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GLOBAL ISOMETRIC EMBEDDINGS OF MULTIPLE

WARPED PRODUCT METRICS INTO QUADRICS

Heudson Mirandola and Feliciano Vitório

Abstract

In this paper, we construct smooth isometric embeddings of multiple warped

product manifolds in quadrics of semi-Euclidean spaces. Our main theorem generalizes

previous results as given by Blanuša, Rozendorn, Henke and Azov.

1. Introduction

By fundamental works of Nash [19], Gromov and Rokhlin [11] and Günther
[12] we know that every n-dimensional smooth Riemannian manifold admits a
smooth isometric embedding1 in an N-dimensional Euclidean space RN , for some
Na cðnÞ ¼ maxfnðnþ 5Þ=2; nðnþ 3Þ=2þ 5g. The estimate cðnÞ was given by
Günther [12]; Nash’s and Gromov-Rokhlin’s estimates are larger than this upper
bound. Since then, the problem of finding the lowest possible codimension is
one of the major open problems in the theory of isometric immersion. For
books and surveys about this subject see Gromov and Rokhlin [11], Jacobowitz
[18], Poznyak and Sokolov [22], Aminov [1], Dajczer [8], Borisenko [6] and Han
and Hong [13]. On the other hand, since the results of Nash, Gromov and
Rokhlin and Günther follow as a consequence of existence theorems for certain
PDE’s, it is also an interesting problem to give the explicit construction of
isometric immersions of a given Riemannian metric Mn in Rm, mainly if the
attained codimension is strictly less than cðnÞ � n. This is the point of view of
the present paper.

Blanuša [4, 5] gave a method to construct injective smooth isometric
immersions of the hyperbolic plane H2 in R6 and in the standard spherical
space S8. Poznyak [21] wrote about Blanuša’s surface: ‘‘There is no doubt that
this result is one of the most elegant in the theory of immersion of two-dimensional
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manifolds in Euclidean space’’. Blanuša also constructed injective isometric
immersions of Hn in R6n�5 and of an infinite Möbius band with hyperbolic
metric in R8 and in S10. His method was used and modified in further works:
(i) Rozendorn [23] constructed non-injective smooth isometric immersions of
the plane R2 with the warped product metric of the form ds2 ¼ dt2 þ f ðtÞ2 dx2

in R5 (this class of surfaces includes H2 with the metric dt2 þ e2t dx2). Note
that a celebrated theorem of Hilbert [17] states that H2 cannot be isometrically
immersed in R3. However, the existence of an isometric immersion of H2 in
R4 or even an injective isometric immersion of H2 in R5 is still an open problem
(a partial answer to the first problem was given by Sabitov [24]). (ii) Henke

[14, 15] exhibited isometric immersions of Hn in R4n�3 and in S4n�3. (iii) Henke
and Nettekoven [16] showed that Hn can be isometrically embedded in
R6n�6 whose image is the graph of a smooth map g : Rn ! R5n�6. (iv) Azov
[2] considered the space Rn ¼ R� Rn�1 with one of the following metrics:
ds2 ¼ dt2 þ f ðtÞ2

Pn�1
j¼1 dx2

j or ds2 ¼ gðx1Þ2
Pn

j¼1 dx
2
j and constructed isometric

immersions in R4n�3 and S4n�3. He also announced in [3] the construction of

isometric immersions of these classes of metrics in R4n�4 and S4n�4, if n > 2.
In this paper we deal with product manifolds Mn ¼ I � Rn�1, where I is an

open interval, endowed with a multiple warped product metric of the form:

ds2 ¼ rðtÞ2 dt2 þ h1ðtÞ
2
dx2

1 þ � � � þ hn�1ðtÞ
2
dx2

n�1ð1Þ
where rðtÞ, hjðtÞ, with t A I and j ¼ 1; . . . ; n� 1, are positive smooth functions
and dx1; . . . ; dxn�1 are the canonical coframes of Rn�1. This class of metrics
includes both Azov’s metrics. We will modify Blanuša’s method to exhibit
isometric immersions and, mainly, embeddings of this class of metrics in quadrics
of semi-Euclidean spaces. It is worth to mention that, in general, the immersions
obtained by Rozendorn, Henke and Azov are not injective. Based on this, we
consider such embeddings the main contribution of the present work. There
exists a wide literature about aspects of rigidity and nonimmersibility of these
spaces (see for instance Nölker [20], Chen [7], Florit [10], Dajczer and Tojeiro [9]
and references therein).

We recall that the semi-Euclidean space Rn
a , with a A f0; . . . ; ng, is simply

the space Rn with the inner product of signature ða; n� aÞ given by

h ; i ¼ �dx2
1 � � � � � dx2

a þ dx2
aþ1 þ � � � þ dx2

n ;ð2Þ
where dxj, with j ¼ 1; . . . ; n, denote the canonical coframes of Rn. For a given
c > 0, let Sn

a ðcÞ and Hn
a ð�cÞ be the following quadratic hypersurfaces (or, simply,

quadrics):

Sn
a ðcÞ ¼ fx A Rnþ1

a j hx; xi ¼ 1=cg;

Hn
a ð�cÞ ¼ fx A Rnþ1

aþ1 j hx; xi ¼ �1=cg:
Both hypersurfaces are semi-Riemannian manifolds with signature ða; n� aÞ and
constant curvatures c and �c, respectively. If a ¼ 0, then Sn

0 ðcÞ ¼ SnðcÞ is the
standard sphere and Hn

0 ð�cÞ ¼ Hnð�cÞ is the hyperbolic space. If a ¼ 1, the
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semi-Riemannian universal covering spaces of Sn
1 ð1Þ and Hn

1 ð�1Þ are called de
Sitter dSn and anti-de Sitter AdSn spaces, respectively.

Our main result is

Theorem 1.1. Let Mn ¼ I � Rn�1 be as given in (1). Then, for all c > 0
and a A f0; . . . ; n� 1g, the manifold Mn admits:

(i) isometric immersions in R4n�3�2a
a , S4n�3�2a

a ðcÞ, and H4n�3�a
a ð�cÞ;

(ii) isometric embeddings in R8n�7�6a
a , S8n�5�6a

a ðcÞ and H8n�7�5a
a ð�cÞ.

Moreover, all immersions and embeddings above are smooth and given explicitly.

In Remark 1 (see Section 3), we observe that all immersions referred in Item
(i) of Theorem 1.1 are not injective, provided that a < n� 1.

Based on Theorem 1.1, it is natural to ask if every n-dimensional Rieman-
nian manifold Mn can be isometrically immersed in a semi-Euclidean RN

a with
a > 0 and N strictly less than the dimension cðnÞ obtained by Günther [12].

As an application of Theorem 1.1 we generalize Rozendorn’s surfaces [23].
We have the following.

Corollary 1.1. Let M 2 ¼ I � R be a warped product surface as given in
(1). Then, for all c > 0, the surface M 2 admits:

(i) non-injective isometric immersions in R5, H5ð�cÞ, S5ðcÞ and dS3ðcÞ;
(ii) isometric embeddings in R9, H9ð�cÞ, S11ðcÞ, R3

1 , AdS
4ð�cÞ and dS5ðcÞ.

Moreover, all immersions and embeddings above are smooth and given explicitly.

The space Sol3 is a simply connected homogeneous 3-dimensional space
whose isometry group has dimension 3. It is one of the eight models of the
Thurston geometry and it can be viewed as R3 with the metric ds2 ¼ dt2 þ
e2t dx2 þ e�2t dy2: It follows directly from Theorem 1.1 the following

Corollary 1.2. For all c > 0, the space Sol3 admits:
(i) non-injective isometric immersions in R9, H9ð�cÞ, S9ðcÞ, R7

1 , dS7ðcÞ,
AdS8ð�cÞ;

(ii) isometric embeddings in R17, H17ð�cÞ, S19ðcÞ, R11
1 , AdS12ð�cÞ and

dS13ðcÞ.
Moreover, all immersions and embeddings above are smooth and given explicitly.

Let fl : Ml ! Rnl , with l ¼ 1; . . . ; k, be smooth isometric immersions of the
manifold ðMl ; glÞ in Rnl . Let I be an open interval and rðtÞ, hlðtÞ, with t A I
and l ¼ 1; . . . ; k, positive smooth functions. It is simple to show that the product
manifold M ¼ I �M1 � � � � �Mk with the warped product metric

g ¼ rðtÞ2 dt2 þ h1ðtÞ
2
g1 þ � � � þ hkðtÞ

2
gkð3Þ

can be isometrically immersed in I � Rn1 � � � � � Rnk with the metric

ds2 ¼ rðtÞ2 dt2 þ h1ðtÞ
2d1 þ � � � þ hkðtÞ

2dk;
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where dl denotes the Euclidean metric of Rnl . Thus it follows as a consequence
of Theorem 1.1 the following result.

Corollary 1.3. With the notations being as above, we consider n ¼
n1 þ � � � þ nk and a A f0; . . . ; ng. For all c > 0, the manifold M admits:

(i) isometric immersions in R4nþ1�2a
a , S4nþ1�2a

a ðcÞ and H4nþ1�a
a ð�cÞ;

(ii) isometric embeddings in R8nþ1�6a
a , S8nþ3�6a

a ðcÞ and H8nþ1�5a
a ð�cÞ, provided

that each fl is an embedding.

We would like to thank the referee for carefully reading the first version
of this manuscript, pointing out mistakes which helped us to improve the
manuscript.

2. Preliminaries

We recall Blanuša’s functions ĉc1; ĉc2 : R ! R defined by

ĉc1ðuÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

A

ð uþ1

0

xðtÞ dt

s
and ĉc2ðuÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

A

ð u
0

xðtÞ dt

s
;

where A ¼
Ð 1
0 xðtÞ dt and xðuÞ ¼ sinðpuÞe�1=ðsinðpuÞÞ2 , if u A RnZ, and xðuÞ ¼ 0, if

u A Z. Blanuša proved in [4] that these functions are smooth, non-negative and
satisfy:

(a) ĉcj is periodic with period 2, for all j ¼ 1; 2;

(b) ĉc2
1 þ ĉc2

2 ¼ 1, everywhere;

(c) all the derivatives ĉc
ðkÞ
1 ð2l þ 1Þ ¼ ĉc

ðkÞ
2 ð2lÞ ¼ 0, for all l A Z.

The next two lemmas will be useful to prove Theorem 1.1. They are simple
consequences of Items (a), (b) and (c) above. To state them, let I be an open
interval and g : I ! R an increasing smooth di¤eomorphism. Consider the
sequence tk ¼ g�1ðkÞ, with k A Z. The first lemma says the following.

Lemma 2.1. The functions cj ¼ ĉcj � g : I ! R are smooth, non-negative and
satisfy the following properties:

c1ðtÞ
2 þ c2ðtÞ

2 ¼ 1; everywhere in I ;

cjððgÞ
�1ðuÞÞ ¼ cjððgÞ

�1ðuþ 2ÞÞ; for all u A R and j ¼ 1; 2;

c
ðkÞ
1 ðt2lþ1Þ ¼ c

ðkÞ
2 ðt2lÞ ¼ 0; for all kb 0 and integers l:

8>><
>>:ð4Þ

Let S1;S2 : I ! ð0;yÞ be any positive step functions satisfying

S1 is constant on each interval ½t2lþ1; t2lþ3Þ;
S2 is constant on each interval ½t2l ; t2lþ2Þ;

�
ð5Þ

for each integer l.
The second lemma follows easily from Lemma 2.1.
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Lemma 2.2. For any h A CyðIÞ, the functions
hðtÞcjðtÞ
SjðtÞ

with t A I and
j ¼ 1; 2, are smooth and their derivatives satisfy

dk

dtk
hðtÞcjðtÞ
SjðtÞ

� �
¼

dk

dtk
ðhðtÞcjðtÞÞ
SjðtÞ

;

for all integers kb 0.

3. Proof of Theorem 1.1

First we consider the map hðtÞ ¼ ðh1ðtÞ; . . . ; hn�1ðtÞÞ, with t A I , where each
function hj is being as in (1). Consider the map h : R ! R2

1 given by hðuÞ ¼
ðcoshðuÞ; sinhðuÞÞ. Consider also the map j ¼ ðj1; j2Þ : I � R ! R4 where each
map jj : I � R ! R2, with j ¼ 1; 2, is given by

jjðt; uÞ ¼
cjðtÞ
SjðtÞ

ðcosðSjðtÞuÞ; sinðSjðtÞuÞÞ:ð6Þ

The map j is introduced in [16] for the case that I ¼ R and g is the identity
function. By using Lemma 2.2, we obtain

qðhkðtÞhðuÞÞ
qt

¼ h 0
kðtÞðcoshðuÞ; sinhðuÞÞ;ð7Þ

qðhkðtÞhðuÞÞ
qu

¼ hkðtÞðsinhðuÞ; coshðuÞÞ;

qðhkðtÞjjðt; uÞÞ
qt

¼
ðhkðtÞcjðtÞÞ

0

SjðtÞ
ðcosðSjðtÞuÞ; sinðSjðtÞuÞÞ;

qðhkðtÞjjðt; uÞÞ
qu

¼ hkðtÞcjðtÞð�sinðSjðtÞuÞ; cosðSjðtÞuÞÞ;

for all j ¼ 1; 2, t A I , u A R and k ¼ 1; . . . ; n� 1.
Now, set a A f0; . . . ; n� 1g and let b ¼ n� 1� a. First we consider b > 0.

We will see that the case b ¼ 0 is easier. We write the semi-Euclidean space
R4n�4�2a

a ¼ R2aþ4b
a isometrically as the following form

R2aþ4b
a ¼ ðR2

1Þ
a � R4b ¼ R2

1 � � � � � R2
1|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

a times

� R4b:

We denote by x ¼ ðx1; . . . ; xaþbÞ the coordinates of Rn�1 ¼ Raþb. Let

P1 : R
aþb ! Ra and P2 : R

aþb ! Rb be the standard orthogonal projections

~xx ¼ P1ðx1; . . . ; xaþbÞ ¼ ðx1; . . . ; xaÞ
x ¼ P2ðx1; . . . ; xaþbÞ ¼ ðxaþ1; . . . ; xaþbÞ:
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Consider the maps

~hhðtÞ ¼ P1ðhðtÞÞ and hðtÞ ¼ P2ðhðtÞÞ;ð8Þ

with t A I and let ~hh ? h : I � Rn�1 ! ðR2
1Þ

a and h ? j : I � Rn�1 ! R4b be the
maps given by

ð~hh ? hÞðt; x1; . . . ; xaþbÞ ¼ ðh1ðtÞhðx1Þ; . . . ; haðtÞhðxaÞÞ A ðR2
1Þ

a;ð9Þ

ðh ? jÞðt; x1; . . . ; xaþbÞ ¼ ðhaþ1ðtÞjðt; xaþ1Þ; . . . ; haþbðtÞjðt; xaþbÞÞ A R4b:

Since hðuÞ A R2
1 and jðt; uÞ A R4, by using (7), the pull-back symmetric tensors by

~hh ? h and h ? j must satisfy

ð~hh ? hÞ�ðh ; iÞ ¼ �j~hh 0ðtÞj2 dt2 þ h1ðtÞ
2
dx2

1 þ � � � þ haðtÞ
2
dx2

a ;ð10Þ

ðh ? jÞ�ðh ; iÞ ¼ eðtÞ2 dt2 þ haþ1ðtÞ
2
dx2

aþ1 þ � � � þ haþbðtÞ
2
dx2

aþb;

where j~hh 0ðtÞj2 ¼ h 0
1ðtÞ

2 þ � � � þ h 0
aðtÞ

2 and e : I ! ½0;yÞ is given by

eðtÞ2 ¼
Xaþb

r¼aþ1

ððhrðtÞc1ðtÞÞ
0Þ2

S1ðtÞ2
þ ððhrðtÞc2ðtÞÞ

0Þ2

S2ðtÞ2

" #
:ð11Þ

For the step functions S1;S2 : I ! ð0;yÞ defined as in (5), we can choose
the steps S1j½t2lþ1; t2lþ3Þ and S2j½t2l ; t2lþ2Þ, with integer l, su‰ciently large so that, for

all r ¼ aþ 1; . . . ; aþ b, it holds

ððhrðtÞcjðtÞÞ
0Þ2 < 1

4b
SjðtÞ2rðtÞ2;ð12Þ

for all t A I and j ¼ 1; 2. We obtain rðtÞ2 � eðtÞ2 b rðtÞ2 � 2eðtÞ2 > 0; for all
t A I .

Let f : I � Rn�1 ! R4n�3�2a
a ¼ R� ðR2

1Þ
a � R4b be the map

f ðt; xÞ ¼
ð t
t0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rðtÞ2 þ j~hh 0ðtÞj2 � eðtÞ2

q
dt; ~hh ? hðt; xÞ; h ? jðt; xÞ

� �
:

If b ¼ 0, we define f ðt; xÞ simply by omitting eðtÞ and h ? jðt; xÞ in the expression
of f ðt; xÞ above. By using (10), we obtain

f �ðh ; iÞ ¼ ðrðtÞ2 þ j~hh 0ðtÞj2 � eðtÞ2Þ dt2 þ ð~hh ? hÞ�ðh ; iÞ þ ðh ? jÞ�ðh ; iÞ

¼ rðtÞ2 dt2 þ h1ðtÞ
2
dx2

1 þ � � � þ haþbðtÞ
2
dx2

aþb

¼ ds2:

This implies that f : Mn ! R4n�3�2a
a is a smooth isometric immersion.
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We fix c > 0. First we assume b > 0. We choose the step functions S1, S2

su‰ciently large so that (12) holds. Let a : I ! ½0;yÞ be the function given
by

aðtÞ ¼
Xaþb

r¼aþ1

hrðtÞ
2c1ðtÞ

2

S1ðtÞ2
þ hrðtÞ

2c2ðtÞ
2

S2ðtÞ2

 !
:ð13Þ

Note that aðtÞ ¼ hh ? jðt; xÞ; h ? jðt; xÞi.
Let fh : I � Rn�1 ! R4n�2�a

aþ1 ¼ R2
1 � Ra � ðR2

1Þ
a � R4b be the map

fhðt; xÞ ¼ ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=cþ aðtÞ

p
hðyhðtÞÞ; ~hhðtÞ; ~hh ? hðt; xÞ; h ? jðt; xÞÞ;

where yh : I ! R is the function defined by

yhðtÞ ¼
ð t
t0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1

c
þ aðtÞ

rðtÞ2 � eðtÞ2 þ a 0ðtÞ2

4
1

c
þ aðtÞ

� �
2
664

3
775

vuuuuut dt:

If b ¼ 0, we define fhðt; xÞ simply by omitting eðtÞ, aðtÞ and h ? jðt; xÞ in the

expressions of yhðtÞ and fhðt; xÞ above. By (12), we have rðtÞ2 � eðtÞ2 > 0.
Thus, in both cases b ¼ 0 and b > 0, we have that yh is well defined, smooth and
increasing.

It is easy to see that h fhðt; xÞ; fhðt; xÞi ¼ �ð1=cþ aðtÞÞ þ j~hhðtÞj2 � j~hhðtÞj2 þ
aðtÞ ¼ �1=c; hence the image of fh is contained in H4n�3�a

a ð�cÞ. By using (10),

f �
h ðh ; iÞ ¼ � 1

4

a 0ðtÞ2
1

c
þ aðtÞ

0
BB@

1
CCAþ 1

c
þ aðtÞ

� �
y 0
hðtÞ

2 þ j~hh 0ðtÞj2

2
664

3
775 dt2

þ ð~hh ? hÞ�ðh ; iÞ þ ðh ? jÞ�ðh ; iÞ

¼ rðtÞ2 dt2 þ h1ðtÞ
2
dx2

1 þ � � � þ haþbðtÞ
2
dx2

aþb:

This implies that fh : M
n ! H4n�3�a

a ð�cÞ is an isometric immersion.
Now, choose the step functions S1, S2 su‰ciently large so that (12) is

satisfied and, moreover, for all r ¼ aþ 1; . . . ; aþ b, it holds

hrðtÞ
2cjðtÞ

2 <
1

8bc
SjðtÞ2;ð14Þ

for all t A I and j ¼ 1; 2. By (13) and (14), we obtain 0a aðtÞ < 1

4c
, for all t A I .

Let fs : I � Rn�1 ! R4n�2�2a
a ¼ R2 � ðR2

1Þ
a � R4b be the map defined by

fsðt; xÞ ¼ ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=c� bðtÞ

p
gðysðtÞÞ; ~hh ? hðt; xÞ; h ? jðt; xÞÞ;
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where bðtÞ ¼ aðtÞ � j~hhðtÞj2, with t A I , gðuÞ ¼ ðcosðuÞ; sinðuÞÞ, with u A R, and
ys : I ! R is the function given by

ysðtÞ ¼
ð t
t0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1

c
� bðtÞ

rðtÞ2 þ j~hh 0ðtÞj2 � eðtÞ2 � b 0ðtÞ2

4
1

c
� bðtÞ

� �
2
664

3
775

vuuuuut dt:

If b ¼ 0, we define fsðt; xÞ by omitting eðtÞ, aðtÞ and h ? jðt; xÞ in the expressions
of ysðtÞ and fsðt; xÞ above.

Claim 3.1. We can choose steps functions S1, S2, su‰ciently large so that
the function ys is well defined and smooth.

In fact, first we assume b ¼ 0. In this case, by definition, we have bðtÞ

¼ �j~hhðtÞj2. Hence,
1

c
� bðtÞ > j~hhðtÞj2. Moreover, b 0ðtÞ2 ¼ 4h~hh 0ðtÞ; ~hhðtÞi2

a

4j~hh 0ðtÞj2j~hhðtÞj2. Thus,

b 0ðtÞ2

4
1

c
� bðtÞ

� � a j~hh 0ðtÞj2:

By (12), we have rðtÞ2 � eðtÞ2 > 0. Thus we conclude that ys is well defined and

smooth. Now, assume b > 0. By (14), it holds
1

c
� bðtÞb 1

c
� aðtÞ > 0. Using

Lemma 2.2, we have

a 0ðtÞ ¼
Xaþb

r¼aþ1

ðhrðtÞ
2c1ðtÞ

2Þ0

S1ðtÞ2
þ ðhrðtÞ

2c2ðtÞ
2Þ0

S2ðtÞ2

" #
:ð15Þ

Since b 0ðtÞ ¼ a 0ðtÞ � 2h~hh 0ðtÞ; ~hhðtÞi, we obtain
b 0ðtÞ2

4
a dðtÞ þ j~hh 0ðtÞj2j~hhðtÞj2; where

d : I ! ½0;yÞ is the continuous function given by

dðtÞ ¼ a 0ðtÞ2

4
� a 0ðtÞh~hh 0ðtÞ; ~hhðtÞi

�����
�����:ð16Þ

Using that
1

c
� bðtÞ ¼ 1

c
� aðtÞ þ j~hhðtÞj2 > 1

2c
þ j~hhðtÞj2, it holds that

b 0ðtÞ2

4
1

c
� bðtÞ

� � a
1

1

2c
þ j~hhðtÞj2

ðdðtÞ þ j~hhðtÞj2j~hh 0ðtÞj2Þ:
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This implies that

rðtÞ2 þ j~hh 0ðtÞj2 � eðtÞ2 � b 0ðtÞ2

4
1

c
� bðtÞ

� �b rðtÞ2 � eðtÞ2 þ j~hh 0ðtÞj2 1� j~hhðtÞj2
1

2c
þ j~hhðtÞj2

0
B@

1
CA

� dðtÞ
1

2c
þ j~hhðtÞj2

¼ 1

1

2c
þ j~hhðtÞj2

ðGðtÞ � dðtÞÞ;

where G : I ! R is the continuous function given by

GðtÞ ¼ 1

2c
þ j~hhðtÞj2

� �
rðtÞ2 � eðtÞ2 þ j~hh 0ðtÞj2 1� j~hhðtÞj2

1

2c
þ j~hhðtÞj2

0
B@

1
CA

0
B@

1
CA:

Since the step functions S1 and S2 satisfy (12), we obtain GðtÞ > 0, for all t A I .
Furthermore, if S1ðtÞ and S2ðtÞ become larger, then GðtÞ > 0 increases and dðtÞ
is as smaller as we want. So, we choose each step of S1 and S2 su‰ciently large
so that dðtÞ < GðtÞ, for all t A I . This implies that

rðtÞ2 þ j~hh 0ðtÞj2 � eðtÞ2 � b 0ðtÞ2

4
1

c
� bðtÞ

� � > 0;ð17Þ

for all t A I . Claim 3.1 is proved.
It is easy to see that h fsðt; xÞ; fsðt; xÞi ¼ 1=c, hence the image of fs is

contained in S4n�3�2a
a ðcÞ. By using (10),

f �
s ðh ; iÞ ¼

b 0ðtÞ2

4
1

c
� bðtÞ

� �þ 1

c
� bðtÞ

� �
y 0
sðtÞ

2

0
BBB@

1
CCCA dt2 þ ð~hh ? hÞ�ðh ; iÞ þ ðh ? jÞ�ðh ; iÞ

¼ rðtÞ2 dt2 þ h1ðtÞ
2
dx2

1 þ � � � þ haþbðtÞ
2
dx2

aþb:

This implies that fs : M
n ! S4n�3�2a

a ðcÞ is an isometric immersion. Item (i) is
proved.

Remark 1. The immersions f , fh and fs are not injective, if b > 0. In
fact, we take t ¼ t2k, for some integer k. Let x1 ¼ ðx1

1 ; . . . ; x
1
aþbÞ and x2 ¼

ðx2
1 ; . . . ; x

2
aþbÞ be vectors satisfying the following.
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(i) ðx1
1 ; . . . ; x

1
aÞ ¼ ðx2

1 ; . . . ; x
2
aÞ;

(ii) S1ðtÞx1
r ¼ S1ðtÞx2

r þ 2plr, for some integer lr, with r ¼ aþ 1; . . . ; aþ b
and lr 0 0 for some r.

Notice that ~hh ? hðt; x1Þ ¼ ~hh ? hðt; x2Þ, since ðx1
1 ; . . . ; x

1
aÞ ¼ ðx2

1 ; . . . ; x
2
aÞ. Since

c2ðtÞ ¼ c2ðt2kÞ ¼ 0 and ðcosðS1ðtÞx1
r Þ; sinðS1ðtÞx1

r ÞÞ ¼ ðcosðS1ðtÞx2
r Þ; sinðS1ðtÞx2

r ÞÞ,
we obtain

cjðtÞðcosðSjðtÞx1
r Þ; sinðSjðtÞx1

r ÞÞ ¼ cjðtÞðcosðSjðtÞx2
r Þ; sinðSjðtÞx2

r ÞÞ:
This implies that h ? jðt; x1Þ ¼ h ? jðt; x2Þ. Since the first coordinates of f , fh
and fs depend only on t, it follows that f ðt; x1Þ ¼ f ðt; x2Þ, fhðt; x1Þ ¼ fhðt; x2Þ,
and fsðt; x1Þ ¼ fsðt; x2Þ. Thus, the immersions f , fh and fs are not injective.

Now we will prove Item (ii). We will continue to assume the notations

being as given in the proof of Item (i). Let T1 : R ! 0;
p

2

� �
and T2 : R ! R be

the smooth functions

T1ðuÞ ¼
p

4
ð1þ tanhðuÞÞ and T2ðuÞ ¼

ð u
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� T 0

1ðtÞ
2

q
dt:ð18Þ

Note that T2 is smooth since T1 is analytic and T 0
1ðuÞ ¼

p

4
sech2ðuÞa p

4
< 1.

Consider the map ĵj ¼ ðj11; j21; j12; j22Þ : I � R ! R8, where each map
jji : I � R ! R2, with i; j ¼ 1; 2, is defined by

jjiðt; uÞ ¼
cjðtÞ
SjðtÞ

ðcosðTiðSjðtÞuÞÞ; sinðTiðSjðtÞuÞÞÞ:ð19Þ

Consider the map

ðh ? ĵjÞðt; x1; . . . ; xaþbÞ ¼ ðhaþ1ðtÞĵjðt; xaþ1Þ; . . . ; haþbðtÞĵjðt; xaþbÞÞ A R8b;ð20Þ
with t A I and x A Rn�1 ¼ Raþb. Since T 0

1ðtÞ
2 þ T 0

2ðtÞ
2 ¼ c1ðtÞ

2 þ c2ðtÞ
2 ¼ 1, by

using Lemma 2.2, it follows similarly as in (10) that the pull-back symmetric
tensor by the map h ? ĵj : I � Rn�1 ! R8b satisfies

ðh ? ĵjÞ�ðh ; iÞ ¼ 2eðtÞ2 dt2 þ haþ1ðtÞ
2
dx2

aþ1 þ � � � þ haþbðtÞ
2
dx2

aþb;ð21Þ
where e : I ! ½0;yÞ is the smooth function defined as in (11). We choose
the step functions S1 and S2 so that (12) is satisfied. This implies that
rðtÞ2 � 2eðtÞ2 > 0.

Let f̂f : I � Rn�1 ! R8n�7�6a
a ¼ R� ðR2

1Þ
a � R8b be the map

f̂f ðt; xÞ ¼
ð t
t0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rðtÞ2 þ j~hh 0ðtÞj2 � 2eðtÞ2

q
dt; ~hh ? hðt; xÞ; h ? ĵjðt; xÞ

� �
;

where ~hh ? h : I � Rn�1 ! ðR2
1Þ

a is the map defined as in (9). If b ¼ 0, we define
f̂f ðt; xÞ by simply omitting eðtÞ and h ? ĵjðt; xÞ in the definition of f̂f ðt; xÞ above.

By using (10) and (21), it is easy to conclude that f̂f : Mn ! R8n�7�6a
a is an

isometric immersion.
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Claim 3.2. The immersion f̂f is injective.

In fact, assume that f̂f ðt1; x1Þ ¼ f̂f ðt2; x2Þ, for some t1; t2 A I and x1; x2 A Rn�1.
We write x j ¼ ðx j

1; . . . ; x
j
aþbÞ, with j ¼ 1; 2. Using that the function

sðtÞ ¼
ð t
t0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rðtÞ2 þ j~hh 0ðtÞj2 � 2eðtÞ2

q
dt; t A I ;

is increasing, we obtain t1 ¼ t2. Since c2
1 þ c2

2 ¼ 1, we can assume, without loss
of generality, that c1ðt1Þ0 0. Using that hiðtÞ > 0, for all i ¼ 1; . . . ; aþ b and

f̂f ðt1; x1Þ ¼ f̂f ðt1; x2Þ, we have hðx1
kÞ ¼ hðx2

kÞ and j11ðt1; x1
r Þ ¼ j11ðt1; x2

r Þ, for all
k ¼ 1; . . . ; a and r ¼ aþ 1; . . . ; aþ b. These imply that

sinhðx1
kÞ ¼ sinhðx2

kÞ and sinðT1ðS1ðt1Þx1
r ÞÞ ¼ sinðT1ðS1ðt1Þx2

r ÞÞ;

for all k ¼ 1; . . . ; a and r ¼ aþ 1; . . . ; aþ b. Since S1ðt1Þ > 0 and the functions
sinhðuÞ and sinðT1ðuÞÞ, with u A R, are injective, we obtain that x1 ¼ x2. Claim
3.2 is proved.

Claim 3.3. f̂f : Mn ! R8n�7�6a
a is an isometric embedding.

We just need to show that the inverse map f̂f �1 : f̂f ðI � Rn�1Þ ! I � Rn�1 is
continuous. In fact, let ym ¼ f̂f ðtm; xm

1 ; . . . ; x
m
n�1Þ be a sequence that converges to

a point yy ¼ f̂f ðty; xy1 ; . . . ; xyn�1Þ. Since the function sðtÞ is the first coordinate
of f̂f ðt; xÞ, we obtain lim sðtmÞ ¼ sðtyÞ. This implies that lim tm ¼ ty, since
s : I ! R is a di¤eomorphism of I onto its image sðIÞ. Since the coordinates
of the map hðtÞ ¼ ðh1ðtÞ; . . . ; hn�1ðtÞÞ are positive and smooth, we obtain

(a) lim hðxm
k Þ ¼ hðxyk Þ

(b) lim jjiðtm; xm
r Þ ¼ jjiðty; xyr Þ,

for all i; j ¼ 1; 2, k ¼ 1; . . . ; a and r ¼ aþ 1; . . . ; n� 1. It follows from (a) that
lim xm

k ¼ xyk , for all k ¼ 1; . . . ; a, since hðuÞ ¼ ðcoshðuÞ; sinhðuÞÞ and sinhðuÞ,
with u A R, is a di¤eomorphism. Now, using that c1ðtyÞ2 þ c2ðtyÞ2 ¼ 1, we
can assume that c1ðtyÞ0 0. Since c1ðtyÞ > 0, we obtain that S1 is a posi-
tive constant function in a neighborhood of ty. This implies that S1ðtmÞ ¼
S1ðtyÞ > 0, for su‰ciently large m. Since lim c1ðtmÞ ¼ c1ðtyÞ > 0, we obtain
from (b) and (19) that

lim cosðT1ðS1ðtyÞxm
r ÞÞ ¼ lim

S1ðtmÞ
c1ðtmÞ

Pðj11ðtm; xm
r ÞÞ ¼

S1ðtyÞ
c1ðtyÞPðj11ðty; xyr ÞÞ

¼ cosðT1ðS1ðtyÞxyr ÞÞ;

for all r ¼ aþ 1; . . . ; n� 1, where P : R2 ! R is the projection Pðu; vÞ ¼ u.
Again using that S1ðtyÞ > 0 and since cosðT1ðuÞÞ is a di¤eomorphism of R
onto ð0; 1Þ, it follows that lim xm

r ¼ xyr , for all r ¼ aþ 1; . . . ; n� 1. We con-
clude that f̂f �1 is continuous. Claim 3.3 is proved.
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Let f̂fh : I � Rn�1 ! R8n�6�5a
aþ1 ¼ R2

1 � Ra � ðR2
1Þ

a � R8b be the map

f̂fhðt; xÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

c
þ 2aðtÞ

r
hðŷyhðtÞÞ; ~hhðtÞ; ~hh ? hðt; xÞ; h ? ĵjðt; xÞ

 !
;ð22Þ

where a : I ! ½0;yÞ is as defined in (13) and ŷyh : I ! R is the function given by

ŷyhðtÞ ¼
ð t
t0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1

c
þ 2aðtÞ

rðtÞ2 � 2eðtÞ2 þ a 0ðtÞ2
1

c
þ 2aðtÞ

0
B@

1
CA

vuuuut dt:ð23Þ

If b ¼ 0, we define f̂fhðt; xÞ simply by omitting aðtÞ, eðtÞ and h ? jðt; xÞ in the

expressions of ŷyhðtÞ and f̂fhðt; xÞ above.

By (12), we have rðtÞ2 � 2eðtÞ2 > 0. This implies that ŷyh : I ! R is well
defined, smooth and increasing.

Note that h f̂fhðt; xÞ f̂fhðt; xÞi ¼ � 1

c
þ 2aðtÞ

� �
þ j~hhðtÞj2 � j~hhðtÞj2 þ 2aðtÞ ¼ � 1

c
.

Thus the image of f̂fh is contained in H8n�7�5a
a ð�cÞ. By a standard computation,

ð f̂fhÞ
�ðh ; iÞ ¼ � a 0ðtÞ2

1

c
þ 2aðtÞ

þ 1

c
þ 2aðtÞ

� �
ŷy 0
hðtÞ

2 þ j~hh 0ðtÞj2

0
B@

1
CA dt2

þ ð~hh ? hÞ�ðh ; iÞ þ ðh ? ĵjÞ�ðh ; iÞ

¼ rðtÞ2 dt2 þ h1ðtÞ
2
dx2

1 þ � � � þ haþbðtÞ
2
dx2

aþb:

Thus f̂fh : M
n ! H8n�7�5a

a ð�cÞ is an isometric immersion.

Claim 3.4. The immersion f̂fh is injective.

In fact, assume that f̂fhðt1; x1Þ ¼ f̂fhðt2; x2Þ. Using (22), we haveffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

c
þ 2aðt1Þ

r
hðŷyhðt1ÞÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

c
þ 2aðt2Þ

r
hðŷyhðt2ÞÞ:

Since hhðuÞ; hðuÞi ¼ �1, for all u A R, we obtain
1

c
þ 2aðt1Þ ¼ 1

c
þ 2aðt2Þ, hence

hðŷyhðt1ÞÞ ¼ hðŷyhðt2ÞÞ. This implies that t1 ¼ t2, since the function sinhðŷyhðtÞÞ,
with t A I , is increasing. The argument to show that x1 ¼ x2 is similar the one
as given in Claim 3.2. Claim 3.4 is proved.

Claim 3.5. f̂fh : M
n ! H8n�7�5a

a ð�cÞ is an isometric embedding.
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In fact, we just need to prove that the inverse map ð f̂fhÞ
�1 : f̂fhðI � Rn�1Þ !

I � Rn�1 is continuous. Let ym ¼ f̂fhðtm; xmÞ be a sequence that converges to a
point yy ¼ f̂fhðty; xyÞ. Using (22), we obtain

lim

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

c
þ 2aðtmÞ

r
hðŷyhðtmÞÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

c
þ 2aðtyÞ

r
hðŷyhðtyÞÞ:

Using hhðuÞ; hðuÞi ¼ �1, we obtain lim
1

c
þ 2aðtmÞ

� �
¼ 1

c
þ 2aðtyÞ > 0,

hence lim hðŷyhðtmÞÞ ¼ hðŷyhðtyÞÞ. This implies that lim sinhðT1ðŷyhðtmÞÞÞ ¼
sinhðT1ðŷyhðtyÞÞÞ. Using that sinhðT1ðŷyhðtÞÞÞ is a di¤eomorphism of I onto
its image, it follows that lim tm ¼ ty. The argument to show that lim xm ¼ xy

is also similar to Claim 3.3. Thus Claim 3.5 is proved.
Now let f̂fs : I � Rn�1 ! R8n�4�6a

a ¼ R4 � ðR2
1Þ

a � R8b be the map

f̂fsðt; xÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2c
þ j~hhðtÞj2

2
� aðtÞ

s
CðŷysðtÞÞ; ~hh ? hðt; xÞ; h ? ĵjðt; xÞ

0
B@

1
CA;ð24Þ

where CðuÞ ¼ ðcosðT1ðuÞÞ; sinðT1ðuÞÞ; cosðT2ðuÞÞ; sinðT2ðuÞÞÞ, with u A R. Fur-

ther, the function a : I ! ½0;yÞ is given as in (13), and ŷys : I ! R is defined by

ŷysðtÞ ¼
ð t
t0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GðtÞ

1

2c
þ j~hhðtÞj2

2
� aðtÞ

vuuut dt;

where G : I ! R is the function

GðtÞ ¼ rðtÞ2 þ j~hh 0ðtÞj2 � 2eðtÞ2 � 2

�aðtÞ þ 1

2
j~hhðtÞj2

� �0� �2

4
1

2c
þ j~hhðtÞj2

2
� aðtÞ

 ! :

If b ¼ 0, we define f̂fs by simply omitting aðtÞ and h ? ĵjðt; xÞ in the definitions of
ŷysðtÞ and f̂fsðt; xÞ above.

We claim that we can choose the step functions S1 and S2 su‰ciently large

so that ŷys is well defined and smooth. By (14), we already have
1

2c
� aðtÞ > 0.

Furthermore, by a simple computation,

GðtÞ ¼ rðtÞ2 þ j~hh 0ðtÞj2 � h~hh 0ðtÞ; ~hhðtÞi2

1

c
þ j~hhðtÞj2 � 2aðtÞ

� DðtÞ

b rðtÞ2 þ j~hh 0ðtÞj2 1� j~hhðtÞj2
1

c
þ j~hhðtÞj2 � 2aðtÞ

2
664

3
775� DðtÞ;
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where DðtÞ ¼ 2eðtÞ2 þ a 0ðtÞ2 � 2a 0ðtÞh~hh 0ðtÞ; ~hhðtÞi
1

c
þ j~hhðtÞj2 � 2aðtÞ

. Note that we can take eðtÞ,

aðtÞ and a 0ðtÞ as smaller as we want if S1ðtÞ and S2ðtÞ become larger. Thus, we
can choose the step functions S1 and S2 su‰ciently large so that DðtÞ < rðtÞ2.
This implies that ŷysðtÞ is well defined, smooth and increasing.

Note that h f̂fsðt; xÞ; f̂fsðt; xÞi ¼ 1

c
since jCðuÞj2 ¼ 2, jh ? ĵjðt; xÞj2 ¼ 2aðtÞ and

h~hh ? hðt; xÞ; ~hh ? hðt; xÞi ¼ �j~hhðtÞj2. Thus the image f̂fsðI � Rn�1ÞHS8n�5�6a
a ðcÞ.

By a direct computation, we show that

f̂f �
s ðh ; iÞ ¼

�aðtÞ þ 1

2
j~hhðtÞj2

� �0� �2
1

c
þ j~hhðtÞj2 � 2aðtÞ

þ 1

2c
þ j~hhðtÞj2

2
� aðtÞ

 !
ŷy 0
sðtÞ

2

0
BBB@

1
CCCA dt2

þ ð~hh ? hÞ�ðh ; iÞ þ ðh ? ĵjÞ�ðh ; iÞ

¼ rðtÞ2 dt2 þ h1ðtÞ
2
dx2

1 þ � � � þ haþbðtÞ
2
dx2

aþb:

This implies that f̂fs : M
n ! S8n�5�6a

a ðcÞ is an isometric immersion.

Claim 3.6. The immersion f̂fs is injective.

In fact, assume that f̂fsðt1; x1Þ ¼ f̂fsðt2; x2Þ, for some t1; t2 A I and x1; x2 A Rn�1.
Using (24),ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

c
þ j~hhðt1Þj2 � 2aðt1Þ

r
Cðŷysðt1ÞÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

c
þ j~hhðt2Þj2 � 2aðt2Þ

r
Cðŷysðt2ÞÞ:

Since jCðŷysðtÞÞj2 ¼ 2, for all t A I , we obtain j~hhðt1Þj2 � 2aðt1Þ ¼ j~hhðt2Þj2 � 2aðt2Þ,
hence Cðŷysðt1ÞÞ ¼ Cðŷysðt2ÞÞ. This implies that t1 ¼ t2, since sinðT1ðŷysðtÞÞÞ, with
t A I , is increasing. The argument to show that x1 ¼ x2 is similar to that one
given in Claim 3.2.

Claim 3.7. f̂fs : M
n ! S8n�5�6a

a ðcÞ is an isometric embedding.

In fact, we just need to prove that the inverse map ð f̂fsÞ
�1 : f̂fsðI � Rn�1Þ !

I � Rn�1 is continuous. Let ym ¼ f̂fsðtm; xmÞ be a sequence that converges to a
point yy ¼ f ðty; xyÞ. Using (24),

lim

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

c
þ j~hhðtmÞj2 � 2aðtmÞ

r
CðŷysðtmÞÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

c
þ j~hhðtyÞj2 � 2aðtyÞ

r
CðŷysðtyÞÞ:

Since jCðŷysðtÞÞj2 ¼ 2, for all t A I , we have limðj~hhðtmÞj2 � 2aðtmÞÞ ¼
j~hhðtyÞj2 � 2aðtyÞ > 0, hence lim CðŷysðtmÞÞ ¼ CðŷysðtyÞÞ. This implies that
lim sinðT1ðŷysðtmÞÞÞ ¼ sinðT1ðŷysðtyÞÞÞ. Using that sinðT1ðŷysðtÞÞÞ is a di¤eomor-
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phism of I onto its image, it follows that lim tm ¼ ty. The argument to show
that lim xm ¼ xy is similar to Claim 3.3. Thus, Claim 3.7 is proved. Theorem
1.1 is proved.
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