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FIXED POINT PROPERTY FOR A CAT(0) SPACE WHICH
ADMITS A PROPER COCOMPACT GROUP ACTION

TeTsu Toyopa

Abstract

We prove that if a geodesically complete CAT(0) space X admits a proper
cocompact isometric action of a group, then the Izeki-Nayatani invariant of X is
less than 1. Let G be a finite connected graph, y(G) be the linear spectral gap of
G, and 2;(G,X) be the nonlinear spectral gap of G with respect to such a CAT(0)
space X. Then, the result implies that the ratio 4;(G,X)/x (G) is bounded from
below by a positive constant which is independent of the graph G. It follows that
any isometric action of a random group of the graph model on such X has a global
fixed point. In particular, any isometric action of a random group of the graph model
on a Bruhat-Tits building associated to a semi-simple algebraic group has a global
fixed point.

1. Introduction

1.1. Nonlinear spectral gaps. Let G = (V,E) be a graph, where V and E
denote the sets of vertices and unoriented edges, respectively. Throughout this
paper, we assume that every graph is simple and connected and satisfies 2 <
|V| < co. A weight function on G is a symmetric function m: V x V — [0, o0)
whose support equals the set £ = {(u,v) e V' x V |[{u,v} € E}. A weight func-
tion m induces a weight m(u) of each vertex ue V by m(u) =>_, ., m(u,v). We
use the convention that m(V) =", _, m(v). The pair (G,m) is called a weighted
graph. Unless we specify otherwise, we assume that every graph is equipped
with the wuniform weight function m defined as

m(u, ) :{1, if (u,0) € E,
’ 0, otherwise.

The linear spectral gap p,(G) of a weighted graph (G,m) is the first
positive eigenvalue of the combinatorial Laplacian A which acts on functions
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f:V—=R as

ueV m(v)
It can be computed variationally as

5 ey mu ) f () = f(v)?
ey m()f () = fI?

where f = {1/m(V)} ¥, 0y {m(x) £ ()}, or

(1.2)  m(G)

(1.1)  1(G) = inf{

f:V—-Ris nonconstant},

vy mlu,0)|f () — )
ﬁz , m(m (o) f () — £ (@)

= inf f: V — R is nonconstant

Recently, several nonlinear analogues of u;(G) with respect to a general
metric space X were defined by considering mappings f: V' — X instead of
R-valued functions. They are called nonlinear spectral gaps and played impor-
tant roles in metric geometry and geometric group theory.

By generalizing the formula (1.1), we obtain the following definition of a
nonlinear spectral gap, which was first introduced by M.-T. Wang [15] for the
case where the target metric space is an Hadamard manifold. Throughout this
paper, every metric space is assumed to contain at least two points.

DeriNniTION 1.1 (Wang invariant). Let (G,m) be a weighted graph and
(X,dyx) be a complete CAT(0) space. The Wang invariant 1,(G,X) of G with
respect to X is defined as
%Zu,ve Vm(u7 U)dX(f(u)v f(U))2

ZveVm(U)dX(f(v)af)z

where f denotes the barycenter of the probability measure

Z ’Zl((;;)) Diracf(v)

velV

(G, X) = inf{

f:V—-Xis nonconstant},

on X. Here, Diracs, denotes the Dirac measure at f(v) e X.

The Wang invariant plays a crucial role in the theory of rigidity of groups
([15], [7], [10]). By generalizing the formula (1.2), we obtain the definition of
another nonlinear spectral gap which was defined by Gromov [4].
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DeriNiTION 1.2, Let (G,m) be a weighted graph and (X,dy) be a metric

space. The Gromov nonlinear spectral gap (G, X) is defined as

(G, X)
Zu, veV m(u’ U)d)((f(u), f(v))z

1
(7 Sy mm(e)dx (f ), /()

= inf

f: V — X is nonconstant

By definition, we have
#1(GR) = 2{"(G,R) = 1(G)
for any graph G. Moreover, we also have
(G, A ) = 277G, H) = 1y ().

for any graph G and Hilbert space #. For a general complete CAT(0) space
X and a graph G, these two nonlinear spectral gaps have the following relation
(see [10]):

1
(1.3) 341(G X) < M(G, X) < (G, X).

1.2. Comparison of nonlinear and linear spectral gaps. It is a fundamental
question to ask for what kind of complete CAT(0) space X, does there exist a
constant Cy > 0 depending only on X which satisfies

(1.4) 71(G.X) = Criy (G)

for any graph G. It is known that the existence of such a constant Cy >0
implies many important conclusions including the following (A) and (B):

(A) Any isometric action of a random group of the graph model on X has a

global fixed point.

(B) A sequence of expanders does not embed coarsely into X ([4]).
The conclusion (A) was proved by Izeki, Kondo and Nayatani in [6]. For its
precise statement, see Theorem 6.2 in Section 6. Roughly, it states that if we
equip a suitable probability measure with a set ¥ of finitely generated groups,
then, with high probability, a randomly chosen group I' € ¢ is infinite and any
isometric action of I' on X has a global fixed point. This guarantees the
existence of infinite groups I' whose isometric actions on X always have global
fixed points.

For the definitions of coarse embeddings and sequences of expanders, see
Section 6. In [4], Gromov proved that a sequence of expanders does not embed
coarsely into a Hilbert space. Since then, coarse embeddability of a sequence of
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expanders into a metric space has become an important obstruction of the space
to be embedded coarsely into a Hilbert space. The conclusion (B) states that X
does not have such an obstruction to embed coarsely into a Hilbert space, and is
proved casily by applying the argument of Gromov. For the detailed proof of
the conclusion (B), see Theorem 4.5 of [3].

The purpose of this paper is to specify complete CAT(0) spaces X which
allow the existence of such constants Cy > 0 as above. Consequently, it will
specify spaces which satisfy the above conclusions (A) and (B).

Throughout this paper, we denote by B(p,r) the open ball of radius r
centered at p and by B(p,r) the closed ball of radius r centered at p. We use
the following definition.

DeriNiTION 1.3 ([1], Chapter 1.8). An isometric action of a group I' on a
metric space X is called cocompact if there exists a compact subset K = X such that
X = U 7K. An isometric action of I' on a metric space X is called proper
if for each p € X there exists r > 0 such that the set {y e I'| yB(p,r) N B(p,r) # ¢}
is finite.

We prove the following theorem.

THEOREM 1.4. Let = {X1,Xa,..., X} be a finite set of geodesically com-
plete CAT(0) spaces such that each X; admits a proper cocompact isometric action
of a group. Then, there exists a constant C = Cy > 0 which depends only on %
such that the inequality

(L.5) A (G, X) > Cuy(G)

holds whenever X is a (finite or infinite) product of copies of spaces in Z and G
is a graph. In particular, any Bruhat-Tits building X associated to a semi-simple
algebraic group admits the existence of a constant C = Cy which satisfies the
inequality (1.5) for any graph G.

We also prove an estimate of the same type when a complete CAT(0) space
X is uniformly locally doubling in the following sense.

DrerFINITION 1.5. Fix N e[l,0). A metric space is called doubling with
doubling constant N if every closed ball can be covered by at most N closed balls
of half the radius. We say that a metric space is uniformly locally doubling with
doubling constant N if any point has a neighborhood which is doubling with
doubling constant N.

THEOREM 1.6. For each N € [1, ), there exists a constant C = Cy > 0 such
that the inequality

(1.6) (G, X) = Cuy (G)
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holds for every graph G and a complete CAT(0) space X which is isometric to
a (finite or infinite) product of uniformly locally doubling CAT(0) spaces with a
common doubling constant N.

Theorem 1.4 and Theorem 1.6 yield that if a complete CAT(0) space X
satisfies the hypothesis of either theorem, X satisfies the conclusions (A) and (B).
We state this explicitly as Threorem 6.3 and Theorem 6.6 in Section 6. In
particular, if X is a Bruhat-Tits building associated to a semi-simple algebraic
group, then any isometric action of a random group of the graph model on X has
a global fixed point.

1.3. Relations with other results. Naor-Silberman [9] proved that if a
metric space X has finite Nagata dimension, then for every ¢ > 0, there exists
a constant Cy , which satisfies

(1.7) 25°(G, X) = Cy.op(G)',

for every graph G. Moreover, Naor-Silberman [9] also proved that the weaker
inequality (1.7) suffices to imply the fixed point property (A) of a random group
for X whenever X is p-uniformly convex for some p > 2. Since each Bruhat-
Tits building associated to a semi-simple algebraic group has finite Nagata
dimension, and complete CAT(0) spaces are 2-uniformly convex, for such a
building X, the fixed point property (A) also follows from their result.
However, an advantage of our result is that our estimate (1.4) is better than
their estimate (1.7). In fact, by (1.3), we obtain the following corollaries of Theo-
rem 1.4 and Theorem 1.6, respectively, which improve Naor-Silbermann’s esti-
mate (1.7) when the target metric space satisfies the hypothesis of either theorem.

COROLLARY 1.7. If a geodesically complete CAT(0) space X admits a proper
cocompact isometric action of a group, then there exists a constant Cy > 0 such
that the inequality

(1.8) A0°(G,X) = Chouy (G)
holds for every graph G.

COROLLARY 1.8. For each N €[1, ), there exists a constant Cy > 0 such
that the inequality

(19) A5°(G,X) = Cua (G)

holds for every uniformly locally doubling complete CAT(0) space X with doubling
constant N and every graph G.

1.4. The Izeki-Nayatani invariant. To obtain such a stronger estimate, we
use the so-called Izeki-Nayatani invariant. Izeki and Nayatani introduced the
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Izeki-Nayatani invariant 0 < 6(X) < 1 of a complete CAT(0) space X in [7], and
proved that

(L.11) 41(G, X) = (1 =0(X))m (G)

for any complete CAT(0) space X and graph G. For the definition of the Izeki-
Nayatani invariant, see Section 3.

On the other hand, a standard method to compare the linear spectral gap
and the nonlinear spectral gap with respect to X is to estimate the bi-Lipschitz
distortion of X into a Hilbert space. The bi-Lipschitz distortion ¢;(X) of a
metric space X into a Hilbert space is the infimum of D > 0 such that there exists
a 1-Lipschitz mapping f : X — s to a Hilbert space which satisfies

Sdx(x3) < /() ~ ()] < dx ()

for every x,ye X, and we have

ilGro(GaX) = zﬂl(G)'

o (X)

Although the Izeki-Natayatani invariant J(X) can also be estimated by using

the bi-Lipschitz distortion ¢;(X) into a Hilbert space, the present author [13]
established another method to estimate it, which even does not require the
existence of bi-Lipschitz embeddings of X into a Hilbert space. This method
enables us to obtain our estimates. We summarize this method in Section 3.

1.5. Organization. The paper is organized as follows. In Section 2, we
briefly review some basic notions concerning CAT(0) spaces. In Section 3, we
recall the definition of the Izeki-Nayatani invariant and discuss some basic
properties of it. We also summarize the method obtained in [13] to estimate
this invariant. In Section 4, we prove Theorem 1.4. In Section 5, we prove
Theorem 1.6. To prove Theorem 1.6, we prove that the ultralimit of a sequence
of doubling length spaces with a common doubling constant is also doubling
with the same constant. In Section 6, we see that our results imply fixed-point
theorems of random groups and non-embeddability of sequences of expanders.
In Appendix, we discuss some other facts concerning the Izeki-Nayatani invariant.

Acknowledgements. 1 would like to thank S. Nayatani, K. Fujiwara,
H. Izeki, and T. Kondo for helpful discussions.

2. Preliminaries

In this section, we briefly recall some basic notions in metric geometry. For
a detailed exposition, we refer the reader to [1], [2], and [11].

Let (X,dy) be a metric space. A continuous mapping y: I — X from an
interval 7 = R to X is called a path in X. When I = [a,b] is a closed interval, it
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is called a path joining y(a) to y(b). The length L(y) of a path y:[a,b] — X is
defined as

k
L(y) =sup > _dy(y(ti-1). 7(1:)),
i=1

where the supremum is taken over all finite subdivisions
a=ty<t <--- <t =b.

A path y:[a,b] — X is called arc-length parametrized if L(y|, ;) = |t — a| for all
1€ [a,b], where y|, , is the restriction of y to [a,7]. Any path can be repar-
ametrized to an arc-length parametrized path. X is called a length space if the
distance dy(p,q) between any two points p,q € X is equal to the infimum over
the lengths of paths joining p to q. We call a path y: I — X a geodesic if it is
an isometric embedding of the interval [ to X. A metric space is called a
geodesic space if every pair of points is joined by a geodesic. We call a path
y: I — X a local geodesic if for every t € I there exists a neighborhood J of ¢ in
such that the restriction y|;:J — Y is a geodesic.

DEeriNiTION 2.1. A metric space X is called geodesically complete if it is
complete and any local geodesic y:[0,a] — X is a restriction of some local
geodesic 7 :[0,h] — X with 0 < a < b.

A geodesic triangle in X is a triple A = (y,, 75, 73) of geodesics y; : [a;, b;] — X
such that
71(b1) = pa(@2),  pa(b2) = 73(a3),  73(b3) = yi(a1)-

For a geodesic triangle A = (y,,7,,7;) there is a geodesic triangle

A:(Waﬁvﬁ)a yfi:[alﬁbl’]_)Rz

in R? such that L(y;) = L(7;) for each i. Such a triangle A is unique up to
isometry of R?. We call it the comparison triangle of A in R>. A geodesic
triangle A is said to be thin if

dy (7i(5),7,(1)) < dic(7:(s), 7;(1))
whenever i, je {1,2,3}, s€la;,b;], and ¢ € [a;, bj].

DEerINITION 2.2. A geodesic space X is called a CAT(0) space if every
geodesic triangle in X is thin.

By definition, for any pair of points p,q € X, a geodesic y: [0,dx(p,q)] — X
joining p to ¢ is unique whenever X is a CAT(0) space. It is known that every
local geodesic y : [a,b] — X in a geodesically complete space is a restriction of a
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local geodesic j: R — Y (see [2, Corollary 9.1.28.]), and every local geodesic in
a complete CAT(0) space is a geodesic (see [1, Chapter II, Proposition 1.4]).
Thus, every geodesic y : [a,b] — X in a geodesically complete CAT(0) space X is
a restriction of a geodesic y: R — X.

Let y:[a,b) — X, y':[d',b)] = X be two geodesics in a CAT(0) space X
with y(a) =y'(a’) = p. We define the angle /,(y,)’) between y and )’ as

L(yy) = lim  2(0),7'(1),

1—a,t'—a’ P
where Zg(y(t),y’ (¢')) is the corresponding angle of the triangle in R? whose side
lengths are dy(p,y(t)), dx(y(t),y’(¢)) and dx(y'(¢), p). The existence of the limit
is guaranteed by the definition of CAT(0) spaces. The law of cosines on a
Euclidean space yields

() 4 dy (. () — de (D), ()
@1 cos ()= _Jim, 2 (0, () dx (77 (1) '

DErFINITION 2.3. Let (S,ds) be a metric space. The cone Cone(S) over S
is the quotient of the product S x [0, c0) obtained by identifying all points in
S x {0} =5 x[0,00). The point represented by (x,0) for any x € S is called the
origin of the cone and we denote this point by 0. The cone distance dcone(s) (v, W)
between two points v, w € Cone(S) represented by (x, 1), (y,s) € S x [0, 00) respec-
tively, is defined by

dcone(s) (v, W) = \/t2 + 52 — 2ts cos(min{zx, ds(x, y)}).

Then (Cone(S), dcone(s)) becomes a metric space. We call this metric space the
Euclidean cone over (S,ds).

For an element v € Cone(S) represented by (x,r) € S x [0, 0) and ¢ > 0, we
denote by cv the element represented by (x,cr). We claim that

dCone(S)(CUa ow) = CdCone(S)(Ua w)

holds for any v,w € Cone(S)

DerNITION 2.4. Let (X,dy) be a CAT(0) space, and let pe X. We de-
note by (S,X)° the quotient set of all nontrivial geodesics starting from p by
the equivalence relation ~ defined by y ~ 9’ < /,(y,7') =0. Then the angle
/, induces a distance on (S,X)°, which we denote by the same symbol /,.
The space of directions S,X at p is the metric completion of the metric space
((SpX)°,Zp). The tangent cone TC,X of X at p is the Euclidean cone
Cone(S,X) over the space of directions at p. Define a map 7, : X — TC,X
by 7,(q) = ([7].dx(p,q)) where [y] is the equivalence class represented by the
unique geodesic y joining p and g.

It is easily seen that the map n, defined as above is 1-Lipschitz. It is also
seen that each tangent cone 7C,X is the metric completion of the Euclidean cone
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Cone((S,X)°). If we denote the canonical inclusion of S,X into TC,X by 1,
then it is straightforward from the definition of the metric on Euclidean cones
that we have

22) 2 d5(x, ) < drlu(),1(3) < ds(x, )

for all x, y e S,X, where ds and dr represent the distance functions of S,X and
TC,X, respectively.
The CAT(0) condition is preserved under taking (¢/>-)product.

DErINITION 2.5.  Let (thl),(Xz,dz),... be metric spaces with basepoints
01 € X1,02 € X5, ..., respectively. The ( -)product X of X, Xa,... with respect
to the basepomts 01,02, ... consists of all sequences (x,), with x, € X, satisfying
> dn (0n,x2)> < o0, and is equipped with the metric function d defined by

[o0]

d(xv y)2 = Zdn(xm yn)2

n=1

for any elements x = (xi,x2,...) € X and y= (y1,y2,...) € X.

To define the Wang invariant, we need to consider a finitely supported
probability measure on a complete CAT(0) space. We often write a finitely
supported probability measure x4 on a metric space X in the form

m
U= Z t; Dirac,,,

i1
where Dirac,, is the Dirac measure at p; € X and each #; is the weight u({p;})
at p;. We denote the support of a measure u by Supp(ux). When X is a
complete CAT(0) space, there exists a unique pomt on X which minimizes the
function p — [, dy(p, q)*u(dg) = M tdy(p, pi)? (see [12]). This point is called
a barycenter of y and denoted by bar(u).

3. Izeki-Nayatani invariant
In this section, we recall the definition of the Izeki-Nayatani invariant 6 and
its basic properties.

DeriNiTION 3.1 (Izeki-Nayatani [7]). Let X be a complete CAT(0) space,
and 2(X) be the space of all finitely supported probability measures g with
[Supp(u)| =2 on X. For ue 2(X), we define 0 <d(u) <1 to be the infimum of

[y #(p)uldp)||®
Iy I6(p)|1* u(dp)
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over all mappings ¢ : Supp(u) — # to a Hilbert space # such that

(3.1) 4(p)Il = d(p, bar(u)),
(32) 16(p) — (@)l < d(p,q)
for all p,q e Supp(x). We define the Izeki-Nayatani invariant 6(X) of X by

d(X) = sup o(w) € 0,1].
ue?(X)

Remark 3.2. Notice that a mapping ¢ of ye 2(X) which satisfies (3.1)
and (3.2) always exists. To see that, fix a unit vector e€ #. Define ¢(p) =
d(p,bar(y))e. Then by the triangle inequality, (3.2) is satisfied.

Izeki-Naytani invariant is designed to estimate the Wang invariant in compar-
ison with the linear spectral gap. In [7], Izeki and Nayatani proved the following.

PropoSITION 3.3.  Let X be a complete CAT(0) space and G be a weighted
graph. Then, we have

(1 =0(X)u(G) < 4(G, X) < 14(G).

It is known that there are complete CAT(0) spaces X with o(X) = 1.
Kondo [8] constructed the first examples of such spaces. On the other hand, the
present author [13] proved the following criterion for a complete CAT(0) space X
to be 6(X) <1 (see Theorem 5.4 in [13]).

THEOREM 3.4. Let 0 <0< g, 0<oa<lande>0. Letussay that a metric
space (S,ds) has the property P(0,0,¢) if there exists a finite subset S' = S such
that

{s eS| llds(x,) = ds(y,5)l| > &}] > oS'|
holds for every x,y e S with ds(x,y) =60. Let X be a complete CAT(0) space.
If each tangent cone TC,X of X is isometric to a (finite or infinite) product of the

Euclidean cones over metric spaces each of which has the property P(0,a,¢), then
there exists a constant C(0,a,¢) < 1 depending only on 0, o and ¢ such that

X)) < C(0,a,¢).
The following corollary is used to prove Theorem 1.4 in Section 4.

CoROLLARY 3.5. A complete CAT(0) space X satisfies 6(X) <1 if the
SJamily {S,X }pe x consists of all spaces of directions of X is Gromov-Hausdorff
precompact.

We recall that the Gromov-Hausdorff precompactness is equivalent to the
uniform total boundedness which is defined as follows.
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DEerINITION 3.6. A family 2 of metric spaces is uniformly totally bounded if

the following two conditions are satisfied:

(1) There is a constant D > 0 such that diam(X) < D for all X € 2.

(2) For any ¢ > 0 there exists N(e) € N such that each X € 2 contains a
subset Sy . = X with the following property: the cardinality of Sy . is at
most N(¢) and X is covered by the union of all open e-balls whose
centers are in Sy ..

Proof of Corollary 3.5. 1t suffices to show that if # is a Gromov-Hausdorff
precompact family of metric spaces, then there exist constants 0 < 0 < g, 0<
o<1 and ¢> 0 such that every X € & satisfies the property P(6,2,¢). Since
Gromov-Hausdorff precompactness is equivalent to uniform total boundedness,
there exists an N > 0 such that each X € 2 contains a subset Sy < X with the
following property: the cardinality of Sy is no greater than N and X is covered

by the union of all open 1—7r2-balls whose centers are in Sy.

By the definition of the subset Sy, for any x, y € X with dy(x, y) > g, there
exist sg,51 € Sy such that

T 7

> = < =

d)((S(),X)_ 47 dX(San)— 127

T T

> — < —.

dX(Slvy)—47 dX(Slax)— 12

Hence, there exist two distinct elements sg,s; € S such that
ldx (x,50) — dx(,50)| =

lldx (x, 1) — dx(y,s1)|| =

for any x,ye X with dy(x,y) > g Thus each X €% has the property
P n 2= O
3’'N’6)°

The following corollary is used to prove Theorem 1.6 in Section 5.

COROLLARY 3.7. Let X be a CAT(0) space and pe X. Assume that the
tangent cone TC,X is doubling with doubling constant N € [0,00). Then there

exist 0 <0< g, 0<a< 1 and ¢ >0 depending only on N such that the space

of directions S,X at p of X has the property P(0,a,¢).

Proof. We assume that N is a natural number. Since TC,X is doubling
with doubling constant N, there exist closed balls By, B, ..., By2 with diameter
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at most . 3> which cover the closed ball of radius 1 centered at the origin of the
cone TC,X. Hence S,X is covered by {i (B}, where 1:S,X — TC,X is the
canonlcal inclusion. By the inequality (2.2), each 17!(B;) has dlameter at most

g. Thus the lemma follows from the similar argument as in the proof of

corollary 3.5. O

Some of the known estimates of the Izeki-Nayatani invariant are:

+ We have 6(#) =0 for a Hilbert space # by definition.
+ If X is a finite or infinite dimensional Hadamard manifold or an R-tree,
then we have J(Y) =0 ([7]).

* Let X, be the Euclidean building PSL(3,Q,) /P2SL(3,ZP) for each prime

number p. Then, we have (X)) > WP (7.

T 2(p—p+1)
* We have d(X>) <0.4122... ([7]).
« If X is a complete CAT(0) cube complex, then we have §(X) < 3 ([3)).

4. CAT(0) spaces which admit proper cocompact group actions

In this section, we prove the following proposition.

PROPOSITION 4.1. A geodesically complete CAT(0) space X satisfies 6(X) < 1
if it admits a proper cocompact isometric action of a group.

Combining this proposition with Proposition A.1 in Appendix, we obtain the
following corollary.

COROLLARY 4.2. Let {X1,X,...,X,} be a finite set of geodesically com-
plete CAT(0) spaces such that each X; admits a proper cocompact isometric
action of a group. Then, there exists a constant 0 < ¢ < 1 such that any CAT(0)
space X which is isometric to a (finite or infinite) product of copies of spaces in
{X1,Xa,..., X} satisfies 5(X) < ¢

Theorem 1.4 follows immediately from Corollary 4.2 and Proposition 3.3.
Our proof of Proposition 4.1 consists of two lemmas.

LemMa 4.3.  Let X be a geodesically complete CAT(0) space. If there exists
a positive real number r > 0 such that the family {B(p,r)},.y consisting of all
open r-balls in X is Gromov-Hausdorff precompact, then the family {S,X }pE ¥
consisting of all spaces of directions is also Gromov-Hausdorff' precompact.

Proof. Let pe X be an arbitrary point on X. We denote the canonical
inclusion of S,X into TC,X by i, and represent the distance functions of S,X
and TC,X by ds and dr respectively.
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Fix some 0 <r' <r. By the assumption, the family {B(p,r)},.y is uni-
formly totally bounded. Hence, for any ¢ > 0, there exists a positive integer N
which is independent of p such that each B(p,r) is covered by N open balls of
radius 2r’¢/n. Then the metric sphere

S(p,r') ={qe X |dx(p,q) =r'} = B(p,r)

is also covered by N open balls of radius 2r'e/7 in X.
Let F: TC,X — TC,X be the mapping associating each element of TC,X

1
represented by (x,7) € S,X x [0,00) to the element represented by (x,—/t> €
S,X x [0,00). This mapping clearly satisfies 4

4.1) dr(F(v), F(w)) = %dr(v, w)

for all v,we TC,X. Then, we have Fom,(S(p,r')) < 1(S,X), where m,: X —
TC,X 1is the 1-Lipschitz mapping defined in Definition 2.4. By (4.1),
Fom,(S(p,r')) can be covered by N open balls of radius 2¢/zn in TC,X.
Since each geodesic starting from p can be extended up to S(p,r) by
geodesic completeness of X, Fomn,(S(p,r')) is no other than i((S,X)°), and
Fom,(S(p,r')) is dense in 1(S,X). Hence, 1(S,X) is covered by N open balls
of radius 2¢/n in TC,Y. Let us denote these balls by Bi,B»,...,By. Then
{i7'(Bi)}Y, covers S,X. By (2.2), each 17'(B;) is covered by an open ball in
S,X of radius e. Hence, S,X is covered by N balls of radius e. Since ¢ > 0 is
arbitrary, we have proved that {S,X},. v is uniformly totally bounded. Thus, it
is Gromov-Hausdorff precompact. O

Lemma 4.4. Let X be a metric space. Assume that a group T acts on
X properly and cocompactly by isometries. Then there exists some positive real
number r > 0 such that the family {B(p,r)}pex consisting of all open r-balls in X
is a Gromov-Hausdorff' precompact family of metric spaces.

Proof. Since T' acts on X cocompactly, there exists a compact subset
K < X such that U},Eryl( = X. Since I' acts on X properly, for every p e K,
there exists r, > 0 such that the set {y e I'|yB(p,2r,) N B(p,2r,) # ¢} is finite.
Let {B(pi,r;)}, be one of finite subcovers of the open cover {B(p,1p)}pek of K.

Although it is a well-known fact, we first confirm that X is locally compact
in this case. Let ¢ € X be an arbitrary point, and let ro = min{ri,ra,...,ry}.
Observe that if there are infinitely many elements y e I' with B(g,ro) NyK # 0,
then there exists some i € {1,..., N} with infinitely many elements y’ € I" satisfying

(42) B(Qa ro)my/B(piari) 7é0

Also, observe that if we can take y; € " and y, € T as ' in (4.2), then the element
%0 =75y, satisfies

(4.3) B(pi, 2ri) NyoB(pi, 2ri) # 0
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since both balls B(x;,2r;) and y,B(x;,2r;) contain the point y5;'q. Thus, if there
were infinite elements y € I' with B(q,ry) NyK # 0, there would be infinite y, € T’
with (4.3). It contradicts the definition of r;. Thus, there are only finite ele-
ments y e I with B(q,r)) NyK # 0. Let y,...,7, be all such elements. Then,
we have

M

B(q,r0) = |J 3K,
j=1

by the definition of K. Since the right-hand side is compact, any closed ball
centered at ¢ with a radius less than ry is compact. Hence Y is locally compact.

Therefore, there exists a precompact open ball B, = X centered at p for
any pe K. Let {B;}; be a finite subcover of the open cover {B,},.x of K, and
define U = UiBi‘ Then, U is a precompact open subset containing K.

For each point p € K, we define f(p) > 0 to be f(p) =sup{a>0|B(p,a) =
U}. Let ge K be an arbitrary point, and let # > 0 be an arbitrary positive
real number. Set x = min{f(¢),#}. Then for any ¢’ € B(q,x), we have f(¢') >
f(q) —#n. Hence, f is lower semi-continuous on K, and there exists py € K
on which f attains the minimum value of f. Set r= f(py). Then, we have
B(p,r) < U for all pek.

Now, we show that the family {B(p,r)},.y of all open r-balls in X is
uniformly totally bounded. Let p € X be an arbitrary point, and let ye I" be
an element which satisfies p € yK. Then, since y~'B(p,r) = B(y~!p,r) is covered
by U, B(p,r) is covered by precompact subset yU = X which is isometric to U.
Uniformly total boundedness of the family {B(p,r)},.y follows straightforward
from this, which proves the lemma. O

Proof of Proposition 4.1. By Lemma 4.3 and Lemma 4.4, the family
{SpX},c x consisting of all spaces of directions of geodesically complete CAT(0)
space X is Gromov-Hausdorff precompact if it admits a proper cocompact
isometric action of a group. Hence, the proposition follows from Corollary 3.5.

O

Remark 4.5. We remark that the geodesical completeness is essential in
Proposition 4.1. In [8], Kondo constructed a sequence of locally compact
CAT(0) cones Ty, T»,T3,... with lim; ., 6(7;) =1. For each i=1,2,..., let

1

.1 - .
T/ < T; be a closed ball of radius H centered at the origin. Gluing 77, 7;,...

by identifying the origin of every 77, then the resulting space 7" is a compact
CAT(0) space satisfying 6(7') = 1 although it is not geodesically complete.

5. Ultralimits and doubling CAT(0) spaces

In this section, we prove the following proposition.
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ProposITION 5.1.  If a complete CAT(0) space X is uniformly locally doubling
with doubling constant N, then there exists a constant 0 < Cy < 1 depending only
on N which satisfies 6(X) < Cy.

Combining this proposition with Proposition A.1 in Appendix, we obtain the
following corollary.

COROLLARY 5.2. If a complete CAT(0) space X is isometric to a (finite
or infinite) product of uniformly locally doubling CAT(0) spaces with a common
doubling constant N € [1, 00), then there exists a constant ¢ < | depending only on
N such that 6(X) < c.

Theorem 1.6 follows immediately from Corollary 4.2 and Proposition 3.3.
To prove Proposition 5.1, we show that the ultralimit of a sequence of doubling
length spaces with a common doubling constant is also doubling with the same
doubling constant. First, we recall the definitions of ultrafilters and ultralimits.
Let I be a set. A collection w = 2/ of subsets of I is called a filter on I if it
satisfies the following conditions:

(a) 0¢ .

(b) Aew, A< B= Beo.

(c) A,Bew = ANBew.
An ultrafilter is a maximal filter. The maximality condition can be rephrased as
the following condition:

(d) For any decomposition I = A U---UA4,, of I into finitely many disjoint

subsets A4y,...,A4,,, w contains exactly one of Ai,...,A,,.

An ultrafilter w on I is called nonprincipal if it satisfies the following condition:

(e) For any finite subset F < I, F ¢ w.
Zorn’s lemma guarantees the existence of nonprincipal ultrafilters on any infinite
set 1.

Fix a set I, and an ultrafilter w on /. For a topological space X, a point
pe X, and a mapping f:I — X, we write

(5.1) a)-li¥n f@=p

if for every neighborhood U of p, the preimage f~'(U) belongs to . When-
ever X is compact and Hausdorff, for every mapping f : I — X, there exists a
unique p € X which satisfies (5.1).

LEMMA 5.3. Fix a set I, an ultrafilter w on I, and a subset J € w. Let X be
a topological space, 1 — X be a mapping, and p e X. Then, the set

wj={Kew|K cJ}

becomes an ultrafilter on J. Moreover, if we have w;-lim; f|,(j) = p for the
restriction f|; of f to J, then we also have w-lim; f(i) = p.
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Proof. Since it is straightforward to see that w; is an ultrafilter on J,
we only show the “moreover” part. Assume that w;-lim; f|;(j) = p holds.
Let UcX be an arbltrary neighborhood of p. Then by the assumption,
f|J (U) e wy. Then f|J ( )ew by the definition of w;. Hence, we have
f71(U) € w since we have f|,;'(U) = f~'(U), which shows that w-lim; (i) = p.

U

Fix a set I and an ultrafilter @ on I. Let {(X;,d;)},.; be a sequence of
metric spaces indexed by I, and let [[._, X; be the set of all sequences {p;},.,
with p; e X; for every iel. We define a relation ~ on [[,.; X; by declaring
{pi} ~{qi} if and only if w-lim; d;(p;,¢;) =0, which becomes an equivalence
relation. We denote the set of all equivalence classes by w-lim;(X;, d;), or simply
w-lim; X;. We denote the equivalence class represented by a sequence {p;} e
[[c; X:i by w-lim; p;. We define the distance d,,(p, q) between p = w-lim; p; and
q = w-lim; ¢; by

d,(p,q) = w—lign di(pi, qi) € 10, 0].

Then, (w-lim;(X;, d;),d,,) becomes a metric space whose distance function possibly
takes the value co.

DEFINITION 5.4. Let @ be an ultrafilter on a set I. Let {(X;,d;)},., be a
sequence of metric spaces indexed by 1. We call the metric space
(w-lim;(X;, d;), d,) defined above the ultralimit of {(X;,d;)};., with respect to w.

An ultralimit (w-lim;(X;, d;),d,) decomposes into components consisting of
points of mutually finite distance. If we are given a basepoint p; of every X;, we
can pick out the component consisting of points which have finite distance from
ow-lim; p;. This component is a usual metric space where the distance between
every pair of points is finite, and we denote it by w-lim;(X;, d;, p;).

For a sequence {4;},;., of subsets 4; = X;, we denote by w-lim; 4; the subset
of w-lim;(X;,d;) consisting of all points which are represented by sequences in

HieIAi'

Lemma 5.5. Fix a sel I an ultraﬁller w on I, and a sequence {(X;,d;)};c;
of metric spaces. Let {A' },6 1o {A™Y ., be sequences of subsets such that

A" < X; for every k=1,...,m and every i€ l. Then, we have

k=1

(5.2) w—lim(U A}“) = J o-lim 4®.
1 k:l 1

Proof. The right-hand side of (5.2) is contained in the left-hand side
trivially. Let p be an arbitrary point in w—limi(UZ’:lAi(k)) represented by
{pit e [Le,(U, Al-(k)). For every ke {1,2,...,m}, we set

I, ={iel:k=min{/: p,eA }}
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Then, I=15U---UI, is a decomposition of I into disjoint subsets, and the
ultrafilter » contains exactly one of these subsets. Suppose that /€ {1,2,...,m}
satisfies [; € w. Choose a sequence {g;} € [],. ,Ai(l) such that g; = p; whenever
iel;. Then, we have

w-lim di(p;, qi) = oy-lim di(pi, q;) =0

by Lemma 5.3. Hence, such a sequence {¢q;} € [],. IAfl) also represents p.
Thus, we have p e w-lim; A;”, which proves the lemma. O

LeMMA 5.6. Fix a set I, an ultrafilter w on I, and a sequence {(X;,d;)},.; of
length spaces. Let p = w-lim; p; be a point on the ultralimit w-lim;(X;,d;) repre-
sented by a sequence {p;} € [[;c; Xi. Then, we have

(5.3) B(p,r) = a)—lign B(pi,r)

Jor any r >0, where B(p,r) denotes the closed ball in w-lim(X;,d;) of radius r
centered at p, and B(p;,r) denotes the closed ball in X; of radius r centered at p;
for each i.

Proof. The right-hand side of (5.3) is contained in the left-hand side
trivially. Let ¢ be an arbitrary point in the ball B(p,r) = w-lim;(X;, d;) and
let {¢;} be a sequence representing ¢q. We define a new sequence {¢/} as follows.
If i € I satisfies d;(pi,q;) <r, we define g/ = ¢;. If i e I satisfies d;(p;, q;) > r+ 1,
we define ¢/ = p;. If iel satisfies

1
r+ <di(ani)Sr+%

m+ 1
for a positive integer m, we take an arc-length parametrized path y: [0, L] — X;
of length L <r+2/m joining p; to ¢;, and define ¢ to be the point (L — 2/m).
In this case, we have d;(p;,q/) <r and di(¢;,q]) <2/m.

To prove that ¢ is contained in the right-hand side of (5.3), it suffices to
show that the sequence {¢/} defined above satisfies

(5.4) w-lim d;(g;,q}) = 0.

Let U < R be an arbitrary neighborhood of 0 € R. Choose a positive integer m
(2
large enough to satisfy B (O’E> c U. Define the subset I,, = I by

Im{iel

1
di(pi,qi) <r+—.
(Pi,q:) r+m}
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Then, we have I, € o since w-lim; d;i(p;,q;) <r. On the other hand, by the
.. = 2
definition of ¢/, we have di(¢;,q}) € B <O’E> whenever i € I,,. Thus,

Imc{iel

) .
g B(0.2) } < ie Tl dlang)) € V)
Hence, {ieI|di(qi,q)) € U} € o, which proves (5.4). O
We obtain the following proposition from Lemma 5.5 and Lemma 5.6.

PROPOSITION 5.7.  Fix a set I, an ultrafilter w on I. Let {(X;,d;)},.; be a
sequence of length spaces. If every (X;,d;) is doubling with a common doubling
constant for every i €I, then the ultralimit w-lim;(X;,d;) is also doubling with the
same constant.

Proof. By the assumption, there exists N € N such that every (X;, d;) is
doubling with doubling constant N. Fix a point p = w-lim; p; € w-lim;(X;, d;)
and r > 0. Then, for each i € I, there exist N points pl-(l), e ,pr) € X; such that

which implies that
— N — k 14
(5.5) w-lim B(p;,r) < w-lim{ () B( { ),5) :
! k=1

The left-hand side of (5.5) equals B(p,r) by Lemma 5.6, and the right-hand side
equals U;VZIB(w-lim,» p™ r/2) by Lemma 5.5 and 5.6. Hence, we obtain

i
N
B(p,r)= | B’(w-lim pfk),z)
k=1 i 2
which proves the proposition. O

ProrosITION 5.8. Fix a CAT(0) space (X,dx), pe X and a nonprincipal
ultrafilter @ on N. For every ne N, we define another metric d, on X by

du(p,q) = ndx(p,q), p,qeX.
Then the tangent cone TC,X isometrically embeds into w-lim,(X,d,, p).

Proof. We construct an embedding [ : Cone((S,X)°) — w-lim,(X,d,, p).
For the origin o€ Cone((S,Y)°), we define f(0)=c-lim,p. For ve
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Cone((S,Y)")\{o}, we define f(v) as follows. Suppose that v is represented by
(I[y],r) € (S,Y)° x (0,0), where [y| denotes the direction represented by a non-
trivial geodesic y: [0,a] — X starting from p. We define a sequence {p,} e

HneN X” by

and define f(v) € w-lim,(X,d,, p) by
f(v) = w-lim p,.

Then, by (2.1) and the definition of the distance functions on Euclidean cones,
it is easily seen that the above definition of f is independent of the choices of
y, and that f becomes an isometry. Since 7C,X is the metric completion of
Cone((S,X)°) and an ultralimit is always complete (see [1, Chapter I, Lemma
5.53]), f extends to the isometric embedding of T'C,X, which completes the
proof. O

Combining Proposition 5.7 and Proposition 5.8, we obtain the following
proposition.

ProposITION 5.9. Fix N e[l,0). Suppose that a CAT(0) space (X,dy)
is uniformly locally doubling with doubling constant N. Then every tangent cone
TC,X of X is doubling with doubling constant N.

Proof. Choose a nonprincipal ultrafilter @ on N. Fix pe X. For each
neN, let d, be a metric on X defined by

dy(p,q) = ndx(p,q), p,qeX.

Since (X,dy) is locally doubling with doubling constant N, there exists ¢ > 0
such that the closed e-ball in (X,dy) centered at p is doubling with doubling
constant N. Hence, for every n, the closed ne-ball of (X,d,) centered at
p is doubling with doubling constant N. Fix an arbitrary ¢ = w-lim, ¢, €
w-lim,(X,d,, p) and r > 0. Let s >0 be the distance between ¢ and the base-
point w-lim, p. We can assume that the sequence {g,} satisfies d,(p,q,) < 2s
for every n by replacing all points ¢, with d(p,q,) > 2s by p if necessary. Then,
the closed r-ball in (X,d,) centered at g, is doubling with doubling constant N

r+2s

whenever n > since it is contained in the closed ne-ball in (X, d,) centered

at p. Hence, by Lemma 5.6 and Proposition 5.7, the closed r-ball in the
ultralimit -lim, (X, d,, p) centered at the basepoint w-lim, p is also doubling
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with doubling constant N. Since 7C, Y embeds isometrically into ew-lim,(Y,d,, p)
by Lemma 5.8, the proposition follows. O

Proof  of Proposition 5.1. By Proposition 5.7, every tangent cone TC,X of
uniformly locally doubling CAT(0) space X with doubling constant N is doubling
with constant N. Hence, the proposition follows from Corollary 3.5. O

6. Applications

As we described in Section 1, Theorem 1.4 and 1.6 yield the fixed point
property of a random group for a space which satisfies the hypothesis of either
theorem, and coarse non-embeddability of sequences of expanders into such a
space. In this section, we recall some related definitions and state these con-
clusions precisely.

First we recall the definition of a random group of the graph model which
was introduced by Gromov [4]. A path on a graph G = (V,E) is a finite
sequence

(uhuz)y (uza u3)7 sy (un—laun)7 (um ul’H—l)

of successive directed edges in E. If all vertices uy,...,u,y; are distinct, we
call it an embedded path. A cycle is a path which starts and ends with a same
vertex. The girth of a graph G denoted by girth(G) is the minimal length of a
cycle all of whose vertices are distinct except the starting and ending ones. If
there is no such a cycle in G, girth(G) is defined to be co. The diameter of G
denoted by diam(G) is the supremum of the graph distance between two vertices
in G.

DerINITION 6.1 (random groups of the graph model [4]). Fix a positive
integer k, and a sequence {G, = (V/, E/)},., of graphs indexed by an unbounded
set L of positive integers. Let I'=Fj be the free group generated by S =
{st....,5}. An S-labelling of G, is a mapping o:E, — S which satisfies
a((u,v)) = a((v,u)) " for every (u,v) e E,. We denote by A(G,,k) the set of
all S-labellings of G,. For every o€ A(Gy,k) and every path p= (é,...,€) in
Gy, we denote a(p) = a(é))---a(é)e. We define R, = {a(¢) e'|¢ is a cycle
in G/} and T, = I'/R,, where R, is the normal closure of R,.

Now, for each group property P, we say that a random group associated with
{G,} has property P if we have

lim [{x e A(G/,k)| T, has the property P}|

1.
/— 00 |A(G/,k)‘

In what follows, we fix a positive integer k and every random group is based
on the free group F; of rank k. In [6], Izeki, Kondo and Nayatani proved the
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following fixed point theorem of a random group of the graph model. The
following is a slight modification of Theorem 3.5 in [6].

THEOREM 6.2 (Izeki-Kondo-Nayatani [6]). Fix C >0, d >0 and 4> 0.
There exists f > 1 which satisfies the following statement. Let % be the set of all
complete CAT(0) spaces X which satisfies

(G, X) = Cuy (G)

Sor every graph G.  Let {G; = (Vy,E/)} ;. be a sequence of graphs indexed by an
unbounded set L of positive integers which satisfies the following conditions:

(@) lim/_ o, |Vy| = o,

(b) 2 < deg(u) <d for all /€L and ueVy,

(c) w(Gy) =2 for all €L,

(d) There exists ¢ > 0 which satisfies girth(Gy) > ¢ and diam(Gy) < c -/ for

every { € L.
(e) There exists a constant ¢’ > 0 such that the number of embedded paths in

l ,
G, of length less than 3 is less than ¢’ - ﬁ// 2,

Then, the random group associated with {G,} is non-elementary hyperbolic and any
of its isometric action on any X € X has a global fixed point.

Combining Theorem 1.4 and Theorem 1.6 with Theorem 6.2, we obtain the
following theorem.

THEOREM 6.3.  Assume that a complete CAT(0) space X satisfies the either of

the following conditions.

(i) X is a (finite or infinite) product of copies of a finite number of spaces
each of which is geodesically complete and admits a cocompact proper
isometric action of a group.

(i) X is a (finite or infinite) product of uniformly locally doubling CAT(0)
spaces with a common doubling constant.

Then, the random group associated with a sequence {G,} of graphs which satisfies
the conditions (a), (b), (c), (d), () in Theorem 6.2 is non-elementary hyperbolic and
any of its isometric action on any X € X has a global fixed point.

DEFINITION 6.4 (sequences of expanders). A sequence {G, = (V,,E;)},., of
graphs indexed by an unbounded set L of positive integers is called a sequence
of expanders if it satisfies the following conditions:

(1) lim, .| V| = oo,

(2) There exists d > 0 which satisfies deg(u) < d for all /e L and ue Vy,

(3) There exists A > 0 which satisfies u;(G,) > A for all /€ L.

So the graph sequence which is used to define the random group in Theorem
6.2 and Theorem 6.3 is a sequence of expanders.
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DerFNITION 6.5, Let (X,dy) and (Y,dy) be metric spaces. A mapping
f:X—7Y is said to be a coarse embedding if there exist unbounded non-
decreasing functions o, f : [0, 00) — [0, 00) which satisfy

a(dy (x, X)) < dy (f(x), f(x')) < Bldx(x,x))

for every x,x’ e X.

Let {G, = (V,,E/)} be a sequence of expanders, and let d, be the graph
metric on V. Then, the sequence of expanders is said to be embedded coarsely
into a metric space (X,dy) if there exist unbounded nondecreasing functions
o,f:[0,00) — [0,00) and mappings {f; : V, — X}, which satisfy

oldy(u, ) < dy (fr (), f7(v)) < p(de(u,v))

for every / and every u,v e V,. Coarse embeddability of a sequence of expanders
into a metric space X is a well-known obstruction for X to be embedded coarsely
into a Hilbert space (see [4] and [11]). Combining Theorem 1.4 and Theorem 1.6
with the conclusion (B) in Section 1, we see that a space satisfying the hypothesis
of either theorem does not have such an obstruction.

THEOREM 6.6. If a complete CAT(0) space X satisfies the either condition
(i) or (ii) in Theorem 6.3, then a sequence of expanders does not embed coarsely
into X.

Appendix A. Some remarks on the Izeki-Nayatani invariant

In this appendix, we collect some basic facts concerning the Izeki-Nayatani
invariant, which are not mentioned in Section 3. First, the following proposition
describes a basic behavior of the Izeki-Nayatani invariant under taking product,
which is a slight generalization of Proposition 6.5 of [7] and quite similar to
Lemma 4.3 of [13]. We include its proof for the sake of completeness.

PropoSITION A.1. Let X1, X5, X3,... be complete CAT(0) spaces. Let X be
a product of X1,X2, Xs,... (with respect to some basepoints). Then we have

o(X) =sup{o(X;)|i=1,2,3,...}.

Proof. The inequality o(X) > sup{o(X;)|i=1,2,3,...} is obvious since
every X; is isometrically embedded into X. Let u= Y., ¢ Dirac, be a finitely
supported probability measure on X whose support contains at least two points.
We write p; = (pi(l),pfz),pl@,...) € [[,Xy =X for each i=1,...,n. For each
n, we define a probability measure x, on X, to be

m
JTRES E t; Diracpm.
i=1 !
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Let bar(u) = (b1, b2, b3,...) be the barycenter of . Then we have bar(y,) = b,
for every n since if we had bar(y,) # b, for some n, then it would follow that

j dy (p. b')2u(dp) <j dy (. bar(1) u(dp),
X X

where b’ denotes the point on X such that the n-th component is b, and the i-th
component is bar(y;) for every i # n.
For each n, let ¢, : Supp(u,) — #, be a realization of g, which satisfies

1y, ¢n Pt (dp)lI”
T ()1, (dp)

Such a realization ¢, exists for every n since the space of all realizations of g, is
compact. Define a mapping ¢ : Supp(u) > #H DA DA D - as

o) = ($1(p") 20 830, i=1 o m

Then, it is easily seen that ¢ is a realization of u. And, we have

1Sy dP)dp) 1 S IS5 (™)

o(u,) =

o(u) < p
Jx ||¢ || uldp) e Sl (0P
m (n) 2
sup 2=t 0PI o),
no s 1f||¢ (PIF
which proves the desired inequality d(X) < sup{o(X;)|i=1,2,3,...}. O

Although the Izeki-Nayatani invariant is defined as a global invariant of the
space, it can be estimated by the local property of the space. To see this, we
define the following notation, which is introduced in [7].

DeriNITION A.2 (Izeki-Nayatani [7]). Let X be a complete CAT(0) space,
and pe X. We define (X, p) €10,1] to be

o(X, p) = sup{o(v) | v e Z(X), bar(v) = p},

where 2(X) is the space of all finitely supported probability measures on Y
whose supports contain at least two points. If no such v exists, we define

6(X7p) =

Although, the following proposition is basic and important, it seems that
there is no reference containing its complete proof.

PropoSITION A.3. Suppose that X is a complete CAT(0) space. Then we
have

(A.1) O(X) =sup{o(TC,X,0) | pe X} =sup{d(TC,X) | pe X},

where o denotes the origin of the tangent cone TC,X.
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Proof. The inequality
o0(X) <sup{o(TC,X,0)|pe X}
was proved in [7, Lemma 6.2], and the inequality
sup{d(TC,X,0)|pe X} <sup{d(TC,X)|pe X}
is trivial from the definition. So we need only to prove the inequality
(A.2) sup{o(TC,X) | pe X} <o(X).

To this end, it suffices to show that 6(7C,X) <J(X) for any pe X. By Prop-
osition 4.2 of [5], if {X,},.n is a sequence of complete CAT(0) spaces, w is a
nonprincipal ultrafilter on N, and X,, is the ultralimit of {X,} with respect to
o, then 6(X,) < w-lim, 6(X,) holds. Combining this with Proposition 5.8 in
Section 5, the inequality (A.2) follows immediately. O

Remark A.4. Although the previous version of this paper [14] also includes
the proof of Proposition A.3 without using the notion of ultralimit, we omit it
here to avoid redundancy.
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