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INSTABILITY OF SOLITARY WAVES FOR A GENERALIZED

DERIVATIVE NONLINEAR SCHRÖDINGER EQUATION IN

A BORDERLINE CASE

Noriyoshi Fukaya

Abstract

We study the orbital instability of solitary waves for a derivative nonlinear

Schrödinger equation with a general nonlinearity. We treat a borderline case between

stability and instability, which is left as an open problem by Liu, Simpson and Sulem

(2013). We give a su‰cient condition for instability of a two-parameter family of

solitary waves in a degenerate case by extending the results of Ohta (2011), and verify

this condition for some cases.

1. Introduction

In this paper, we consider the following generalized derivative nonlinear
Schrödinger equation.

iqtu ¼ �q2xu� ijuj2sqxu; ðt; xÞ A R� R;ðgDNLSÞ
where u is a complex-valued function of ðt; xÞ A R� R and s > 0. When s ¼ 1,
(gDNLS) appears in plasma physics, nonlinear optics, and so on (see, e.g., [18,
16, 17, 22, 25]).

It is known that (gDNLS) has a two-parameter family of solitary waves

uoðt; xÞ ¼ eio0tfoðx� o1tÞ;
where o ¼ ðo0;o1Þ A W :¼ fðo0;o1Þ A R2 jo2

1 < 4o0g,

foðxÞ ¼ joðxÞ exp i
o1

2
x� 1

2sþ 2

ð x
�y

joðyÞ
2s

dy

� �
;

joðxÞ ¼
ðsþ 1Þð4o0 � o2

1Þ

2
ffiffiffiffiffiffi
o0

p
coshðs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4o0 � o2

1

q
xÞ � o1
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>;
1=2s

:

450

2010 Mathematics Subject Classification. 35Q55, 35B35.

Key words and phrases. Solitary wave, Orbital instability, DNLS.

Received June 27, 2016; revised December 7, 2016.



Note that jo is a solution of

�q2xjþ o0 �
o2

1

4

� �
jþ o1

2
jjj2sj� 2sþ 1

ð2sþ 2Þ2
jjj4sj ¼ 0; x A R;

and that fo is a solution of

�q2xfþ o0fþ o1iqxf� ijfj2sqxf ¼ 0; x A R:ð1Þ

We regard L2ðRÞ :¼ L2ðR;CÞ and H 1ðRÞ :¼ H 1ðR;CÞ as real Hilbert spaces
with inner products

ðv;wÞL2 :¼ <
ðy
�y

vðxÞwðxÞ dx; ðv;wÞH 1 :¼ ðv;wÞL2 þ ðqxv; qxwÞL2 ;

respectively.
Recently, Hayashi and Ozawa [8] proved that the Cauchy problem for

(gDNLS) is locally well-posed in the energy space H 1ðRÞ for all sb 1 (see also
[1, 9, 10, 11, 12, 21, 23]). Moreover, (gDNLS) has three conserved quantities

EðuÞ :¼ 1

2
kqxuk2L2 �

1

2sþ 2
ðijuj2sqxu; uÞL2 ;

Q0ðuÞ :¼
1

2
kuk2L2 ; Q1ðuÞ :¼

1

2
ðiqxu; uÞL2 :

Note that (gDNLS) can be written in Hamiltonian form iqtuðtÞ ¼ E 0ðuðtÞÞ, and
that Q0 and Q1 arise from the gauge and translation invariances of E, respec-
tively.

For o A W, we define the action

SoðuÞ :¼ EðuÞ þ
X1
j¼0

ojQjðuÞ; u A H 1ðRÞ:

Then (1) is equivalent to S 0
oðfÞ ¼ 0. We define

dðoÞ :¼ SoðfoÞ; o A W:

Then we have

d 0ðoÞ ¼ ðqo0
dðoÞ; qo1

dðoÞÞ ¼ ðQ0ðfoÞ;Q1ðfoÞÞ;
and

d 00ðoÞ ¼
q2o0

dðoÞ qo0
qo1

dðoÞ
qo1

qo0
dðoÞ q2o1

dðoÞ

" #
ð2Þ

¼
hQ 0

0ðfoÞ; qo0
foi hQ 0

1ðfoÞ; qo0
foi

hQ 0
0ðfoÞ; qo1

foi hQ 0
1ðfoÞ; qo1

foi

" #
:

The stability of solitary waves is defined as follows.
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Definition 1. The solitary wave eio0tfoð� � o1tÞ is said to be stable if for
each e > 0 there exists d > 0 with the following property. For u0 A BdðfoÞ, the
solution uðtÞ of (gDNLS) with uð0Þ ¼ u0 exists globally in time, and uðtÞ A UeðfoÞ
for all tb 0, where

BdðfÞ :¼ fv A H 1ðRÞ j kv� fkH 1 < dg;

UeðfÞ :¼ v A H 1ðRÞ
���� inf
ðs0; s1Þ AR2

kv� eis0fð� � s1ÞkH 1 < e

( )
:

Otherwise, eio0tfoð� � o1tÞ is said to be unstable.

For the case s ¼ 1, Guo and Wu [7] proved that the solitary wave
eio0tfoð� � o1tÞ is stable for o A W with o1 < 0, and Colin and Ohta [2] proved
that the solitary wave is stable for all o A W.

In [14], Liu, Simpson and Sulem proved that when 0 < s < 1, the solitary
wave is stable for all o A W, and when sb 2, the solitary wave is unstable for
all o A W. They also proved that for 1 < s < 2, the solitary wave is stable if
�2

ffiffiffiffiffiffi
o0

p
< o1 < 2z0

ffiffiffiffiffiffi
o0

p
, and unstable if 2z0

ffiffiffiffiffiffi
o0

p
< o1 < 2

ffiffiffiffiffiffi
o0

p
, where the con-

stant z0 ¼ z0ðsÞ A ð�1; 1Þ is the solution of

FsðzÞ :¼ ðs� 1Þ2
ðy
0

ðcosh y� zÞ�1=s
dy

� �2

�
ðy
0

ðcosh y� zÞ�1=s�1ðz cosh y� 1Þ dy
� �2

¼ 0:

The authors [14] shows by numerical computation that when 1 < s < 2, the
function Fs is monotonically increasing, Fsð�1Þ < 0 and limz"1 FsðzÞ ¼ þy.
Therefore Fs has exactly one root z0 in the interval ð�1; 1Þ. Note that
det½d 00ðoÞ� has the same sign as Fsðo1=2

ffiffiffiffiffiffi
o0

p Þ (see [14, Lemma 4.2]).
The proofs in [7, 14] are based on the spectral analysis of the linearized

operator S 00
oðfoÞ and the Hessian matrix d 00ðoÞ, and on the general theory of

Grillakis, Shatah and Strauss [6]. The proof in [2] is based on the variational
methods as in Shatah [24]. Every proof of [2, 7, 14] requires that the Hessian
matrix d 00ðoÞ is not degenerate. In the borderline case o1 ¼ 2z0

ffiffiffiffiffiffi
o0

p
, however,

we cannot apply their methods because the Hessian matrix d 00ðoÞ has a zero
eigenvalue and a negative eigenvalue. In [14], the authors conjectured that if
o1 ¼ 2z0

ffiffiffiffiffiffi
o0

p
, the solitary wave is unstable, but left the stability problem in that

case as an open problem. Although there are several papers treating the stability
and instability of a one-parameter family of solitary waves in degenerate cases
(see [4, 3, 13, 15, 19, 26]), to the best of our knowledge, there are none for a
two-parameter family of solitary waves.

In this paper, we consider the borderline case o1 ¼ 2z0
ffiffiffiffiffiffi
o0

p
and prove the

following theorem, which verify the conjecture of Liu, Simpson and Sulem [14]
for 7=6 < s < 2.
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Theorem 1. Let 7=6 < s < 2 and z0 ¼ z0ðsÞ A ð�1; 1Þ satisfy Fsðz0Þ ¼ 0.
Then the solitary wave eio0tfoð� � o1tÞ is unstable if o1 ¼ 2z0

ffiffiffiffiffiffi
o0

p
.

Remark 1. Our proof requires a certain amount of regularity of E (see
Proposition 1 (iii) below). Therefore, the stability problem in the case 1 < sa
7=6 and o1 ¼ 2z0

ffiffiffiffiffiffi
o0

p
still remains open.

Our proof of Theorem 1 is based on the Lyapunov functional methods as
in Ohta [19, 20] and Maeda [15]. In [19], Ohta gave a su‰cient condition for
instability of a one-parameter family of solitary waves eiot ~ffo for the following
abstract Hamiltonian system in a degenerate case.

du

dt
ðtÞ ¼ J ~EE 0ðuðtÞÞ:ð3Þ

Moreover, he proved that this condition holds if ~dd 00ðoÞ ¼ 0 and ~dd 000ðoÞ0 0 under
a certain spectral assumption of ~SS 00

oðfoÞ (see [19, (B2a)]), where ~SSo is the action

corresponding to (3), and ~ddðoÞ :¼ ~SSoð ~ffoÞ. In [15], Maeda treated the more
degenerate cases ~dd 00ðoÞ ¼ ~dd 000ðoÞ ¼ 0. In [20], Ohta proved instability of a two-
parameter family of solitary waves for the following nonlinear Schrödinger
equation of derivative type in non-degenerate cases.

iqtu ¼ �q2xu� ijuj2qxu� bjuj4u; ðt; xÞ A R� R;ð4Þ
where b > 0. Combining the idea of [15, 19] with that of [20], we extend the
results of Ohta [19] to two-parameter cases, and obtain a su‰cient condition
for instability (see Proposition 1 below). Moreover, we prove that if d 00ðoÞ has a

zero eigenvalue with an eigenvector x A R2, and
d 3

dl3
dðoþ lxÞjl¼0 0 0, then this

condition holds under a certain spectral condition (see Lemma 2 below).

Remark 2. Our method can be formulated as an abstract theory such as
[4, 5, 6, 15, 19].

Remark 3. The equation (4) has a similar situation to (gDNLS), but our
method is not applicable to (4). Indeed, (4) has a two-parameter family of
solitary waves eio0tf̂foð� � o1tÞ, where o ¼ ðo0;o1Þ A W,

f̂foðxÞ ¼ ĵjoðxÞ exp i
o1

2
x� 1

4

ð x
�y

jĵjoðyÞj
2
dy

� �
;

ĵjoðxÞ ¼
2ð4o0 � o2

1Þ

�o1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o2

1 þ ð1þ 16b=3Þð4o0 � o2
1Þ

q
coshð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4o0 � o2

1

q
xÞ

8><
>:

9>=
>;
1=2

:

Ohta [20] proved that there exists k ¼ kðbÞ A ð0; 1Þ such that the solitary wave
eio0tf̂foð� � o1tÞ is stable if �2

ffiffiffiffiffiffi
o0

p
< o1 < 2k

ffiffiffiffiffiffi
o0

p
, and unstable if 2k

ffiffiffiffiffiffi
o0

p
<
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o1 < 2
ffiffiffiffiffiffi
o0

p
, and left the case o1 ¼ 2k

ffiffiffiffiffiffi
o0

p
as an open problem. In the case

o1 ¼ 2k
ffiffiffiffiffiffi
o0

p
, however, the Hessian matrix d̂d 00ðoÞ has a zero eigenvalue with

an eigenvector x̂x, and
d 3

dl3
d̂dðoþ lx̂xÞjl¼0 ¼ 0, where d̂dðoÞ :¼ ŜSoðf̂foÞ, and ŜSo is

the action corresponding to (4). In fact, we see that
d 4

dl4
d̂dðoþ lx̂xÞjl¼0 < 0.

Therefore we may conjecture from the instability result of Maeda [15, Theorem 3]
that the solitary wave is unstable. However, we do not know whether the results
of [15] can be extended to two-parameter cases.

The rest of this paper is organized as follows. In Section 2, we give a
su‰cient condition for instability of the solitary wave eio0tfoð� � o1tÞ in a
degenerate case, and show that this condition holds when 7=6 < s < 2 and
o1 ¼ 2z0

ffiffiffiffiffiffi
o1

p
. In Section 3, we prove that this condition implies instability.

2. Su‰cient condition for instability

In this section, we give a su‰cient condition for instability of solitary
waves in a degenerate case. For convenience, we give some notations. For
s ¼ ðs0; s1Þ A R, we define

TðsÞv :¼ eis0vð� � s1Þ:
Then the generator T 0

0ð0Þ of fTððs; 0ÞÞgs AR and T 0
1ð0Þ of fTðð0; sÞÞgs AR are given

by

T 0
0ð0Þv ¼ iv; T 0

1ð0Þv ¼ �qxv; v A H 1ðRÞ
respectively. For j ¼ 0; 1, we define the bounded linear operator Bj from H 1ðRÞ
to L2ðRÞ by

Bjv :¼ �iT 0
j ð0Þv:

Then we have Q 0
j ðvÞ ¼ Bjv. Note that E and Qj are invariant under T , that is,

EðTðsÞvÞ ¼ EðvÞ; QjðTðsÞvÞ ¼ QjðvÞ; v A H 1ðRÞ; s A R2:

By di¤erentiating S 0
oðTðsÞfoÞ ¼ 0 at s ¼ 0, we obtain

S 00
oðfoÞT 0

j ð0Þfo ¼ 0; o A W; j ¼ 0; 1:ð5Þ
For x ¼ ðx0; x1Þ A R2, let

Bxv :¼
X1
j¼0

xjBjv; QxðvÞ :¼
1

2
ðBxv; vÞL2 ; v A H 1ðRÞ:

The aim of this section is to prove the following proposition, which gives a
su‰cient condition for instability (cf. [19, Theorem 2]).

Proposition 1. Let 1 < s < 2 and z0 ¼ z0ðsÞ A ð�1; 1Þ satisfy Fsðz0Þ ¼ 0.
Let o1 ¼ 2z0

ffiffiffiffiffiffi
o0

p
and x A R2 be an eigenvector of the Hessian matrix d 00ðoÞ
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corresponding to the zero eigenvalue. Then there exists c A H 1ðRÞ with the fol-
lowing properties.

(i) ðBjfo;cÞL2 ¼ ðT 0
j ð0Þfo;cÞL2 ¼ 0 for all j ¼ 0; 1, S 00

oðfoÞc ¼ �Bxfo, and

Soðfo þ lcÞ ¼ SoðfoÞ þ
l3

6
gþ oðl3Þ; g0�6QxðcÞ:ð6Þ

(ii) There exists k0 > 0 such that hS 00
oðfoÞw;wib k0kwk2H 1 for all w A W ,

where

W :¼ fw A H 1ðRÞ j ðw;cÞL2 ¼ ðw;BxfoÞL2 ¼ ðw;T 0
j ð0ÞfoÞL2 ¼ 0; j ¼ 0; 1g:

Moreover, if 7=6 < s < 2, then
(iii) there exists an open neighborhood V � H 1ðRÞ of fo such that

kS 00
oðvÞ � S 00

oðwÞkLðH 1;H�1Þ ¼ oðkv� wk1=3
H 1 Þ as v;w A V ; kv� wkH 1 ! 0:ð7Þ

Remark 4. If 3=2a s < 2, then E A C3ðH 1ðRÞ;RÞ. Therefore, (6) is
equivalent to hS 000

o ðfoÞðc;cÞ;ci0�6QxðcÞ, and (7) is naturally satisfied. The
property (7) is only used in the proof of Lemma 9 below.

We will show in Section 3 that Proposition 1 implies Theorem 1. Prop-
osition 1 (i) follows from the next lemma.

Lemma 1. Let 1 < s < 2 and z0 ¼ z0ðsÞ A ð�1; 1Þ satisfy Fsðz0Þ ¼ 0. Let
o1 ¼ 2z0

ffiffiffiffiffiffi
o0

p
and x A R2 be an eigenvector of the Hessian matrix d 00ðoÞ corre-

sponding to the zero eigenvalue. Then
d 3

dl3
dðoþ lxÞjl¼0 0 0.

The proof of Lemma 1 is given in Appendix A. To prove Proposition 1 (ii),
we use the spectral property of the linearized operator S 00

oðfoÞ. Here, note that

S 00
oðvÞ f ¼ ð�q2x � isjvj2s�2

vqxv� ijvj2sqx þ o0 þ o1iqxÞ f � isjvj2s�2
vqxvf ;ð8Þ

v; f A H 1ðRÞ:
The following result is due to [14].

Lemma 2 ([14, Theorem 3.1]). For sb 1 and o A W, there exist wo A
H 1ðRÞnf0g, lo < 0 and k1 > 0 such that S 00

oðfoÞwo ¼ lowo and hS 00
oðfoÞp; pib

k1kpk2L2 for all p A H 1ðRÞ satisfying

ðp; woÞL2 ¼ ðp;T 0
j ð0ÞfoÞL2 ¼ 0; j ¼ 0; 1:

Now, we verify Proposition 1.

Proof of Proposition 1. First, we show that c :¼ qlfoþlxjl¼0 þP1
j¼0 mjT

0
j ð0Þfo satisfies (i), where ðm0; m1Þ A R2 is taken so that

ðT 0
j ð0Þfo;cÞL2 ¼ 0; j ¼ 0; 1:ð9Þ
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Since x is an eigenvector of d 00ðoÞ corresponding to the zero eigenvalue, by (2),
we deduce

0 ¼ d 00ðoÞx ¼ hQ 0
0ðfoÞ; x0qo0

fo þ x1qo1
foi

hQ 0
1ðfoÞ; x0qo0

fo þ x1qo1
foi

� �
¼

ðB0fo; qlfoþlxjl¼0ÞL2

ðB1fo; qlfoþlxjl¼0ÞL2

� �
:

By di¤erentiating S0
oþlxðfoþlxÞ ¼ 0 at l ¼ 0, we have

S 00
oðfoÞqlfoþlxjl¼0 ¼ �Bxfo:

Since ðBjfo;T
0
kð0ÞfoÞL2 ¼ 0 for j; k ¼ 0; 1, we have ðBjfo;cÞL2 ¼ 0 for j ¼ 0; 1.

Moreover, by (5), we have S 00
oðfoÞc ¼ �Bxfo. Next, we check (6). By di¤er-

entiating dðoþ lxÞ ¼ SoþlxðfoþlxÞ with respect to l, we obtain

d

dl
dðoþ lxÞ ¼ QxðfoþlxÞ:

By Taylor’s expansion, we have

SoþlxðfoþlxÞ ¼ dðoþ lxÞð10Þ

¼ dðoÞ þ l
d

dh
dðoþ hxÞ

����
h¼0

þ l3

6

d 3

dh3
dðoþ hxÞ

����
h¼0

þ oðl3Þ

¼ SoðfoÞ þ lQxðfoÞ þ
l3

6

d 3

dh3
dðoþ hxÞ

����
h¼0

þ oðl3Þ;

where we used ðd 2=dh2Þdðoþ hxÞjh¼0 ¼ hd 00ðoÞx; xi ¼ 0. Put Fl :¼
Tðm0l; m1lÞfoþlx, where ðm0; m1Þ is given in (9). Then we have F0 ¼ fo and

qlF0 ¼ c, which implies that Rl :¼ fo þ lc�Fl satisfies kRlkH 1 ¼ Oðl2Þ. By
Taylor’s expansion, therefore, we deduce from (10) that

Soðfo þ lcÞ ¼ Soþlxðfo þ lcÞ � lQxðfo þ lcÞ

¼ SoþlxðFl þ RlÞ � lQxðfoÞ � l3QxðcÞ

¼ SoþlxðFlÞ � lQxðfoÞ � l3QxðcÞ þ oðl3Þ

¼ SoðfoÞ þ
l3

6

d 3

dh3
dðoþ hxÞ

����
h¼0

� 6QxðcÞ
 !

þ oðl3Þ;

where we used So ¼ Soþlx � lQx, S
0
oþlxðFlÞ ¼ 0 and SoþlxðFlÞ ¼ SoþlxðfoþlxÞ.

By Lemma 1, we have

g :¼ d 3

dh3
dðoþ hxÞ

����
h¼0

� 6QxðcÞ0�6QxðcÞ:

Next, we show that c satisfies (ii). Since c0 0, ðc;T 0
j ð0ÞfoÞL2 ¼ 0 for

j ¼ 0; 1, and hS 00
oðfoÞc;ci ¼ 0, it follows from Lemma 2 that ðc; woÞL2 0 0.
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Let w A W , and put

a :¼ �ðw; woÞL2

ðc; woÞL2

; p :¼ wþ ac:

Then we have ðp; woÞL2 ¼ ðp;T 0
j ð0ÞfoÞL2 ¼ 0 for j ¼ 0; 1. By Lemma 2 and

ðw;cÞL2 ¼ 0, we obtain

hS 00
oðfoÞp; pib k1kwþ ack2L2 b k1kwk2L2 :

On the other hand, by hS 00
oðfoÞc;ci ¼ 0, S 00

oðfoÞc ¼ �Bxfo and ðw;BxfoÞL2 ¼ 0,
we have hS 00

oðfoÞp; pi ¼ hS 00
oðfoÞw;wi, and therefore,

hS 00
oðfoÞw;wib k1kwk2L2 ; w A W :ð11Þ

Moreover, since fo, qxfo A LyðRÞ, by (8), we see that there exist positive con-
stants c and C such that

ckvk2H 1 a hS 00
oðfoÞv; viþ Ckvk2L2 ; v A H 1ðRÞ:

This inequality and (11) imply (ii).
Finally, (iii) follows from (8) and a direct calculation. This completes the

proof. r

3. Proof of Theorem 1

In this section, we prove Theorem 1 by using Proposition 1. Throughout
this section, let 7=6 < s < 2, z0 ¼ z0ðsÞ A ð�1; 1Þ satisfy Fsðz0Þ ¼ 0, o1 ¼ 2z0

ffiffiffiffiffiffi
o0

p

and x ¼ ðx0; x1Þ A R2 be an eigenvector of the Hessian matrix d 00ðoÞ correspond-
ing to the zero eigenvalue.

Lemma 3. There exist l0 > 0 and a Cy-mapping r : ð�l0; l0Þ ! R such that

Qxðfo þ lcþ rðlÞBxfoÞ ¼ QxðfoÞð12Þ
for all l A ð�l0; l0Þ, and

rðlÞ ¼ � QxðcÞ
kBxfok

2
L2

l2 þ oðl2Þð13Þ

as l ! 0.

Proof. We define

F ðl; rÞ :¼ Qxðfo þ lcþ rBxfoÞ �QxðfoÞ; ðl; rÞ A R2:

Then we have F ð0; 0Þ ¼ 0 and

qrF ð0; 0Þ ¼ hQ 0
xðfoÞ;Bxfoi ¼ kBxfok

2
L2 0 0:

By the implicit function theorem, there exist l0 > 0 and a Cy-mapping
r : ð�l0; l0Þ ! R such that Fðl; rðlÞÞ ¼ 0 for all l A ð�l0; l0Þ.
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Moreover, by di¤erentiating F ðl; rðlÞÞ ¼ 0 at l ¼ 0, we obtain

r 0ð0Þ ¼ 0; r 00ð0Þ ¼ � 2QxðcÞ
kBxfok

2
L2

:

This completes the proof. r

We define

CðlÞ :¼ fo þ lcþ rðlÞBxfo; l A ð�l0; l0Þ:

Lemma 4. There exist e0 > 0 and C3-mappings a ¼ ða0; a1Þ : Ue0ðfoÞ ! R2,
L : Ue0ðfoÞ ! ð�l0; l0Þ, b : Ue0ðfoÞ ! R, w : Ue0ðfoÞ ! W such that

TðaðuÞÞu ¼ CðLðuÞÞ þ bðuÞBxfo þ wðuÞð14Þ

for all u A Ue0ðfoÞ. Moreover,

aðTðsÞuÞ ¼ aðuÞ � s; LðTðsÞuÞ ¼ LðuÞ; bðTðsÞuÞ ¼ bðuÞ; wðTðsÞuÞ ¼ wðuÞ
for all u A Ue0ðfoÞ and s A R2.

Proof. We define

Gðu; a;L; bÞ :¼

ðTðaÞu�CðLÞ � bBxfo;T
0
0ð0ÞfoÞL2

ðTðaÞu�CðLÞ � bBxfo;T
0
1ð0ÞfoÞL2

ðTðaÞu�CðLÞ � bBxfo;cÞL2

ðTðaÞu�CðLÞ � bBxfo;BxfoÞL2

2
6664

3
7775

for ðu; a;L; bÞ A H 1ðRÞ � R2 � R� R. Then we have Gðfo; 0; 0; 0Þ ¼ 0 and

qG

qða;L; bÞ ðfo; 0; 0; 0Þ

¼

kT 0
0ð0Þfok

2
L2 ðT 0

1ð0Þfo;T 0
0ð0ÞfoÞL2 0 0

ðT 0
0ð0Þfo;T 0

1ð0ÞfoÞL2 kT 0
1ð0Þfok

2
L2 0 0

0 0 �kck2L2 0

0 0 0 �kBxfok
2
L2

2
666664

3
777775:

Since T 0
0ð0Þfo, T 0

1ð0Þfo are linearly independent, we see that
qG

qða;L; bÞ ðfo; 0; 0; 0Þ

is invertible. Thus by the implicit function theorem, there exist e0 > 0, a ¼
ða0; a1Þ : Be0ðfoÞ ! R2, L : Be0ðfoÞ ! ð�l0; l0Þ and b : Be0ðfoÞ ! R such that
Gðu; aðuÞ;LðuÞ; bðuÞÞ ¼ 0 for all u A Be0ðfoÞ. We extend a, L and b to the
mappings on Ue0ðfoÞ (see [5, Lemma 3.2]). Finally, we define

wðuÞ :¼ TðaðuÞÞu�CðLðuÞÞ � bðuÞBxfo; u A Ue0ðfoÞ:

Then we have the conclusion. r
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Remark 5. By the uniqueness of the solution of G ¼ 0, we have

aðCðlÞÞ ¼ 0; LðCðlÞÞ ¼ l; bðCðlÞÞ ¼ 0; wðCðlÞÞ ¼ 0

for all l A ð�l0; l0Þ.

Lemma 5. a 0
j ðuÞ, L 0ðuÞ, a 00

j ðuÞv A H 1ðRÞ for all u A Ue0ðfoÞ and v A H 1ðRÞ.

Proof. By di¤erentiating Gðu; aðuÞ;LðuÞ; bðuÞÞ ¼ 0 with respect to u, we
have

a 0
0ðuÞ

a 0
1ðuÞ

L 0ðuÞ
b 0ðuÞ

2
6664

3
7775 ¼ � qG

qða;L; mÞ ðu; aðuÞ;LðuÞ; bðuÞÞ
� ��1

Tð�aðuÞÞT 0
0ð0Þfo

Tð�aðuÞÞT 0
1ð0Þfo

Tð�aðuÞÞc
Tð�aðuÞÞBxfo

2
6664

3
7775 A H 1ðRÞ4;

where we used the fact fo A H 2ðRÞ. Similarly, we also see that a 00
j ðuÞv A H 1ðRÞ.

This completes the proof. r

Lemma 6. For u A Ue0ðfoÞ satisfying QxðuÞ ¼ QxðfoÞ,

bðuÞ ¼ OðjLðuÞj kwðuÞkH 1 þ kwðuÞk2H 1Þ

as inf s AR2ku� TðsÞfokH 1 ! 0.

Proof. For u A Ue0ðfoÞ satisfying QxðuÞ ¼ QxðfoÞ, by (14), (12) and
ðBxfo;wðuÞÞL2 ¼ 0, we have

0 ¼ QxðuÞ �QxðfoÞ ¼ QxðTðaðuÞÞuÞ �QxðfoÞ

¼ bðuÞ2QxðBxfoÞ þQxðwðuÞÞ þ bðuÞðBxCðLðuÞÞ;BxfoÞL2

þ bðuÞðB2
xfo;wðuÞÞL2 þ ðBxCðLðuÞÞ;wðuÞÞL2

¼ bðuÞ½kBxfok
2
L2 þ oð1Þ� þOðjLðuÞj kwðuÞkL2 þ kwðuÞk2H 1Þ:

This implies the conclusion. r

We define

MðuÞ :¼ TðaðuÞÞu; AðuÞ :¼ �ðMðuÞ; icÞL2 ; u A Ue0ðfoÞ:
Then

A 0ðuÞ ¼ �
X1
j¼0

ðT 0
j ð0ÞMðuÞ; icÞL2a

0
j ðuÞ � iTð�aðuÞÞcð15Þ

¼ �
X1
j¼0

ðBjMðuÞ;cÞL2a
0
j ðuÞ � iTð�aðuÞÞc:
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By Lemma 5, we see that A 0ðuÞ, A 00ðuÞv A H 1ðRÞ for all u A Ue0ðfoÞ and
v A H 1ðRÞ. Moreover, we have

iA 0ðfoÞ ¼ c:ð16Þ

Since M and A are invariant under T , it follows that

0 ¼ qsjAðTðsÞuÞjs¼0 ¼ hA 0ðuÞ;T 0
j ð0Þui ¼ �hQ 0

j ðuÞ; iA 0ðuÞi:ð17Þ

We define

PðuÞ :¼ hE 0ðuÞ; iA 0ðuÞi; u A Ue0ðfoÞ:

Then by (17), we have PðuÞ ¼ hS 0
oðuÞ; iA 0ðuÞi. By S 0

oðfoÞ ¼ 0, (16) and
S 00
oðfoÞc ¼ �Bxfo, we obtain

P 0ðfoÞ ¼ �Bxfo:ð18Þ

Note that P is invariant under T .

Lemma 7. Let I be an interval of R. Let u A CðI ;H 1ðRÞÞ \ C1ðI ;H�1ðRÞÞ
be a solution of (gDNLS), and assume that uðtÞ A Ue0ðfoÞ for all t A I . Then

d

dt
AðuðtÞÞ ¼ PðuðtÞÞ

for all t A I .

Proof. By [5, Lemma 4.6], we see that t 7! AðuðtÞÞ is C1 on I , and

d

dt
AðuðtÞÞ ¼ qtuðtÞ;A 0ðuðtÞÞh i ¼ hE 0ðuðtÞÞ; iA 0ðuðtÞÞi ¼ PðuðtÞÞ

for all t A I . This completes the proof. r

Put

n :¼ gþ 6QxðcÞ:

Then n0 0 by Proposition 1 (i).

Lemma 8. For l A ð�l0; l0Þ,

SoðCðlÞÞ � SoðfoÞ ¼
l3

6
nþ oðl3Þ;ð19Þ

PðCðlÞÞ ¼ l2

2
nþ oðl2Þð20Þ

as l ! 0.
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Proof. First, we show that (19). Since S 0
oðfoÞ ¼ 0 and S 00

oðfoÞc ¼ �Bxfo,
by Taylor’s expansion, we have

S 0
oðfo þ lcÞ ¼ �lBxfo þ oðlÞ:ð21Þ

By (6) and (13), we obtain

SoðCðlÞÞ ¼ Soðfo þ lxÞ þ rðlÞhS 0
oðfo þ lcÞ;Bxfoiþ oðl3Þ

¼ SoðfoÞ þ
l3

6
½gþ 6QxðcÞ� þ oðl3Þ:

Next, we show that (20). By Taylor’s expansion, we have

S 0
oðCðlÞÞ ¼ S 0

oðfo þ lcÞ þ rðlÞS 00
oðfoÞBxfo þ oðl2Þ:

By (15), Remark 5 and ðBjfo;cÞL2 ¼ 0 for j ¼ 0; 1, we have

iA 0ðCðlÞÞ ¼ c�
X1
j¼0

ðBjCðlÞ;cÞL2 ia
0
j ðCðlÞÞ

¼ c� l
X1
j¼0

ðBjc;cÞL2 ia
0
j ðfoÞ þOðl2Þ:

Therefore, by (13) and (21), we obtain

PðCðlÞÞ ¼ hS 0
oðCðlÞÞ; iA 0ðCðlÞÞi

¼ hS 0
oðfo þ lcÞ;ci� l

X1
j¼0

ðBjc;cÞL2hS 0
oðfo þ lcÞ; ia 0

j ðfoÞi

þ rðlÞhS 00
oðfoÞBxfo;ciþ oðl2Þ

¼ hS 0
oðfo þ lcÞ;ci� l2

X1
j¼0

ðBjc;cÞL2

X1
k¼0

xkðT 0
kð0Þfo; a 0

j ðfoÞÞL2

þ l2QxðcÞ þ oðl2Þ:

Here, it follows from (6) that

hS 0
oðfo þ lcÞ;ci ¼ d

dl
Sðfo þ lcÞ ¼ l2

2
gþ oðl2Þ:

Moreover, by di¤erentiating aðTðsÞuÞ ¼ aðuÞ � s at s ¼ 0, we have

ðT 0
kð0Þu; a 0

j ðuÞÞL2 ¼ �dj;k; u A Ue0ðfoÞ; j; k ¼ 0; 1:
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Thus, we deduce

PðCðlÞÞ ¼ l2

2
½gþ 6QxðcÞ� þ oðl2Þ:

This completes the proof. r

Lemma 9. For u A Ue0ðfoÞ satisfying QxðuÞ ¼ QxðfoÞ,

SoðuÞ � SoðfoÞ ¼
LðuÞ3

6
nþ 1

2
hS 00

oðfoÞwðuÞ;wðuÞiþ oðjLðuÞj3 þ kwðuÞk2H 1Þ;

LðuÞPðuÞ ¼ LðuÞ3

2
nþ oðjLðuÞj3 þ kwðuÞk2H 1Þ

as inf s AR2ku� TðsÞfokH 1 ! 0.

Proof. Since

S 0
oðCðLðuÞÞÞ ¼ �LðuÞBxfo þ rðLðuÞÞS 00

oðfoÞBxfo þ oðLðuÞ2Þ;

by Lemmas 4, 6 and (19), we have

SoðuÞ � SoðfoÞ ¼ SoðMðuÞÞ � SoðfoÞ
¼ SoðCðLðuÞÞÞ � SoðfoÞ þ hS 0

oðCðLðuÞÞÞ; bðuÞBxfo þ wðuÞi

þ 1

2
hS 00

oðCðLðuÞÞÞðbðuÞBxfo þ wðuÞÞ; bðuÞBxfo þ wðuÞi

þ oðkbðuÞBxfo þ wðuÞk2H 1Þ

¼ LðuÞ3

6
nþ 1

2
hS 00

oðfoÞwðuÞ;wðuÞiþ oðjLðuÞj3 þ kwðuÞk2H 1Þ:

On the other hand, by Lemmas 4, 6 and (20), we deduce

PðuÞ ¼ PðMðuÞÞ

¼ PðCðLðuÞÞ þ wðuÞÞ þOðjLðuÞj kwðuÞkH 1 þ kwðuÞk2H 1Þ

¼ PðCðLðuÞÞÞ þ hP 0ðCðLðuÞÞÞ;wðuÞiþOðLðuÞkwðuÞkH 1Þ þ oðkwðuÞk4=3
H 1 Þ

¼ LðuÞ2

2
nþ hP 0ðfoÞ;wðuÞiþOðLðuÞkwðuÞkH 1Þ þ oðjLðuÞj2 þ kwðuÞk4=3

H 1 Þ

¼ LðuÞ2

2
nþOðLðuÞkwðuÞkH 1Þ þ oðjLðuÞj2 þ kwðuÞk4=3

H 1 Þ;

where we used (7) and (18). This implies the conclusion. r
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Proof of Theorem 1. By Lemma 9 and Proposition 1 (ii), we see that there
exist e1 A ð0; e0Þ and c > 0 such that

SoðuÞ � SoðfoÞ �LðuÞPðuÞb�c½nLðuÞ3�þð22Þ
for all u A Ue1ðfoÞ, where aþ :¼ maxfa; 0g for a A R.

Without loss of generality, we may assume that n > 0. Suppose that
TðotÞfo is stable. Let ulðtÞ be the solution of (gDNLS) with ulð0Þ ¼ CðlÞ.
Then by (19), there exists l1 A ð0; l0Þ such that SoðfoÞ � SoðCðlÞÞ > 0 for all
l A ð�l1; 0Þ. Since TðotÞfo is stable, there exists l2 A ð0; l1Þ such that ulðtÞ A
Ue1ðfoÞ for all l A ð�l2; l2Þ and tb 0. Let l A ð�l2; 0Þ. Then by the conser-
vation of So and (22), we have

0 < dl :¼ SoðfoÞ � Soðulð0ÞÞ ¼ SoðfoÞ � SoðulðtÞÞ

aCLðulðtÞÞ3þ �LðulðtÞÞPðulðtÞÞ

for all tb 0. By this inequality, Lðulð0ÞÞ ¼ l < 0 and the continuity of t 7!
LðulðtÞÞ, we see that LðulðtÞÞ < 0 for all tb 0. Thus, we have dl < l0PðulðtÞÞ
for all tb 0. Moreover, by Lemma 7, we have

d

dt
AðulðtÞÞ ¼ PðulðtÞÞ >

dl

l0

for all tb 0, which implies AðulðtÞÞ ! y as t ! þy. This contradicts the fact
that there exists C > 0 such that jAðuÞjaC for all u A Ue0ðfoÞ. Hence, TðotÞfo
is unstable. r

Appendix A. Proof of Lemma 1

In this section, we prove Lemma 1. Throughout this section, let 1 < s < 2
and z0 ¼ z0ðsÞ A ð�1; 1Þ satisfy Fsðz0Þ ¼ 0. For o A W, we define

ko :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4o0 � o2

1

q
; ~kko :¼ 21=s�2s�1ðsþ 1Þ1=so�1=2s�1=2

0 k2=s�2
o :

Then we have

qo0
ko ¼ 2

ko
; qo1

ko ¼ �o1

ko
;ð23Þ

and

qo0
~kko ¼ � ~kko

s

4ðs� 1Þ
k2
o

þ sþ 1

2o0

� �
; qo1

~kko ¼ ~kko
2ðs� 1Þo1

sk2
o

:ð24Þ

For o A W and n A Zþ, we define

an;o :¼
ðy
0

coshðskoxÞ �
o1

2
ffiffiffiffiffiffi
o0

p
� ��1=s�n

dx:

Then it follows from [14, Lemmas A.1 and A.2] that
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qo0
a0;o ¼ � 2

k2
o

a0;o � o1

4so
3=2
0

a1;o;ð25Þ

qo1
a0;o ¼ o1

k2
o

a0;o þ 1

2s
ffiffiffiffiffiffi
o0

p a1;o;ð26Þ

qo0
a1;o ¼ � o1

s
ffiffiffiffiffiffi
o0

p
k2
o

a0;o � ð2þ sÞo2
1 þ 4so0

2so0k2
o

a1;o;ð27Þ

qo1
a1;o ¼ 2

ffiffiffiffiffiffi
o0

p

sk2
o

a0;o þ 2ðsþ 1Þo1

sk2
o

a1;o:ð28Þ

By [14, Lemma A.3] and (2), we obtain

q2o0
dðoÞ ¼ ~kkoffiffiffiffiffiffi

o0
p ð2o2

1 � 8ðs� 1Þo0Þa0;o � ~kko
o0

k2
oo1a1;o ¼

q2o1
dðoÞ
o0

;ð29Þ

qo1
qo0

dðoÞ ¼ �4~kko
ffiffiffiffiffiffi
o0

p
o1ð2� sÞa0;o þ 2~kkok

2
oa1;o ¼ qo0

qo1
dðoÞ:ð30Þ

By di¤erentiating (29) with respect to oj ( j ¼ 0; 1), we have

o0q
3
o0
dðoÞ ¼ qo0

q2o1
dðoÞ � q2o0

dðoÞ; q3o1
dðoÞ ¼ o0q

2
o0
qo1

dðoÞ:ð31Þ

On the other hand, by di¤erentiating (30), it follows from (23)–(28) that

q2o0
qo1

dðoÞ ¼ 2o1~kkoa0;o
sk2

o

ffiffiffiffiffiffi
o0

p ½4ð3s� 2Þð2� sÞo0 � ðs� 1Þk2
o�ð32Þ

þ ~kkoa1;o
so0

½4ð2� sÞo0 � 2so2
1 � ðsþ 1Þk2

o�;

qo0
q2o1

dðoÞ ¼ 4
ffiffiffiffiffiffi
o0

p
~kkoa0;o

sk2
o

½�ð3s� 2Þð2� sÞo2
1 þ ðs� 1Þ2k2

o�ð33Þ

þ 2ð3s� 2Þo1~kkoa1;o
s

:

Let o1 ¼ 2z0
ffiffiffiffiffiffi
o0

p
. Then by det½d 00ðoÞ� ¼ 0 and (29), we have

ðqo0
qo1

dðoÞÞ2 ¼ q2o0
dðoÞq2o1

dðoÞ ¼ o0ðq2o0
dðoÞÞ2:ð34Þ

Let

x ¼ ðx0; x1Þ ¼ ð�o0q
2
o0
dðoÞ; qo0

qo1
dðoÞÞ:

Then x is an eigenvector of d 00ðoÞ corresponding to the zero eigenvalue.

Lemma 10. Let o1 ¼ 2z0
ffiffiffiffiffiffi
o0

p
.

� If qo0
qo1

dðoÞ ¼ � ffiffiffiffiffiffi
o0

p
q2o0

dðoÞ, then

d 3

dl3
dðoþ lxÞ

����
l¼0

¼ o2
0ðq

2
o0
dðoÞÞ3½�4qo0

q2o1
dðoÞ � 4

ffiffiffiffiffiffi
o0

p
q2o0

qo1
dðoÞ þ q2o0

dðoÞ�:
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� If qo0
qo1

dðoÞ ¼ ffiffiffiffiffiffi
o0

p
q2o0

dðoÞ, then

d 3

dl3
dðoþ lxÞ

����
l¼0

¼ o2
0ðq

2
o0
dðoÞÞ3½�4qo0

q2o1
dðoÞ þ 4

ffiffiffiffiffiffi
o0

p
q2o0

qo1
dðoÞ þ q2o0

dðoÞ�:

Proof. By (31) and (34), we have

x30q
3
o0
dðoÞ ¼ �o2

0ðq
2
o0
dðoÞÞ3qo0

q2o1
dðoÞ þ o2

0ðq
2
o0
dðoÞÞ4;

x20x1q
2
o0
qo1

dðoÞ ¼ o2
0ðq

2
o0
dðoÞÞ2qo0

qo1
dðoÞq2o0

qo1
dðoÞ;

x0x
2
1qo0

q2o1
dðoÞ ¼ �o2

0ðq
2
o0
dðoÞÞ4 � o2

0ðq
2
odðoÞÞ

3q3o0
dðoÞ;

x31q
3
o1
dðoÞ ¼ o2

0ðq
2
o0
dðoÞÞ2qo0

qo1
dðoÞq2o0

qo1
dðoÞ:

These imply that

d 3

dl3
dðoþ lxÞ

����
l¼0

¼ x30q
3
o0
dðoÞþ 3x20x1q

2
o0
qo1

dðoÞþ 3x0x
2
1qo0

q2o1
dðoÞ þ x31q

3
o1
dðoÞ

¼ o2
0ðq

2
o0
dðoÞÞ2½�4q2o0

dðoÞqo0
q2o1

dðoÞ

þ 4qo0
qo1

dðoÞq2o0
qo1

dðoÞ þ ðq2o0
dðoÞÞ2�:

Then we obtain the conclusion. r

Proof of Lemma 1. Let o1 ¼ 2z0
ffiffiffiffiffiffi
o0

p
. Then by (29), (30), (32) and (33),

we have

q2o0
dðoÞ ¼ 8~kko

ffiffiffiffiffiffi
o0

p
a0;oðz20 � sþ 1Þ � 8~kko

ffiffiffiffiffiffi
o0

p
a1;oz0ð1� z20Þ;

qo0
qo1

dðoÞ ¼ �8~kkoo0a0;oz0ð2� sÞ þ 8~kkoo0a1;oð1� z20Þ;

qo0
q2o1

dðoÞ ¼ 4
ffiffiffiffiffiffi
o0

p
~kkoa0;o

sð1� z20Þ
½�ð3s� 2Þð2� sÞz20 þ ðs� 1Þ2ð1� z20Þ�

þ 4
ffiffiffiffiffiffi
o0

p
~kkoa1;oð3s� 2Þz0

s
;

q2o0
qo1

dðoÞ ¼ 4z0~kkoa0;o

sð1� z20Þ
½ð3s� 2Þð2� sÞ � ðs� 1Þð1� z20Þ�

þ 4~kkoa1;o
s

ð�sz20 þ z20 � 2sþ 1Þ;

If qo0
qo1

dðoÞ ¼ �o1=2q2o0
dðoÞ, we have �ð1� z0 � sÞa0;o ¼ ð1� z20Þa1;o. This

implies that

�4qo0
q2o1

dðoÞ � 4
ffiffiffiffiffiffi
o0

p
q2o0

qo1
dðoÞ þ q2o0

dðoÞ ¼ 8
ffiffiffiffiffiffi
o0

p
~kkoa0;oðs� 1Þð1� z0Þ0 0:
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Similarly, if qo0
qo1

dðoÞ ¼ o1=2q2o0
dðoÞ, we obtain

�4qo0
q2o1

dðoÞ þ 4
ffiffiffiffiffiffi
o0

p
q2o0

qo1
dðoÞ þ q2o0

dðoÞ ¼ �8
ffiffiffiffiffiffi
o0

p
~kkoa0;oðs� 1Þð1þ z0Þ0 0:

By Lemma 10, we conclude
d 3

dl3
dðoþ lxÞjl¼0 0 0. r
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[ 3 ] M. Colin and M. Ohta, Bifurcation from semitrivial standing waves and ground states for a

system of nonlinear Schrödinger equations, SIAM J. Math. Anal. 44 (2012), 206–223.

[ 4 ] A. Comech and D. Pelinovsky, Purely nonlinear instability of standing waves with minimal

energy, Comm. Pure Appl. Math. 56 (2003), 1565–1607.

[ 5 ] M. Grillakis, J. Shatah and W. Strauss, Stability theory of solitary waves in the presence of

symmetry, I, J. Funct. Anal. 74 (1987), 160–197.

[ 6 ] M. Grillakis, J. Shatah and W. Strauss, Stability theory of solitary waves in the presence of

symmetry, II, J. Funct. Anal. 94 (1990), 308–348.

[ 7 ] B. Guo and Y. Wu, Orbital stability of solitary waves for the nonlinear derivative Schrödinger

equation, J. Di¤erential Equations 123 (1995), 35–55.

[ 8 ] M. Hayashi and T. Ozawa, Well-posedness for a generalized derivative nonlinear Schrödinger

equation, J. Di¤erential Equations 261 (2016), 5424–5445.

[ 9 ] N. Hayashi, The initial value problem for the derivative nonlinear Schrödinger equation in

the energy space, Nonlinear Anal. 20 (1993), 823–833.

[10] N. Hayashi and T. Ozawa, On the derivative nonlinear Schrödinger equation, Phys. D

55 (1992), 14–36.

[11] N. Hayashi and T. Ozawa, Finite energy solutions of nonlinear Schrödinger equations of

derivative type, SIAM J. Math. Anal. 25 (1994), 1488–1503.

[12] N. Hayashi and T. Ozawa, Remarks on nonlinear Schrödinger equations in one space

dimension, Di¤erential Integral Equations 7 (1994), 453–461.

[13] S. Kawahara and M. Ohta, Instability of standing waves for a system of nonlinear

Schrödinger equations in a degenerate case, preprint, arXiv:1602.01201.

[14] X. Liu, G. Simpson and C. Sulem, Stability of solitary waves for a generalized derivative

nonlinear Schrödinger equation, J. Nonlinear Sci. 23 (2013), 557–583.

[15] M. Maeda, Stability of bound states of Hamiltonian PDEs in the degenerate cases, J. Funct.

Anal. 263 (2012), 511–528.

[16] K. Mio, T. Ogino, K. Minami and S. Takeda, Modified nonlinear Schrödinger equation for

Alfvén Waves propagating along magnetic field in cold plasma, J. Phys. Soc. 41 (1976),

265–271.

[17] E. MjØlhus, On the modulational instability of hydromagnetic waves parallel to the magnetic

field, J. Plasma Phys. 16 (1976), 321–334.

466 noriyoshi fukaya



[18] J. Moses, B. A. Malomed and F. W. Wise, Self-steepening of ultrashort optical pulses without

self-phase-modulation, Phys. Rev. A. 76 (2007), 1–4.

[19] M. Ohta, Instability of bound states for abstract nonlinear Schrödinger equations, J. Funct.

Anal. 261 (2011), 90–110.

[20] M. Ohta, Instability of solitary waves for nonlinear Schrödinger equations of derivative

type, SUT J. Math. 50 (2014), 399–415.

[21] T. Ozawa, On the nonlinear Schrödinger equations of derivative type, Indiana Univ. Math.

J. 45 (1996), 137–163.

[22] T. Passot and P.-L. Sulem, Multidimensional modulation of Alfvén waves, Phys. Rev. E

48 (1993), 2966–2974.

[23] G. N. Santos, Existence and uniqueness of solution for a generalized nonlinear derivative

Schrödinger equation, J. Di¤erential Equations 259 (2015), 2030–2060.

[24] J. Shatah, Stable standing waves of nonlinear Klein-Gordon Equations, Comm. Math. Phys.

91 (1983), 313–327.

[25] C. Sulem and P.-L. Sulem, The nonlinear Schrödinger equation: Self-focusing and wave

collapse, Applied mathematical sciences 139, Springer-Verlag, New York, 1999.

[26] Y. Yamazaki, Stability of line standing waves near the bifurcation point for nonlinear

Schrödinger equations, Kodai Math. J. 38 (2015), 65–96.

Noriyoshi Fukaya

Department of Mathematics

Graduate School of Science

Tokyo University of Science

1-3 Kagurazaka, Shinjuku-ku

Tokyo 162-8601

Japan

E-mail: 1116702@ed.tus.ac.jp

467instability of solitary waves


