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Abstract

Let R be a commutative Noetherian ring, I an ideal of R and M, N finitely

generated R-modules. Let 0a n A Z. This note shows that the least integer i such that

dim SuppðH i
I ðM;NÞ=KÞb n for any finitely generated submodule K of H i

I ðM;NÞ equal
to the number inff fIp ðMp;NpÞ j p A SuppðN=IMNÞ; dim R=pb ng, where fIp ðMp;NpÞ is

the least integer i such that H i
Ip
ðMp;NpÞ is not finitely generated, and IM ¼ annðM=IMÞ.

This extends the main result of Asadollahi-Naghipour [1] and Mehrvarz-Naghipour-

Sedghi [8] for generalized local cohomology modules by a short proof.

1. Introduction

Let R be a commutative Noetherian ring, I an ideal of R, and M, N finitely
generated R-modules. The Local-global Principle of Faltings for the finiteness
of local cohomology modules [4, Satz 1] which states that for a given positive
integer r, the Rp-module Hi

IRp
ðNpÞ is finitely generated for all i < r and for all

p A Spec R if and only if the R-module Hi
I ðNÞ is finitely generated for all i < r.

Another statement of Faltings’ local-global principle, particularly relevant for
this paper, is in terms of the finiteness dimension fI ðNÞ of N relative to I ,
where fI ðNÞ ¼ inff0a i A Z jHi

I ðNÞ is not finitely generatedg, with the usual
convention that the infimum of the empty set of integers is interpreted as y.
K. Bahmanpour et al., in [2], introduced the notion of the n-th finiteness
dimension f n

I ðNÞ of N relative to I by f n
I ðNÞ ¼ inff fIRp

ðNpÞ j p A SuppðN=INÞ;
dimðR=pÞb ng. In [1], Asadollahi-Naghipour introduced the class of in
dimension < n modules, and they showed that if ðR;mÞ is a complete local
ring, I an ideal of R and N a finitely generated R-module, then f n

I ðNÞ ¼
inff0a i A Z jHi

I ðNÞ is not in dimension < ng for all n (see [1, Thm. 2.5]).
Recently, in [8], they obtained this result without the condition that ðR;mÞ is
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complete local ring. The purpose of this note is to extend the main result
of Mehrvarz-Naghipour-Sedghi (see [8, Thm. 2.10]) to the case of generalized
local cohomology modules as follows: Let R be a commutative Noetherian
ring, I an ideal of R, and M, N finitely generated R-modules. Then
f n
I ðM;NÞ ¼ inff0a i A Z jHi

I ðM;NÞ is not in dimension < ng, where f n
I ðM;NÞ

¼ inff fIRp
ðMp;NpÞ j p A SuppðN=IMNÞ; dimðR=pÞb ng and fIpðMp;NpÞ ¼

inff0a i A Z jHi
Ip
ðMp;NpÞ is not finitely generatedg (see Theorem 2.4). But

we here use a new proof method (compare with [1] and [8]). Recall that the
generalized local cohomology module H

j
I ðM;NÞ is introduced by J. Herzog [5]

as H
j
I ðM;NÞ ¼ lim�!n

Ext jRðM=I nM;NÞ, and for generalized local cohomology

refer to [5], [6], [7], and [3].

2. Main result

Let 0a n A Z. We first recall that an R-module T is called in dimension < n
if there exists a finitely generated submodule K of T such that dim SuppðT=KÞ
< n (see [1, Def. 2.1]). Moreover, an R-module T is said to be minimax, if
there exists a finitely generated submodule K of T such that T=K is Artinian
(cf. [11] and [1]). Note that the class of minimax modules and the class of in
dimension < n modules are Serre subcategories, i.e., it is closed under taking
submodules, quotients and extensions (cf. [9, Sect. 4] and [8, Cor. 2.13]).

Lemma 2.1. Let 0a t A Z. Assume that H
j
I ðM;NÞ is in dimension < n for

all j < t. Then we have
i) HomðR=I ;Ht

I ðM;NÞÞ is in dimension < n.
ii) AssðHt

I ðM;NÞ=KÞ
bn is finite for any minimax submodule K of H t

I ðM;NÞ,
where we set Sbn ¼ fp A S j dimðR=pÞb ng for any subset S of Spec R.

Proof. i) We process by induction on t. The case t ¼ 0 is trivial because
HomðR=I ;H 0

I ðM;NÞÞ � GI ðHomðM;NÞÞ: Assume t > 0 and the lemma is true
for t� 1. Set N ¼ N=GI ðNÞ. From the short exact sequence 0 ! GI ðNÞ !
N ! N ! 0 we get the following exact sequences

Ext iRðM;GI ðNÞÞ !fi H i
I ðM;NÞ !gi H i

I ðM;NÞ !hi Ext iþ1
R ðM;GI ðNÞÞ; Ei;

0 ! Im ft ! Ht
I ðM;NÞ ! Im gt ! 0; 0 ! Im gt ! Ht

I ðM;NÞ ! Im ht ! 0:

Hence Hi
I ðM;NÞ is in dimension < n for all i < t by the hypothesis; we also have

HomðR=I ;Ht
I ðM;NÞÞ is in dimension < n if only if so is HomðR=I ;Ht

I ðM;NÞÞ
since Im ft and Im ht are finitely generated. By replacing N by N, we may
henceforth assume that GI ðNÞ ¼ 0. Thus there exists x A I such that x is
an N-regular element. So, we have the short exact sequence 0 ! N !x N !
N=xN ! 0. This yields the exact sequence

Hi
I ðM;NÞ ! Hi

I ðM;N=xNÞ ! Hiþ1
I ðM;NÞ

for all i. Hence Hi
I ðM;N=xNÞ is in dimension < n for all i < t� 1. So by the

induction asumption, we get that HomðR=I ;Ht�1
I ðM;N=xNÞÞ is in dimension< n.
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Consider the long exact sequence

Ht�1
I ðM;NÞ !x H t�1

I ðM;NÞ !u H t�1
I ðM;N=xNÞ !v H t

I ðM;NÞ !x H t
I ðM;NÞ:

We split the above sequence into two the following exact sequences

0 ! Im u ! Ht�1
I ðM;N=xNÞ ! Im v ! 0;ð*Þ

0 ! Im v ! Ht
I ðM;NÞ !x H t

I ðM;NÞ;ð**Þ

where Im uGHt�1
I ðM;NÞ=xH t�1

I ðM;NÞ is in dimesion < n. The following
sequence

HomðR=I ;Ht�1
I ðM;N=xNÞÞ ! HomðR=I ; Im vÞ ! Ext1RðR=I ; Im uÞ

is exact by (*). The left-most module is in dimension < n. Moreover, we
get by [8, Cor. 2.16] that Ext1RðR=I ; Im uÞ is in dimension < n, then so is
HomðR=I ; Im vÞ. By (**) we get the following exact sequence

0 ! HomðR=I ; Im vÞ ! HomðR=I ;Ht
I ðM;NÞÞ !x HomðR=I ;Ht

I ðM;NÞÞ:
Thus HomðR=I ;Ht

I ðM;NÞÞGHomðR=I ; Im vÞ is in dimension < n by the fact
that x A I � annRðHomðR=I ;Ht

I ðM;NÞÞÞ, as required.
ii) Let K be a minimax submodule of Ht

I ðM;NÞ. We get the following
exact sequence

HomðR=I ;Ht
I ðM;NÞÞ !f HomðR=I ;Ht

I ðM;NÞ=KÞ ! Ext1RðR=I ;KÞ:
Hence the set AssðHomðR=I ;Ht

I ðM;NÞ=KÞÞ
bn is contained in AssðIm f Þ

bn [
AssðExt1RðR=I ;KÞÞ

bn: Note that Im f is a quotient of HomðR=I ;Ht
I ðM;NÞÞ,

so Im f is in dimension < n by i); thus AssðIm f Þ
bn is a finite set by [8,

Lem. 2.6]. Moreover Ass Ext1RðR=I ;KÞ
bn is finite by [8, Rmk. 2.2]. Therefore

AssðHt
I ðM;NÞ=KÞÞ

bn ¼ AssðHomðR=I ;Ht
I ðM;NÞ=KÞÞ

bn is finite. r

Theorem 2.2. If H 0
I ðM;NÞ; . . . ;Ht

I ðM;NÞ is finitely generated locally at
every p A SuppðN=IMNÞ

bn (i.e. H
0
I ðM;NÞp; . . . ;Ht

I ðM;NÞp is finitely generated over
Rp for all p A SuppðN=IMNÞ

bn, where IM ¼ annðM=IMÞ) then H 0
I ðM;NÞ; . . . ;

Ht
I ðM;NÞ is in dimension < n.

Proof. We prove the theorem by induction on t. The case of t ¼ 0 is
trivial since H 0

I ðM;NÞ is finitely generated. We assume that t > 0 and the
theorem is true for t� 1. By induction, H 0

I ðM;NÞ; . . . ;Ht�1
I ðM;NÞ are in

dimension < n. So we have to show that Ht
I ðM;NÞ is in dimension < n. We

get by Lemma 2.1 ii) that AssðHt
I ðM;NÞÞ

bn is a finite set. For convention we
set H ¼ Ht

I ðM;NÞ. For any p A AssðHÞ
bn, we obtain that Hp is finitely gen-

erated over Rp by the hypothesis. Since Hp is Ip-torsion, so there exists np A N
such that I npHp ¼ 0. Set m ¼ maxfnp j p A AssðHÞ

bng.
For any o A H, we get that I mo ¼ ho1; . . . ;ori is a finitely generated R-

module for some o1; . . . ;or A H. For each p A AssðHÞ
bn, ðI moÞp � ðI mHÞp ¼ 0.

It follows that oi=1 ¼ 0 in Hp for all i ¼ 1; . . . ; r. Thus there exists si A Rnp
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such that sioi ¼ 0 for all i ¼ 1; . . . ; r. Set sp ¼ s1s2 � � � sr. Then sp A Rnp and
spðI moÞ ¼ 0. Let J be the ideal of R generated by the set fsp j p A AssðHÞ

bng.
Hence JðI moÞ ¼ 0. Note that sp A J and sp B p, and so J 6� p for all p A
AssðHÞ

bn. It yields that there exists y A J such that y B
S

p AAssðHÞbn
p. Thus

dim Suppð0 : yÞH < n (indeed, for any q A Assðð0 : yÞHÞ � AssðHÞ, so q �
annðð0 : yÞHÞ C y. Hence dimðR=qÞ < n). Since yðI moÞ � JðI moÞ ¼ 0, it holds
that I mo � ð0 : yÞH . It implies that dimðI moÞ < n (***). Keep in mind that
the following sequence

Ext jRðM;GI ðNÞÞ ! H
j
I ðM;NÞ ! H

j
I ðM;NÞ ! Ext jþ1

R ðM;GI ðNÞÞ

is exact for all j, where N ¼ N=GI ðNÞ. Therefore we may assume that
GI ðNÞ ¼ 0. Hence we can choose x A I such that x is a regular element of N.
Thus xm A I m is also a regular element of N. We then have dim SuppðxmHÞ < n
(indeed, for any p A min AssðxmHÞ, then there is an element o A H such that
p ¼ ð0 : xmoÞ ¼ annðxmoÞ. Thus we have by (***) that dimðR=pÞ ¼ dimðxmoÞ
a dimðI moÞ < n). We get the following exact sequences

H
j�1
I ðM;NÞ ! H

j�1
I ðM;N=xmNÞ ! H

j
I ðM;NÞ !x

m

H
j
I ðM;NÞ:

Then we get by the hypothesis that H j�1
I ðM;N=xmNÞ is finitely generated locally

at every p A SuppðN=IMNÞ
bn for all ja t. From this we obtain by the inductive

hypothesis that H
j�1
I ðM;N=xmNÞ is in dimension < n for all ja t. In partic-

ular, Ht�1
I ðM;N=xmNÞ is in dimension < n. Therefore we get by the exact

sequence Ht�1
I ðM;N=xmNÞ ! ð0 : xmÞH ! 0 that ð0 : xmÞH is in dimension < n,

where H ¼ Ht
I ðM;NÞ. We now consider the short exact sequence

0 ! ð0 : xmÞH ! H ! xmH ! 0:

Since ð0 : xmÞH is in dimension < n and dim SuppðxmHÞ < n, we obtain by the
above exact sequence that H is in dimension < n, as required. r

We next introduce an extension of the notion n-th finiteness dimension f n
I ðNÞ

of N with respect to I of K. Bahmanpour et al., in [2].

Definition 2.3. For any 0a n A Z, we set

f n
I ðM;NÞ ¼ inff fIpðMp;NpÞ j p A SuppðN=IMNÞ

bng;

where fIpðMp;NpÞ ¼ inff0a i A Z jHi
Ip
ðMp;NpÞ is not finitely generatedg. The

number f n
I ðM;NÞ is called n-th finiteness dimension f n

I ðM;NÞ of M and N with
respect to I . Note that

f 0I ðM;NÞ ¼ fI ðM;NÞ ¼ inff0a i A Z jHi
I ðM;NÞ is not finitely generatedg:

Theorem 2.4. Let R be a commutative Noetherian ring, I an ideal of R, and
M, N finitely generated R-modules. Then we have

f n
I ðM;NÞ ¼ inff0a i A Z jHi

I ðM;NÞ is not in dimension < ng:
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Proof. Set hn
I ðM;NÞ ¼ inff0a i A Z jHi

I ðM;NÞ is not in dimension < ng.
It is clear that f n

I ðM;NÞb hn
I ðM;NÞ, since if H

j
I ðM;NÞ is in dimension < n

for all j < hn
I ðM;NÞ then H

j
I ðM;NÞp is finitely generated over Rp for all

j < hn
I ðM;NÞ and all p A SuppðN=IMNÞ

bn. Conversely, if H j
I ðM;NÞp is finitely

generated over Rp for all j < f n
I ðM;NÞ and all p A SuppðN=IMNÞ

bn then we get
by Theorem 2.2 that H

j
I ðM;NÞ is in dimension < n for all j < f n

I ðM;NÞ.
Therefore f n

I ðM;NÞa hn
I ðM;NÞ, as required. r

Corollary 2.5 ([1, Thm. 2.5], [8, Thm. 2.10]). Let R be a commutative
Noetherian ring, I an ideal of R, and N finitely generated R-modules. Then we
have f n

I ðNÞ ¼ inffi A N jHi
I ðNÞ is not in dimension < ng:
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