÞk2a;2 a sup
s AR

kY1ðsÞ � Y2ðsÞka;2
� �2

;

then

kðSY1ÞðtÞ � ðSY2ÞðtÞka;2 a
ffiffiffiffi
Y

p
kY1 � Y2ka;y:

Hence

kSY1 �SY2ka;y :¼ sup
t AR

kðSY1ÞðtÞ � ðSY2ÞðtÞka;2 a
ffiffiffiffi
Y

p
kY1 � Y2ka;y:

Since Y < 1, it follow that S is a contraction mapping on SBCðR;L2ðP;HaÞÞ.
Therefore, by the Banach contraction mapping principle, S has a unique fixed
point in SBCðR;L2ðP;HaÞÞ, which is the unique L2-bounded mild solution to
(3.1).
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Step 3. Almost automorphy in one-dimensional distribution of L2-bounded
mild solution.

Since f A SAAðR�L2ðP;HaÞ;L2ðP;HÞÞ, g A SAAðR�L2ðP;HaÞ;
LðV ;L2ðP;HÞÞÞ, F ;G A PSAAðR�L2ðP;HaÞ � V ;L2ðP;HÞÞ, thus for every
sequence of real numbers fs 0ng, there exists a subsequence fsng and some func-
tions ~ff , ~gg, ~FF , ~GG, such that

lim
n!y

Ek f ðtþ sn;Y Þ � ~ff ðt;Y Þk2 ¼ 0 and lim
n!y

Ek ~ff ðt� sn;YÞ � f ðt;Y Þk2 ¼ 0;

lim
n!y

Ekðgðtþ sn;Y Þ � ~ggðt;YÞÞQ1=2k2LðV ;L2ðP;HÞÞ ¼ 0;

lim
n!y

Ekð~ggðt� sn;Y Þ � gðt;YÞÞQ1=2k2LðV ;L2ðP;HÞÞ ¼ 0;

lim
n!y

ð
jxj<1

EkFðtþ sn;Y ; xÞ � ~FF ðt;Y ; xÞk2nðdxÞ ¼ 0;

lim
n!y

ð
jxj<1

Ek ~FFðt� sn;Y ; xÞ � F ðt;Y ; xÞk2nðdxÞ ¼ 0;

and

lim
n!y

ð
jxjb1

EkGðtþ sn;Y ; xÞ � ~GGðt;Y ; xÞk2nðdxÞ ¼ 0;

lim
n!y

ð
jxjb1

Ek ~GGðt� sn;Y ; xÞ � Gðt;Y ; xÞk2nðdxÞ ¼ 0;

for each t A R, Y A L2ðP;HaÞ.
Let ~YY ðtÞ satisfy the integral equation

~YYðtÞ ¼
ð t

�y
Tðt� sÞP~ff ðs; ~YYðsÞÞ ds�

ðþy

t

Tðt� sÞJ ~ff ðs; ~YY ðsÞÞ ds

þ
ð t

�y
Tðt� sÞP~ggðs; ~YYðsÞÞ dW ðsÞ �

ðþy

t

Tðt� sÞJ~ggðs; ~YY ðsÞÞ dW ðsÞ

þ
ð t

�y

ð
jxjV<1

Tðt� sÞP ~FFðs; ~YY ðs�Þ; xÞ ~NNðds; dxÞ

�
ðþy

t

ð
jxjV<1

Tðt� sÞJ ~FFðs; ~YY ðs�Þ; xÞ ~NNðds; dxÞ

þ
ð t

�y

ð
jxjVb1

Tðt� sÞP ~GGðs; ~YYðs�Þ; xÞNðds; dxÞ

�
ðy
t

ð
jxjVb1

Tðt� sÞJ ~GGðs; ~YYðs�Þ; xÞNðds; dxÞ;
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by the proof of Step 1 and Step 2, it follows that ~YY is unique and L2-
bounded.

Let WnðtÞ :¼ Wðtþ snÞ �WðsnÞ, Nnðt; xÞ :¼ Nðtþ sn; xÞ �Nðsn; xÞ and
~NNnðt; xÞ :¼ ~NNðtþ sn; xÞ � ~NNðsn; xÞ for each t A R. It is easy to show that Wn is a
Q-Wiener process with the same law as W , Nn is also a Poisson random measure

and has the same law as N, so are ~NNn and ~NN, moreover, ~NNn is the compensated
Poisson measure of Nn. Let t ¼ s� sn, one has

Yðtþ snÞ ¼
ð t

�y
Tðt� tÞPf ðtþ sn;Yðtþ snÞÞ dtð3:6Þ

�
ðþy

t

Tðt� tÞJf ðtþ sn;Y ðtþ snÞÞ dt

þ
ð t

�y
Tðt� tÞPgðtþ sn;Y ðtþ snÞÞ dWnðtÞ

�
ðþy

t

Tðt� tÞJgðtþ sn;Yðtþ snÞÞ dWnðtÞ

þ
ð t

�y

ð
jxjV<1

Tðt� tÞPF ðtþ sn;Y ðtþ sn�Þ; xÞ ~NNnðdt; dxÞ

�
ðþy

t

ð
jxjV<1

Tðt� tÞJFðtþ sn;Yðtþ sn�Þ; xÞ ~NNnðdt; dxÞ

þ
ð t

�y

ð
jxjVb1

Tðt� tÞPGðtþ sn;Yðtþ sn�Þ; xÞNnðdt; dxÞ

�
ðy
t

ð
jxjVb1

Tðt� tÞJGðtþ sn;Y ðtþ sn�Þ; xÞNnðdt; dxÞ:

Consider the process

YnðtÞ ¼
ð t

�y
Tðt� tÞPf ðtþ sn;YnðtÞÞ dt�

ðþy

t

Tðt� tÞJf ðtþ sn;YnðtÞÞ dt

þ
ð t

�y
Tðt� tÞPgðtþ sn;YnðtÞÞ dW ðtÞ

�
ðþy

t

Tðt� tÞJgðtþ sn;YnðtÞÞ dW ðtÞ

þ
ð t

�y

ð
jxjV<1

Tðt� tÞPFðtþ sn;Ynðt�Þ; xÞ ~NNðdt; dxÞ

�
ðþy

t

ð
jxjV<1

Tðt� tÞJF ðtþ sn;Ynðt�Þ; xÞ ~NNðdt; dxÞ
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þ
ð t

�y

ð
jxjVb1

Tðt� tÞPGðtþ sn;Ynðt�Þ; xÞNðdt; dxÞ

�
ðy
t

ð
jxjVb1

Tðt� tÞJGðtþ sn;Ynðt�Þ; xÞNðdt; dxÞ;

It is easy to see that Yðtþ snÞ has the same distribution as YnðtÞ for each t A R

and YnðtÞ is unique and L2-bounded.
Note that

EkYnðtÞ � ~YY ðtÞk2a

a 8E

ð t

�y
Tðt� tÞP½ f ðtþ sn;YnðtÞÞ � ~ff ðt; ~YY ðtÞÞ� dt

����
����
2

a

þ 8E

ðþy

t

Tðt� tÞJ½ f ðtþ sn;YnðtÞÞ � ~ff ðt; ~YYðtÞÞ� dt
����

����
2

a

þ 8E

ð t

�y
Tðt� tÞP½gðtþ sn;YnðtÞÞ � ~ggðt; ~YYðtÞÞ� dW ðtÞ

����
����
2

a

þ 8E

ðþy

t

Tðt� tÞJ½gðtþ sn;YnðtÞÞ � ~ggðt; ~YYðtÞÞ� dW ðtÞ
����

����
2

a

þ 8E

ð t

�y

ð
jxjV<1

Tðt� tÞP½F ðtþ sn;Ynðt�Þ; xÞ � ~FF ðt; ~YYðt�Þ; xÞ� ~NNðdt; dxÞ
�����

�����
2

a

þ 8E

ðþy

t

ð
jxjV<1

Tðt� tÞJ½F ðtþ sn;Ynðt�Þ; xÞ � ~FF ðt; ~YYðt�Þ; xÞ� ~NNðdt; dxÞ
�����

�����
2

a

þ 8E

ð t

�y

ð
jxjVb1

Tðt� tÞP½Gðtþ sn;Ynðt�Þ; xÞ� ~GGðt; ~YYðt�Þ; xÞ�Nðdt; dxÞ
�����

�����
2

a

þ 8E

ðþy

t

ð
jxjVb1

Tðt� tÞJ½Gðtþ sn;Ynðt�Þ; xÞ� ~GGðt; ~YYðt�Þ; xÞ�Nðdt; dxÞ
�����

�����
2

a

:¼ I1 þ I2 þ I3 þ I4:

It follows from the Cauchy-Schwarz inequality that

I1 a 16E

ð t

�y
Tðt� tÞP½ f ðtþ sn;YnðtÞÞ � f ðtþ sn; ~YYðtÞÞ� dt

����
����
2

a

þ 16E

ð t

�y
Tðt� tÞP½ f ðtþ sn; ~YYðtÞÞ � ~ff ðt; ~YY ðtÞÞ� dt

����
����
2

a
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þ 16E

ðþy

t

Tðt� tÞJ½ f ðtþ sn;YnðtÞÞ � f ðtþ sn; ~YYðtÞÞ� dt
����

����
2

a

þ 16E

ðþy

t

Tðt� tÞJ½ f ðtþ sn; ~YYðtÞÞ � ~ff ðt; ~YYðtÞÞ� dt
����

����
2

a

a 16M 2ga�1Gð1� aÞ
ð t

�y
ðt� tÞ�a

e�gðt�tÞ

� Ek f ðtþ sn;YnðtÞÞ � f ðtþ sn; ~YYðtÞÞk2 dt

þ 16M 2ga�1Gð1� aÞ
ð t

�y
ðt� tÞ�a

e�gðt�tÞEk f ðtþ sn; ~YYðtÞÞ � ~ff ðt; ~YYðtÞÞk2 dt

þ 16c2d�1

ðþy

t

edðt�tÞEk f ðtþ sn;YnðtÞÞ � f ðtþ sn; ~YYðtÞÞk2 dt

þ 16c2d�1

ðþy

t

edðt�tÞEk f ðtþ sn; ~YYðtÞÞ � ~ff ðt; ~YYðtÞÞk2 dt

a 16L½ðMga�1Gð1� aÞÞ2 þ c2d�2� � sup
t AR

EkYnðtÞ � ~YYðtÞk2a þ En
1 ðtÞ;

with

En
1 ðtÞ ¼ 16M 2ga�1Gð1� aÞ

ð t

�y
ðt� tÞ�a

e�gðt�tÞEk f ðtþ sn; ~YY ðtÞÞ � ~ff ðt; ~YY ðtÞÞk2 dt

þ 16c2d�1

ðþy

t

edðt�tÞEk f ðtþ sn; ~YYðtÞÞ � ~ff ðt; ~YY ðtÞÞk2 dt:

By Lebesgue dominated convergence theorem, one has En
1 ðtÞ ! 0 as n ! þy.

By Itô isometry, we have

I2 a 16E

ð t

�y
Tðt� tÞP½gðtþ sn;YnðtÞÞ � gðtþ sn; ~YYðtÞÞ� dW ðtÞ

����
����
2

a

þ 16E

ð t

�y
Tðt� tÞP½gðtþ sn; ~YYðtÞÞ � ~ggðt; ~YY ðtÞÞ� dW ðtÞ

����
����
2

a

þ 16E

ðþy

t

Tðt� tÞJ½gðtþ sn;YnðtÞÞ � gðtþ sn; ~YYðtÞÞ� dW ðtÞ
����

����
2

a

þ 16E

ðþy

t

Tðt� tÞJ½gðtþ sn; ~YYðtÞÞ � ~ggðt; ~YY ðtÞÞ� dW ðtÞ
����

����
2

a

a 16M 2

ð t

�y
ðt� tÞ�2a

e�2gðt�tÞ

� Ekðgðtþ sn;YnðtÞÞ � gðtþ sn; ~YYðtÞÞÞQ1=2k2LðV ;L2ðP;HÞÞ dt
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þ 16M 2

ð t

�y
ðt� tÞ�2a

e�2gðt�tÞ

� Ekðgðtþ sn; ~YYðtÞÞ � ~ggðt; ~YYðtÞÞÞQ1=2k2LðV ;L2ðP;HÞÞ dt

þ 16c2
ðþy

t

e2dðt�tÞEkðgðtþ sn;YnðtÞÞ � gðtþ sn; ~YY ðtÞÞÞQ1=2k2LðV ;L2ðP;HÞÞ dt

þ 16c2
ðþy

t

e2dðt�tÞEkðgðtþ sn; ~YYðtÞÞ � ~ggðt; ~YYðtÞÞÞQ1=2k2LðV ;L2ðP;HÞÞ dt

a 16L M 2ð2gÞ2a�1Gð1� 2aÞ þ 1

2
c2d�1

� �
� sup
t AR

EkYnðtÞ � ~YYðtÞk2a þ En
2 ðtÞ;

with

En
2 ðtÞ :¼ 16M 2

ð t

�y
ðt� tÞ�2a

e�2gðt�tÞ

� Ekðgðtþ sn; ~YY ðtÞÞ � ~ggðt; ~YYðtÞÞÞQ1=2k2LðV ;L2ðP;HÞÞ dt

þ 16c2
ðþy

t

e2dðt�tÞEkðgðtþ sn; ~YY ðtÞÞ � ~ggðt; ~YYðtÞÞÞQ1=2k2LðV ;L2ðP;HÞÞ dt:

By Lebesgue dominated convergence theorem, one has En
2 ðtÞ ! 0 as n ! þy.

By the properties of the integral for the Poisson random measure, one has

I3 a 16E

�����
ð t

�y

ð
jxjV<1

Tðt� tÞP½F ðtþ sn;Ynðt�Þ; xÞ

� F ðtþ sn; ~YYðt�Þ; xÞ� ~NNðdt; dxÞ
�����
2

a

þ 16E

ð t

�y

ð
jxjV<1

Tðt� tÞP½Fðtþ sn; ~YYðt�Þ; xÞ � ~FF ðt; ~YY ðt�Þ; xÞ� ~NNðdt; dxÞ
�����

�����
2

a

þ 16E

�����
ðþy

t

ð
jxjV<1

Tðt� tÞJ½Fðtþ sn;Ynðt�Þ; xÞ

� Fðtþ sn; ~YYðt�Þ; xÞ� ~NNðdt; dxÞ
�����
2

a

þ 16E

ðþy

t

ð
jxjV<1

Tðt� tÞJ½Fðtþ sn; ~YYðt�Þ; xÞ � ~FF ðt; ~YYðt�Þ; xÞ� ~NNðdt; dxÞ
�����

�����
2

a
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a 16M 2

ð t

�y

ð
jxjV<1

ðt� tÞ�2a
e�2gðt�tÞ

� EkFðtþ sn;Ynðt�Þ; xÞ � Fðtþ sn; ~YY ðt�Þ; xÞk2nðdxÞ dt

þ 16M 2

ð t

�y

ð
jxjV<1

ðt� tÞ�2a
e�2gðt�tÞ

� EkFðtþ sn; ~YY ðt�Þ; xÞ � ~FF ðt; ~YY ðt�Þ; xÞk2nðdxÞ dt

þ 16c2
ðþy

t

ð
jxjV<1

e2dðt�tÞ

� EkFðtþ sn;Ynðt�Þ; xÞ � Fðtþ sn; ~YY ðt�Þ; xÞk2nðdxÞ dt

þ 16c2
ðþy

t

ð
jxjV<1

e2dðt�tÞEkF ðtþ sn; ~YYðt�Þ; xÞ � ~FFðt; ~YYðt�Þ; xÞk2nðdxÞ dt

a 16L M 2ð2gÞ2a�1Gð1� 2aÞ þ 1

2
c2d�1

� �
� sup
s AR

EkYnðtÞ � ~YY ðtÞk2a þ En
3 ðtÞ;

with

En
3 ðtÞ :¼ 16M 2

ð t

�y

ð
jxjV<1

ðt� tÞ�2a
e�2gðt�tÞ

� EkF ðtþ sn; ~YYðt�Þ; xÞ � ~FFðt; ~YYðt�Þ; xÞk2nðdxÞ dt

þ 16c2
ðþy

t

ð
jxjV<1

e2dðt�tÞ

� EkF ðtþ sn; ~YYðt�Þ; xÞ � ~FFðt; ~YYðt�Þ; xÞk2nðdxÞ dt:

By Lebesgue dominated convergence theorem, one has En
3 ðtÞ ! 0 as n ! þy.

For I4, similarly as the proof of I3, one has

I4 a 32E

�����
ð t

�y

ð
jxjVb1

Tðt� tÞP½Gðtþ sn;Ynðt�Þ; xÞ

� Gðtþ sn; ~YYðt�Þ; xÞ� ~NNðdt; dxÞ
�����
2

a

þ 32E

�����
ð t

�y

ð
jxjVb1

Tðt� tÞP½Gðtþ sn;Ynðt�Þ; xÞ

� Gðtþ sn; ~YYðt�Þ; xÞ�nðdxÞ dt
�����
2

a
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þ 32E

ð t

�y

ð
jxjVb1

Tðt� tÞP½Gðtþ sn; ~YYðt�Þ; xÞ� ~GGðt; ~YYðt�Þ; xÞ� ~NNðdt; dxÞ
�����

�����
2

a

þ 32E

ð t

�y

ð
jxjVb1

Tðt� tÞP½Gðtþ sn; ~YY ðt�Þ; xÞ � ~GGðt; ~YYðt�Þ; xÞ�nðdxÞ dt
�����

�����
2

a

þ 32E

�����
ðþy

t

ð
jxjVb1

Tðt� tÞJ½Gðtþ sn;Ynðt�Þ; xÞ

� Gðtþ sn; ~YYðt�Þ; xÞ� ~NNðdt; dxÞ
�����
2

a

þ 32E

�����
ðþy

t

ð
jxjVb1

Tðt� tÞJ½Gðtþ sn;Ynðt�Þ; xÞ

� Gðtþ sn; ~YYðt�Þ; xÞ�nðdxÞ dt
�����
2

a

þ 32E

ðþy

t

ð
jxjVb1

Tðt� tÞJ½Gðtþ sn; ~YYðt�Þ; xÞ� ~GGðt; ~YYðt�Þ; xÞ� ~NNðdt; dxÞ
�����

�����
2

a

þ 32E

ðþy

t

ð
jxjVb1

Tðt� tÞJ½Gðtþ sn; ~YY ðt�Þ; xÞ � ~GGðt; ~YYðt�Þ; xÞ�nðdxÞ dt
�����

�����
2

a

a 32L M 2ð2gÞ2a�1Gð1� 2aÞ þ bðMga�1Gð1� aÞÞ2 þ 1

2
c2d�1 þ bc2d�2

� �

� sup
s AR

EkYnðtÞ � ~YYðtÞk2a þ En
4 ðtÞ;

with

En
4 ðtÞ :¼ 32M 2

ð t

�y

ð
jxjVb1

ðt� tÞ�2a
e�2gðt�tÞ

� EkGðtþ sn; ~YYðt�Þ; xÞ � ~GGðt; ~YY ðt�Þ; xÞk2nðdxÞ dt

þ 32bM 2ga�1Gð1� aÞ

�
ð t

�y

ð
jxjVb1

ðt� tÞ�a
e�gðt�tÞ

� EkGðtþ sn; ~YYðt�Þ; xÞ � ~GGðt; ~YY ðt�Þ; xÞk2nðdxÞ dt
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þ 32c2
ðþy

t

ð
jxjVb1

e2dðt�tÞ

� EkGðtþ sn; ~YYðt�Þ; xÞ � ~GGðt; ~YY ðt�Þ; xÞk2nðdxÞ dt

þ 32bd�1c2
ðþy

t

ð
jxjVb1

edðt�tÞ

� EkGðtþ sn; ~YYðt�Þ; xÞ � ~GGðt; ~YY ðt�Þ; xÞk2nðdxÞ dt:

By Lebesgue dominated convergence theorem, one has En
4 ðtÞ ! 0 as n ! þy.

By the estimates of I1–I4, one has

EkYnðtÞ � ~YYðtÞk2a aEnðtÞ þ Q � sup
t AR

EkYnðtÞ � ~YYðtÞk2a ;

where EnðtÞ ¼
P4

i¼1 E
n
i ðtÞ. Hence

sup
t AR

EkYnðtÞ � ~YY ðtÞk2a a sup
t AR

EnðtÞ þ Q � sup
t AR

EkYnðtÞ � ~YY ðtÞk2a ;

By Q < 1 and limn!þy supt AR EnðtÞ ¼ 0, it follows that

sup
t AR

EkYnðtÞ � ~YY ðtÞk2a ! 0 as n ! þy:

Since Yðtþ snÞ has the same distribution as YnðtÞ, by [27], one has Y ðtþ snÞ !
~YYðtÞ in distribution as n ! þy. Similarly, we have ~YY ðt� snÞ ! Y ðtÞ in dis-
tribution as n ! þy. Hence Y is almost automorphic in one-dimensional
distribution. The proof is complete. r

4. Example

Consider the stochastic heat di¤erential equations with Dirichlet boundary
condition:

qu

qt
ðt; xÞ ¼ q2u

qx2
ðt; xÞ þ auðt; xÞ þ f ðt; uðt; xÞÞ þ gðt; uðt; xÞÞ qW

qt
ðt; xÞ

þ kðt; uðt; xÞÞ qZ
qt

ðt; xÞ; t > 0; x A ð0; 1Þ;

uðt; 0Þ ¼ uðt; 1Þ ¼ 0; t > 0;

ð4:1Þ

where a > 0, f , g are square-mean almost automorphic with respect to t, k is
Poisson square-mean almost automorphic with respect to t, W is a Q-Wiener
process with TrQ < y, and Z is a Lévy pure jump process which is independent
of W . Denote H ¼ V :¼ Cð½0; 1�;RÞ equipped with the sup norm and defined
the operator A by

Au :¼ u 00 þ au; u A DðAÞ;
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where DðAÞ :¼ fu A C2ð½0; 1�;RÞ; uð0Þ ¼ uð1Þ ¼ 0g. The operator A is sectorial,
and the resolvent and spectrum of A are respectively given by [29]

rðAÞ ¼ C� f�n2p2 þ a : a A Ng; sðAÞ ¼ f�n2p2 þ a : a A Ng;
if a0 n2p2, one has sðAÞ \ iR ¼ j. Hence, the analytic semigroup generated
by A is hyperbolic. For a A ð0; 1Þ, the intermediate space Ha take the domains
of the fraction power of �A, i.e., Ha ¼ Dðð�AÞaÞ. Then the stochastic heat
equation can be written as

dY ¼ ðAY þ Fðt;YÞÞ dtþ Gðt;YÞ dW þ
ð
jZjV<1

Kðt;Y ; zÞ ~NNðdt; dzÞ

þ
ð
jZjVb1

Kðt;Y ; zÞNðdt; dzÞ

on the Hilbert space H, where

F ðt;Y Þ :¼ f ðt; uÞ; Gðt;YÞ dW :¼ gðt; uÞ dW

kðt; uÞ dZ :¼
ð
jzjV<1

Kðt;Y ; zÞ ~NNðdt; dzÞ þ
ð
jzjVb1

Kðt;Y ; zÞNðdt; dzÞ

with

Zðt; xÞ ¼
ð
jzjV<1

z ~NNðt; dzÞ þ
ð
jzjVb1

zNðt; dzÞ; Kðt;Y ; zÞ ¼ kðt; uÞz:

Here we assume for simplicity that the Lévy pure process Z on L2ð0; 1Þ is
decomposed as above by the Lévy-Itô decomposition.

Note that if f ðt; uÞ, gðt; uÞ are Lipschitz with respect to u, then F ðt;Y Þ,
Gðt;YÞ are Lipschitz with respect to Y : When kðt; uÞ is Lipschitz with respect to
u, and n is a finite measure, then the Lipschitz condition holds for K . Hence,
assume that f ðt; uÞ, gðt; uÞ are Lipschitz with respect to u, and the finite intensity
measure n of the Poisson process Z on L2ð0; 1Þ satisfies the Lipschitz condition
for K in the sense of ðH2Þ with Lipschitz constant L. By Theorem 3.1, (4.1)
admits a unique almost automorphic in one-dimensional distribution mild solu-
tion if L is small enough.
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