
D. Q. SI AND N. Q. LE
KODAI MATH. J.
38 (2015), 97–118

ALGEBRAIC DEPENDENCES OF MEROMORPHIC MAPPINGS

SHARING FEW HYPERPLANES COUNTING TRUNCATED

MULTIPLICITIES

Duc Quang Si and Ngoc Quynh Le

Abstract

In this article, we study algebraic dependences of three meromorphic mappings

which share few hyperplanes counting truncated multiplicities.

1. Introduction

In 1926, R. Nevanlinna showed that two distinct non-constant meromorphic
functions f and g on the complex plane C cannot have the same inverse images
for five distinct values, and that g is a special type of linear fractional trans-
formation of f if they have the same inverse images counted with multiplicities
for four distinct values.

In 1975, H. Fujimoto [4] generalized Nevanlinna’s result to the case of
meromorphic mappings of Cn into PNðCÞ. He proved that for two linearly non-
degenerate meromorphic mappings f and g of Cn into PNðCÞ, if they have the
same inverse images, counted with multiplicities for ð3N þ 2Þ hyperplanes in
PNðCÞ located in general position, then f 1 g, and that there exists a projective
linear transformation L of PNðCÞ to itself such that g ¼ L � f if they have the
same inverse images counted with multiplicities for ð3N þ 1Þ hyperplanes in
PNðCÞ located in general position. Since that time, the finiteness problem for
meromorphic mappings sharing few hyperplanes has been studied intensively by
many authors.

We state here the recent best results on this problem of Chen-Yan [2] and
Quang [10].

Let f be a linearly non-degenerate meromorphic mapping of Cn into PNðCÞ.
Take q hyperplanes H1; . . . ;Hq in PNðCÞ in general position with

a) dimðZeroð f ;HiÞVZeroð f ;HjÞÞa n� 2 for all 1a i < ja q.
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For each positive integer (or þy) d, denote by FðfHjgq
j¼1; f ; dÞ the set of

all linearly non-degenerate meromorphic mappings g of Cn into PNðCÞ such that
b) minfnðg;HjÞ;Mg ¼ minfnð f ;HjÞ;Mg, ð1a ja qÞ, and

c) g ¼ f on 6q

j¼1
Zeroð f ;HjÞ.

By Lemma 3.1 in [10], we see that if qb 2N þ 2 then each meromorphic
mapping satisfying the conditions b) and c) will be linearly non-degenerate.
Therefore the condition on the linearly non-degeneracy of the mappings g in
the definition of the family FðfHjgq

j¼1; f ; dÞ is not necessary in the case where
qb 2N þ 2.

In 2009, Z. Chen and Q. Yan [2] showed that:

Theorem A (see [2, Main Theorem]). If qb 2N þ 3 then g1 ¼ g2 for any
g1; g2 A FðfHigq

i¼1; f ; 1Þ.

Recently, the first author [10] proved that:

Theorem B (see [10, Theorem 1.1]). If qb 2N þ 2 and Nb 2 then
FðfHigq

i¼1; f ; 1Þ contains at most two mappings.

However, we note that there is a gap in the proof of [10, Theorem 1.1].
For detail, the inequality (3.26) in [10, Lemma 3.20] does not holds. Hence the
inequality of [10, Lemma 3.20(ii)] may not hold. In order to fix this gap, we
need to slightly change the estimate of this inequality by adding N

ð1Þ
ð f ;HjÞðrÞ to

its right-hand side. The rest of the proof is still valid for the case where Nb 3.
In the last past of this paper, we would like to give a correction for the proof of this
theorem when Nb 3. Theorem B (including the case where N ¼ 2) has also been
proved and improved in a recent work of the first author [11] by another way.

We would also like to note that so far, all results on the finiteness problem
have still been restricted to the case where meromorphic mappings share at least
2N þ 2 hyperplanes and they are identity on the inverse images of all these
hyperplanes. Then the following questions arise naturally.

a) Is there any relation between meromorphic mappings sharing q hyper-
planes regardless of multiplicity with q < 2N þ 2?

b) Is there any relation between meromorphic mappings sharing few hyper-
planes regardless of multiplicity with smaller identity set?

In this paper we will show that these mappings are algebraically dependent
in some particular cases. Our main results are stated as follows.

For each real number x, denote by ½x� the integer part of x, i.e., ½x� is the
maximal integer which does not exceed x.

Theorem 1.1. Let f1, f2, f3 be three linearly non-degenerate meromorphic

mappings of Cn into PNðCÞ. Let fHigq
i¼1 be a family of q hyperplanes of PNðCÞ

in general position with

dimðZeroð f1;HiÞVZeroð f1;HjÞÞa n� 2 ð1a i < ja qÞ:

98 duc quang si and ngoc quynh le



Assume that the following conditions are satisfied:
(a) minfnð f1;HiÞ;Ng ¼ minfnð f2;HiÞ;Ng ¼ minfnð f3;HiÞ;Ng ð1a ia qÞ,
(b) f1 ¼ f2 ¼ f3 on 6q

i¼1
Zeroð f1;HiÞ.

If q >
2N þ 5þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
28N 2 þ 20N þ 1

p

4
then one of the following assertions holds:

(i) There exist
q

3

� �
þ 1 hyperplanes Hi1 ; . . . ;Hi½q=3�þ1

such that

ð fu;Hi1Þ
ð fv;Hi1Þ

¼ ð fu;Hi2Þ
ð fv;Hi2Þ

¼ � � � ¼
ð fu;Hi½q=3�þ1

Þ
ð fv;Hi½q=3�þ1

Þ ; ð1a u < va 3Þ;

(ii) f15 f25 f3 1 0.

Theorem 1.2. Let f1, f2, f3 be three linearly non-degenerate meromorphic
mappings of Cn into PNðCÞand let H1; . . . ;Hq be q hyperplanes of PNðCÞ in
general position with

dimðZeroð f1;HiÞVZeroð f1;HjÞÞa n� 2 ð1a i < ja qÞ:

Assume that the following conditions are satisfied:
(a) f1 is linearly non-degenerate over Rf1 ,
(b) minfnð f1;HiÞ;Ng ¼minfnð f2;HiÞ;Ng ¼minfnð f3;HiÞ;Ng ð1a iaq�N � 1Þ,
(c) f1 ¼ f2 ¼ f3 on 6q

i¼q�N
63

u¼1
Zeroð fu;HiÞ.

If q > 3
N þ 1

2

� �
þN þ 1, then one of the following assertions holds:

(i) There exist
N þ 1

2

� �
þ 1 hyperplanes Hi1 ; . . . ;Hi½ðNþ1Þ=2�þ1

such that

ð fu;Hi1Þ
ð fv;Hi1Þ

¼ ð fu;Hi2Þ
ð fv;Hi2Þ

¼ � � � ¼
ð fu;Hi½ðNþ1Þ=2�þ1

Þ
ð fv;Hi½ðNþ1Þ=2�þ1

Þ ;

(ii) f15 f25 f3 1 0.

Acknowledgements. The authors would like to thank the referee for his/her
helpfull comments on the first version of this paper, which improved the quality
of the paper.

2. Basic notions and auxiliary results from Nevanlinna theory

2.1. We set kzk ¼ ðjz1j2 þ � � � þ jznj2Þ1=2 for z ¼ ðz1; . . . ; znÞ A Cn and define

BðrÞ :¼ fz A Cn : kzk < rg; SðrÞ :¼ fz A Cn : kzk ¼ rg ð0 < r < yÞ:
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Define

d ¼ qþ q; d c ¼
ffiffiffiffiffiffiffi
�1

p

4p
ðq� qÞ;

vn�1ðzÞ :¼ ðdd ckzk2Þn�1 and

snðzÞ :¼ d c logkzk2 ^ ðdd c logkzk2Þn�1 on Cnnf0g:

2.2. Let F be a nonzero holomorphic function on a domain W in Cn.
For a set a ¼ ða1; . . . ; anÞ of nonnegative integers, we set jaj ¼ a1 þ � � � þ an and

DaF ¼ qjajF

qa1z1 � � � qanzn
. We define the map nF : W ! Z by

nF ðzÞ :¼ maxfm : DaFðzÞ ¼ 0 for all a with jaj < mg ðz A WÞ:

We mean by a divisor on a domain W in Cn a map n : W ! Z such that, for
each a A W, there are nonzero holomorphic functions F and G on a connected
neighborhood U HW of a such that nðzÞ ¼ nF ðzÞ � nGðzÞ for each z A U outside
an analytic set of dimensiona n� 2. Two divisors are regarded as the same if
they are identical outside an analytic set of dimensiona n� 2. For a divisor n

on W we define SuppðnÞ :¼ fz : nðzÞ0 0g; which is a purely ðn� 1Þ-dimensional
analytic subset of W or empty.

Take a nonzero meromorphic function j on a domain W in Cn. For each
a A W, we choose nonzero holomorphic functions F and G on a neighborhood

U HW such that j ¼ F

G
on U and dimðF �1ð0ÞVG�1ð0ÞÞa n� 2; and we define

the divisors nj, nyj by nj :¼ nF , nyj :¼ nG, which are independent of choices of

F and G and so globally well-defined on W.

2.3. For a divisor n on Cn and for positive integers k, M (maybe M ¼ y),
we define the counting function of n by

nðMÞðzÞ ¼ minfM; nðzÞg;

n
ðMÞ
>k ðzÞ ¼ minfM; nðzÞg if nðzÞ > k

0 if nðzÞa k:

�

nðtÞ ¼

Ð
SuppðnÞVBðtÞ nðzÞvn�1 if nb 2;P

jzjat

nðzÞ if n ¼ 1:

8><
>:

Similarly, we define nðMÞðtÞ and n
ðMÞ
>k ðtÞ.

Define

Nðr; nÞ ¼
ð r
1

nðtÞ
t2n�1

dt ð1 < r < yÞ:
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Similarly, we define Nðr; nðMÞÞ and Nðr; nðMÞ
>k Þ and denote them by N ðMÞðr; nÞ

and N
ðMÞ
>k ðr; nÞ respectively.

Let j be a nonzero meromorphic function on Cn. Define

NjðrÞ ¼ Nðr; njÞ; N ðMÞ
j ðrÞ ¼ N ðMÞðr; njÞ; N

ðMÞ
j;>kðrÞ ¼ N ðMÞðr; ðnjÞ>kÞ:

For brevity we will omit the character ðMÞ if M ¼ y.

2.4. Let f : Cn ! PNðCÞ be a meromorphic mapping. For arbitrarily
fixed homogeneous coordinates ðw0 : � � � : wNÞ on PNðCÞ, we take a reduced
representation f ¼ ð f0 : � � � : fNÞ, which means that each fi is a holomorphic
function on Cn and f ðzÞ ¼ ð f0ðzÞ : � � � : fNðzÞÞ outside the analytic set f f0 ¼ � � � ¼
fN ¼ 0g of co-dimensionb 2. Set k f k ¼ ðj f0j2 þ � � � þ j fN j2Þ1=2.

We define the characteristic function of f as follows

Tf ðrÞ ¼
ð
SðrÞ

logk f ksn �
ð
Sð1Þ

logk f ksn:

Let H be a hyperplanes PNðCÞ defined by H ¼ fðw0 : � � �wNÞ :
PN

i¼0 aiwi ¼ 0g.
We define

mf ;HðrÞ ¼
ð
SðrÞ

log
k f k � kHk
jð f ; aÞj sn �

ð
Sð1Þ

log
k f k � kak
jð f ; aÞj sn;

where ð f ;HÞ ¼
PN

i¼0 ai fi and kHk ¼ ð
PN

i¼0 jaij
2Þ1=2.

Let j be a nonzero meromorphic function on Cn, which are occasionally
regarded as a meromorphic map into P1ðCÞ. The proximity function of j is
defined by

mðr; jÞ :¼
ð
SðrÞ

log maxðjjj; 1Þsn:

The Nevanlinna characteristic function of j defined by

Tðr; jÞ ¼ mðr; jÞ þN1=jðrÞ:
Then

TjðrÞ ¼ Tðr; jÞ þOð1Þ:

The meromorphic function j is said to be ‘‘small’’ (with respect to f ) if
k TjðrÞ ¼ oðTf ðrÞÞ. Here by the notation ‘‘k P’’ we mean the assertion P
holds for all r A ½0;yÞ excluding a Borel subset E of the interval ½0;yÞ withÐ
E
dr < y.
We denote by Rf the field of all small (with respect to f ) meromorphic

functions on Cn: The mapping f is said to be linearly non-degenerate over Rf

if the family f f0; . . . ; fng is independent over Rf for some its representations
ð f0 : � � � : fnÞ.
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Let fHigq
i¼1 ðqbN þ 1Þ be a set of q hyperplanes in PNðCÞ. We say

that fHigq
i¼1 are in general position if for any 1a i1 < � � � < iNþ1 a q we have

7Nþ1

j¼1
Hij ¼ j.

Theorem 2.5 (Second Main Theorem for meromorphic mappings with
hyperplanes). Let f : Cn ! PNðCÞ be a linearly non-degenerate meromorphic
mapping. Let fHigq

i¼1 ðqbN þ 2Þ be a set of q hyperplanes in PNðCÞ in general
position. Then

k ðq�N � 1ÞTf ðrÞa
Xq
i¼1

N
ðNÞ
ð f ;HiÞðrÞ þ oðTf ðrÞÞ:

3. Proof of Main Theorems

In order to prove the main theorems, we need the following lemma.

Lemma 3. Let f and g be linearly non-degenerate meromorphic mappings
of Cn into PNðCÞ. Let fHigq

i¼1 be a set of q hyperplanes in PNðCÞ in general
position. Assume that

Zeroð f ;HiÞ ¼ Zeroðg;HiÞ ð1a ia qÞ:

If qbN þ 2, then

k Tf ðrÞ ¼ OðTgðrÞÞ and k TgðrÞ ¼ OðTf ðrÞÞ:

Proof. By the Second Main Theorem, we have

k Tf ðrÞa
XNþ2

i¼1

N
ðNÞ
ð f ;HiÞðrÞ þ oðTf ðrÞÞ

a
XNþ2

i¼1

NN
ð1Þ
ð f ;HiÞðrÞ þ oðTf ðrÞÞ

¼
XNþ2

i¼1

NN
ð1Þ
ðg;HiÞðrÞ þ oðTf ðrÞÞaNðN þ 2ÞTgðrÞ þ oðTf ðrÞÞ:

Therefore, k Tf ðrÞ ¼ OðTgðrÞÞ. Similarly, we have k TgðrÞ ¼ OðTf ðrÞÞ. 9

Proof of Theorem 1.1. Suppose that f15 f25 f3 2 0. For each 1a ia q,
we set

NiðrÞ ¼
X3
u¼1

ðN ðNÞ
ð fu;HiÞðrÞ �N

ð1Þ
ð fu;HiÞðrÞÞ:
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We denote by I the set of all permutations of the q-tuple ð1; . . . ; qÞ, that
means

I ¼ fI ¼ ði1; . . . ; iqÞ : fi1; . . . ; iqg ¼ f1; . . . ; qgg:

For each I ¼ ði1; . . . ; iqÞ A I we define the subset EI of ½1;þyÞ as follows

EI ¼ frb 1 : Ni1ðrÞb � � �bNiqðrÞg:

It is clear that 6
I AI EI ¼ ½1;þyÞ: Therefore, there exists an element I0 of

I satisfying
Ð
EI0

dr ¼ þy: We may assume I0 ¼ ð1; 2; . . . ; qÞ by rearranging if

necessary. Then, we have N1ðrÞbN2ðrÞb � � �bNqðrÞ for all r A EI0 .

We consider M3 as a vector space over the field M, where by M we denote
the field of all meromorphic functions on Cn. For each i ¼ 1; . . . ; q; we set

Vi ¼ ðð f1;HiÞ; ð f2;HiÞ; ð f3;HiÞÞ A M3:

We put

t ¼ minfi : V15Vi 2 0g:

Then we have Vi5Vj 1 0 for all 1a i < j < t:
We distinguish the following two cases.

Case 1. t >
q

3

� �
þ 1. This implies that

ð fk;H1Þ
ð fl ;H1Þ

¼ ð fk;H2Þ
ð fl ;H2Þ

¼ � � � ¼
ð fk;H½q=3�þ1Þ
ð fl ;H½q=3�þ1Þ

ð1a k; la 3Þ:

The assertion (i) holds in this case.

Case 2. ta
q

3

� �
þ 1. We have V15Vt 2 0: Since f15 f25 f3 2 0; there

exists an index s ðt < saN þ 1Þ such that V15Vt5Vs 2 0. This means that

P :¼ det

ð f1;H1Þ ð f1;HtÞ ð f1;HsÞ
ð f2;H1Þ ð f2;HtÞ ð f2;HsÞ
ð f3;H1Þ ð f3;HtÞ ð f3;HsÞ

0
B@

1
CA2 0:

For z B 63

u¼1
Ið fuÞU6

i 00 j 0 ðZeroð f1;Hi 0 ÞVZeroð f1;Hj 0 ÞÞ, we consider the
following four subcases:

Subcase 1. Let z be a zero of ð f1;H1Þ. We set m ¼ minfnð f1;H1ÞðzÞ;
nð f2;H1ÞðzÞ; nð f2;H1ÞðzÞg. Then there exist a neighborhood U of z and holomor-
phic function h defined on U such that ZeroðhÞ ¼ U VZeroð f1;H1Þ and dh has
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no zero. Moreover we may assume that U V ð63

u¼1
Ið fuÞU6

i 00 j 0 ðZeroð f1;Hi 0 ÞV
Zeroð f1;Hj 0 ÞÞÞ ¼ j. Then there exist holomorphic functions j1, j2, j3 defined on
U such that

ð fu;H1Þ ¼ hmju on U ð1a ua 3Þ:

On the other hand, since f1 ¼ f2 ¼ f3 on Zeroð f1;H1Þ, we have

ð fu;HtÞ
ð f1;HtÞ

¼ ð fu;HsÞ
ð f1;HsÞ

on Zeroð f1;H1Þ; u ¼ 2; 3:

Therefore, there exist holomorphic functions c2 and c3 satisfying

ð fu;HtÞ
ð f1;HtÞ

� ð fu;HsÞ
ð f1;HsÞ

¼ hcu on U ; u ¼ 2; 3:

We rewrite P on U as follows

P ¼ hm det

j1 ð f1;HtÞ ð f1;HsÞ
j2 ð f2;HtÞ ð f2;HsÞ
j3 ð f3;HtÞ ð f3;HsÞ

0
B@

1
CA

¼ hmð f1;HtÞð f1;HsÞ det

j1 1 1

j2
ð f2;HtÞ
ð f1;HtÞ

ð f2;HsÞ
ð f1;HsÞ

j3
ð f3;HtÞ
ð f1;HtÞ

ð f3;HsÞ
ð f1;HsÞ

0
BBBBBB@

1
CCCCCCA

¼ �hmþ1ð f1;HtÞð f1;HsÞ det

j1 1 0

j2
ð f2;HtÞ
ð f1;HtÞ

c2

j3
ð f3;HtÞ
ð f1;HtÞ

c3

0
BBBBBB@

1
CCCCCCA:

This yields that

nPðzÞbmþ 1 ¼ minfnð f1;H1ÞðzÞ; nð f2;H1ÞðzÞ; nð f3;H1ÞðzÞg þ 1:

Subcase 2. Let z be a zero of ð f1;HtÞ. Repeating the same argument as
in Subcase 1, we have

nPðzÞbminfnð f1;HtÞðzÞ; nð f2;HtÞðzÞ; nð f3;HtÞðzÞg þ 1:

Subcase 3. Let z be a zero of ð f1;HsÞ. Repeating the same argument as
in Subcase 1, we have

nPðzÞbminfnð f1;HsÞðzÞ; nð f2;HsÞðzÞ; nð f3;HsÞðzÞg þ 1:
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Subcase 4. Let z be a zero point of ð f1;HvÞ with v B f1; t; sg. We have

P ¼ det

ð f1;H1Þ ð f1;HtÞ ð f1;HsÞ
ð f2;H1Þ ð f2;HtÞ ð f2;HsÞ
ð f3;H1Þ ð f3;HtÞ ð f3;HsÞ

0
B@

1
CAð3:2Þ

¼
Y
i¼1;t;s

ð f1;HiÞ � det

1 1 1

ð f2;H1Þ
ð f1;H1Þ

ð f2;HtÞ
ð f1;HtÞ

ð f2;HsÞ
ð f1;HsÞ

ð f3;H1Þ
ð f1;H1Þ

ð f3;HtÞ
ð f1;HtÞ

ð f3;HsÞ
ð f1;HsÞ

0
BBBBB@

1
CCCCCA

¼
Y
i¼1;t;s

ð f1;HiÞ � det

ð f2;HtÞ
ð f1;HtÞ

� ð f2;H1Þ
ð f1;H1Þ

ð f2;HsÞ
ð f1;HsÞ

� ð f2;H1Þ
ð f1;H1Þ

ð f3;HtÞ
ð f1;HtÞ

� ð f3;H1Þ
ð f1;H1Þ

ð f3;HsÞ
ð f1;HsÞ

� ð f3;H1Þ
ð f1;H1Þ

0
BBB@

1
CCCA:

Since f1ðzÞ ¼ f2ðzÞ ¼ f3ðzÞ, we have

ð f2;HtÞ
ð f1;HtÞ

ðzÞ � ð f2;H1Þ
ð f1;H1Þ

ðzÞ ¼ ð f2;HsÞ
ð f1;HsÞ

ðzÞ � ð f2;H1Þ
ð f1;H1Þ

ðzÞ ¼ 0;

and
ð f3;HtÞ
ð f1;HtÞ

ðzÞ � ð f3;H1Þ
ð f1;H1Þ

ðzÞ ¼ ð f3;HsÞ
ð f1;HsÞ

ðzÞ � ð f3;H1Þ
ð f1;H1Þ

ðzÞ ¼ 0:

Therefore, the equality (3.2) implies that z is a zero of P with multiplicity at
least 2:

Thus, from the above four subcases we have

nPðzÞb
X

v¼1; t; s

ðminfnð f1;HvÞðzÞ; nð f2;HvÞðzÞ; nð f3;HvÞðzÞg

þ n
ð1Þ
ð f1;HvÞðzÞÞ þ 2

Xq
v¼1

v01; t; s

n
ð1Þ
ð f1;HvÞðzÞ;

for all z outside the analytic set Ið f1ÞU Ið f2ÞU Ið f3Þ6i 00 j 0 f
�1
1 ðHi 0 VHj 0 Þ of co-

dimension two.
Since minfnð f1;HvÞðzÞ; nð f2;HvÞðzÞ; nð f3;HvÞðzÞgb n

ðNÞ
ð fu;HvÞðzÞ and n

ð1Þ
ð f1;HvÞðzÞ ¼

n
ð1Þ
ð fu;HvÞðzÞ for all 1a ua 3, the above inequality implies that

nPðzÞb
1

3

X3
u¼1

X
v¼1; t; s

ðnðNÞ
ð fu;HvÞðzÞ � n

ð1Þ
ð fu;HvÞðzÞÞ þ 2

Xq
v¼1

n
ð1Þ
ð fu;HvÞðzÞ

 !
;

for all z outside an analytic subset of co-dimension two.
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Integrating both sides of the above inequality, we get

NPðrÞb
1

3

X3
u¼1

X
v¼1; t; s

ðN ðNÞ
ð fu;HvÞðrÞ �N

ð1Þ
ð fu;HvÞðrÞÞ þ 2

Xq
v¼1

N
ð1Þ
ð fu;HvÞðrÞ

 !

¼ 1

3

X3
u¼1

X
v¼1; t; s

NvðrÞ þ 2
Xq
v¼1

N
ð1Þ
ð fu;HvÞðrÞ

 !
:

Then for all r A EI0 , we have

NPðrÞb
1

3

X3
u¼1

X
v¼1; t; s

NvðrÞ þ 2
Xq
v¼1

N
ð1Þ
ð fu;HvÞðrÞ

 !

b
1

3

X3
u¼1

X
v¼1; ½q=3�þ1;2½q=3�þ1

NvðrÞ þ 2
Xq
v¼1

N
ð1Þ
ð fu;HvÞðrÞ

0
@

1
A

b
1

3

X3
u¼1

1

q

3

� � X3½q=3�
v¼1

NvðrÞ þ 2
Xq
v¼1

N
ð1Þ
ð fu;HvÞðrÞ

0
BBB@

1
CCCA

b
1

3

X3
u¼1

3

q

Xq
v¼1

NvðrÞ þ 2
Xq
v¼1

N
ð1Þ
ð fu;HvÞðrÞ

 !

b
1

3q

X3
u¼1

Xq
v¼1

ð3N ðNÞ
ð fu;HvÞðrÞ þ ð2q� 3ÞN ð1Þ

ð fu;HvÞðrÞÞ

b
2qþ 3N � 3

3Nq

X3
u¼1

Xq
v¼1

N
ðNÞ
ð fu;HvÞðrÞ:

On the other hand, by Jensen’s formula and the definition of the characteristic
function we have

NPðrÞ ¼
ð
SðrÞ

logjPjsn þOð1Þ

a
X3
u¼1

ð
SðrÞ

logðjð fu;H1Þj2 þ jð fu;HtÞj2 þ jð fu;HsÞj2Þ1=2sn þOð1Þ

a
X3
u¼1

ð
SðrÞ

logk fuksn þOð1Þ ¼
X3
u¼1

TfuðrÞ þ oðTf1ðrÞÞ:

By these inequalities and by the Second Main Theorem, we have
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X3
u¼1

TfuðrÞb
2qþ 3N � 3

3Nq

X3
u¼1

Xq
v¼1

N
ðNÞ
ð fu;HvÞðrÞ þ oðTf1ðrÞÞ

b
ð2qþ 3N � 3Þðq�N � 1Þ

3Nq

X3
u¼1

TfuðrÞ þ oðTf1ðrÞÞ

for every z A EI0 outside a Borel finite measure set.
Letting r ! þy ðr A EI0Þ we get

ð2qþ 3N � 3Þðq�N � 1Þ
3Nq

a 1:

This implies that

qa
2N þ 5þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
28N 2 þ 20N þ 1

p

4
:

This is a contradiction. Thus, f15 f25 f3 ¼ 0: We complete the proof of the
theorem. 9

In order to prove Theorem 1.2, we need the following.

Lemma 3.3. Let f and g be two linearly non-degenerate meromorphic
mappings of Cn into PNðCÞ and let fHigq

i¼1 be a family of q ðqb 2N þ 3Þ
hyperplanes of PNðCÞ in general position with

dimððZeroð f ;HiÞUZeroðg;HiÞÞ
V ðZeroð f ;HjÞUZeroðg;HjÞÞÞa n� 2 ð1a i < ja qÞ:

Assume that the following conditions are satisfied:
(a) f is linearly non-degenerate over Rf ,
(b) k Nðr; jnð f ;HiÞ � nðg;HiÞjÞ ¼ oðTf ðrÞÞ ð1a ia q�N � 1Þ,
(c) k Nð f ;HiÞðrÞ ¼ Nðg;HiÞðrÞ þ oðTf ðrÞÞ ¼ oðTf ðrÞÞ ðq�Na ia qÞ.

Then f ¼ g.

Proof. We assume that f and g have reduced representations f ¼
ð f0 : � � � : fNÞ and g¼ ðg0 : � � � : gNÞ respectively. Each hyperplane Hi ð1a ia qÞ
is given by

Hi ¼ w ¼ ðw0 : � � � : wNÞ :
XN
v¼0

aivwv ¼ 0

( )
:

For each i ð1a ia q�N � 1Þ, using the Second Main Theorem we have

k Tf ðrÞa
Xq

v¼q�N

Nð f ;HvÞðrÞ þNð f ;HiÞðrÞ þ oðTf ðrÞÞ ¼ Nð f ;HiÞðrÞ þ oðTf ðrÞÞ:
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On the other hand, by the assumption (b) we have

k Tf ðrÞ ¼ Nð f ;HiÞðrÞ þ oðTf ðrÞÞaNðg;HiÞðrÞ þNðr; jnð f ;HiÞ � nðg;HiÞjÞ þ oðTf ðrÞÞ

aTgðrÞ þ oðTf ðrÞÞ:

Therefore, k Tf ðrÞ ¼ OðTgðrÞÞ. Similarly, we also have

k TgðrÞ ¼ Nðg;HiÞðrÞ þ oðTf ðrÞÞ and k TgðrÞ ¼ OðTf ðrÞÞ:

For each i ð1a iaN þ 2Þ, we set hi ¼
ð f ;H1Þ
ðg;H1Þ

� ðg;HiÞ
ð f ;HiÞ

. We will show
that hi A Rf . Indeed, we see that

k mðr; hiÞam r;
ð f ;H1Þ
ð f ;HiÞ

Þ þmðr; ðg;HiÞ
ðg;H1Þ

� �
þOð1Þ

aTð f ;H1Þ=ð f ;HiÞðrÞ �Nð f ;HiÞðrÞ þ Tðg;HiÞ=ðg;H1ÞðrÞ �Nðg;H1ÞðrÞ þOð1Þ

aTf ðrÞ �Nð f ;HiÞðrÞ þ TgðrÞ �Nðg;H1ÞðrÞ þ oðTf ðrÞÞ ¼ oðTf ðrÞÞ:

On the other hand, we also have

k N1=hiðrÞaNðr; jnð f ;H1Þ � nðg;H1ÞjÞ þNðr; jnð f ;HiÞ � nðg;HiÞjÞ ¼ oðTf ðrÞÞ:
Thus k ThiðrÞ ¼ mðr; hiÞ þN1=hiðrÞ ¼ oðTf ðrÞÞ: This means hi A Rf for all 1a ia
N þ 2. Then we have

ð f ;H1Þ
ðg;H1Þ

¼ h2
ð f ;H2Þ
ðg;H2Þ

¼ � � � ¼ hNþ2
ð f ;HNþ2Þ
ðg;HNþ2Þ

:

Since fHigNþ2
i¼1 are in general position, there exist nozero constants c1; . . . ; cNþ1

such that

aðNþ2Þ j ¼
XNþ1

i¼1

ciaij ð0a jaNÞ:

Thus ð f ;HNþ2Þ ¼
PNþ1

i¼1 cið f ;HiÞ and ðg;HNþ2Þ ¼
PNþ1

i¼1 ciðg;HiÞ. This implies
that

ð f ;H1Þ
ðg;H1Þ

¼ hNþ2
ð f ;HNþ2Þ
ðg;HNþ2Þ

¼ hNþ2

PNþ1
i¼1 cið f ;HiÞPNþ1
i¼1 ciðg;HiÞ

¼ hNþ2

PNþ1
i¼1 cið f ;HiÞPNþ1

i¼1 ci
hið f ;HiÞðg;H1Þ

ð f ;H1Þ

:

Thus

XNþ1

i¼1

cihið f ;HiÞ ¼ hNþ2

XNþ1

i¼1

cið f ;HiÞ ,
XNþ1

i¼1

ciðhi � hNþ2Þð f ;HiÞ ¼ 0:

Since f is linearly non-degenerate over Rf , the above equality yields that

h1 ¼ h2 ¼ h3 ¼ � � � ¼ hNþ2:
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This means that

ð f ;H1Þ
ðg;H1Þ

¼ ð f ;H2Þ
ðg;H2Þ

¼ � � � ¼ ð f ;HNþ2Þ
ðg;HNþ2Þ

:

This implies that f ¼ g: The lemma is proved. 9

Proof of Theorem 1.2. Suppose that f15 f25 f3 2 0. Denote by I the set
of all permutations of the ðq�N � 1Þ-tuple ð1; . . . ; q�N � 1Þ, that means

I ¼ fI ¼ ði1; . . . ; iq�N�1Þ : fi1; . . . ; iq�N�1g ¼ f1; 2; . . . ; q�N � 1gg:

For each I ¼ ði1; . . . ; iq�N�1Þ A I we define a subset EI of ½1;þyÞ as follows

EI ¼ frb 1 : N
ðNÞ
ð f1;Hi1

ÞðrÞb � � �bN
ðNÞ
ð f1;Hiq�N�1

ÞðrÞg:

By rearranging if necessary, we may assume that the element I0 ¼
ð1; 2; . . . ; q�N � 1Þ of I; satisfyingð

EI0

dr ¼ þy:

We have N
ðNÞ
ð f1;H1ÞðrÞbN

ðNÞ
ð f1;H2ÞðrÞb � � �bN

ðNÞ
ð f1;Hq�N�1ÞðrÞ for all r A EI0 .

For each i ¼ 1; . . . ; q�N � 1; we set

Vi ¼ ð f1;HiÞ; ð f2;HiÞ; ð f3;HiÞð Þ A M3

and

t ¼ minfi : V15Vi 2 0g:

Then we have Vi5Vj 1 0 for all 1a i < j < t:
We consider the following two cases.

Case 1. t >
N þ 1

2

� �
þ 1. Then we have

ð fk;H1Þ
ð fl ;H1Þ

¼ ð fk;H2Þ
ð fl ;H2Þ

¼ � � � ¼
ð fk;H½ðNþ1Þ=2�þ1Þ
ð fl ;H½ðNþ1Þ=2�þ1Þ

ð1a k; la 3Þ:

The the assertion (i) holds in this case.

Case 2. ta
N þ 1

2

� �
þ 1. In this case, we have V15Vt 2 0: Since f15

f25 f3 2 0; there exists an index s ðt < saN þ 1Þ such that V15Vt5Vs 2 0.
Therefore

P :¼ det

ð f1;H1Þ ð f1;HtÞ ð f1;HsÞ
ð f2;H1Þ ð f2;HtÞ ð f2;HsÞ
ð f3;H1Þ ð f3;HtÞ ð f3;HsÞ

0
B@

1
CA2 0:
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For z B 63

u¼1
Ið fuÞU6

i 00 j 0 ðZeroð f1;Hi 0 ÞVZeroð f1;Hj 0 ÞÞ, we consider the
following two subcases:

Subcase 1. Let z be a zero of ð f1;HvÞ with v A f1; t; sg: It is easy to see
that

nPðzÞbminfnð f1;HvÞðzÞ; nð f2;HvÞðzÞ; nð f3;HvÞðzÞgb n
ðNÞ
ð fu;HvÞðzÞ ð1a ua 3Þ:

Subcase 2. Let z is a zero of ð f ;HvÞ with vb q�N. We have

P ¼ det

ð f1;H1Þ ð f1;HtÞ ð f1;HsÞ
ð f2;H1Þ ð f2;HtÞ ð f2;HsÞ
ð f3;H1Þ ð f3;HtÞ ð f3;HsÞ

0
B@

1
CAð3:4Þ

¼
Y
i¼1;t;s

ð f1;HiÞ � det

1 1 1

ð f2;H1Þ
ð f1;H1Þ

ð f2;HtÞ
ð f1;HtÞ

ð f2;HsÞ
ð f1;HsÞ

ð f3;H1Þ
ð f1;H1Þ

ð f3;HtÞ
ð f1;HtÞ

ð f3;HsÞ
ð f1;HsÞ

0
BBBBB@

1
CCCCCA

¼
Y
i¼1;t;s

ð f1;HiÞ � det

ð f2;HtÞ
ð f1;HtÞ

� ð f2;H1Þ
ð f1;H1Þ

ð f2;HsÞ
ð f1;HsÞ

� ð f2;H1Þ
ð f1;H1Þ

ð f3;HtÞ
ð f1;HtÞ

� ð f3;H1Þ
ð f1;H1Þ

ð f3;HsÞ
ð f1;HsÞ

� ð f3;H1Þ
ð f1;H1Þ

0
BBB@

1
CCCA:

Since f1ðzÞ ¼ f2ðzÞ ¼ f3ðzÞ, we have

ð f2;HtÞ
ð f1;HtÞ

ðzÞ � ð f2;H1Þ
ð f1;H1Þ

ðzÞ ¼ ð f2;HsÞ
ð f1;HsÞ

ðzÞ � ð f2;H1Þ
ð f1;H1Þ

ðzÞ ¼ 0;

and
ð f3;HtÞ
ð f1;HtÞ

ðzÞ � ð f3;H1Þ
ð f1;H1Þ

ðzÞ ¼ ð f3;HsÞ
ð f1;HsÞ

ðzÞ � ð f3;H1Þ
ð f1;H1Þ

ðzÞ ¼ 0:

Therefore, the equality (3.4) implies that z is a zero of P with multiplicity at
least 2: Hence

nPðzÞb 2n
ð1Þ
ð fu;HvÞðzÞ ð1a ua 3Þ:

Thus, from the above two subcases we have

nPðzÞb
X

v¼1; t; s

n
ðNÞ
ð fu;HvÞðzÞ þ 2

Xq
v¼q�N

n
ð1Þ
ð fu;HvÞðzÞ ð1a ua 3Þ

for all z outside the analytic set Ið f1ÞU Ið f2ÞU Ið f3Þ6i 00 j 0 ðZeroð f1;Hi 0 ÞV
Zeroð f1;Hj 0 ÞÞ of co-dimension two. This inequality implies that

nPðzÞb
1

3

X3
u¼1

X
v¼1; t; s

n
ðNÞ
ð fu;HvÞðzÞ þ 2

Xq
v¼q�N

n
ð1Þ
ð fu;HvÞðzÞ

 !
;

for all z outside an analytic subset of co-dimension two.
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Integrating both sides of the above inequality, we get

NPðrÞb
1

3

X3
u¼1

X
v¼1; t; s

N
ðNÞ
ð fu;HvÞðrÞ þ 2

Xq
v¼q�N

N
ð1Þ
ð fu;HvÞðrÞ

 !
:

Then for all r A EI0 , we have

NPðrÞb
1

3

X3
u¼1

X
v¼1; t; s

N
ðNÞ
ð fu;HvÞðrÞ þ 2

Xq
v¼q�N

N
ð1Þ
ð fu;HvÞðrÞ

 !

b
1

3

X3
u¼1

X
v¼1; ½ðNþ1Þ=2�þ1;2½ðNþ1Þ=2�þ1

N
ðNÞ
ð fu;HvÞðrÞ þ 2

Xq
v¼q�N

N
ð1Þ
ð fu;HvÞðrÞ

0
@

1
A

b
1

3

X3
u¼1

1

N þ 1

2

� � X3½ðNþ1Þ=2�

v¼1

N
ðNÞ
ð fu;HvÞðrÞ þ 2

Xq
v¼q�N

N
ð1Þ
ð f ;HvÞðrÞ

0
BBB@

1
CCCA

b
1

3

X3
u¼1

3

q�N � 1

Xq�N�1

v¼1

N
ðNÞ
ð fu;HvÞðrÞ þ 2

Xq
v¼q�N

N
ð1Þ
ð fu;HvÞðrÞ

 !

b
1

3

X3
u¼1

3

q�N � 1

Xq�N�1

v¼1

N
ðNÞ
ð fu;HvÞðrÞ þ

2

N

Xq
v¼q�N

N
ðNÞ
ð fu;HvÞðrÞ

 !

¼
X3
u¼1

1

q�N � 1

Xq
v¼1

N
ðNÞ
ð fu;HvÞðrÞ þ

1

3

X3
u¼1

2

N
� 3

q�N � 1

� � Xq
v¼q�N

N
ðNÞ
ð fu;HvÞðrÞ:

Here we note that since q > 3
N þ 1

2

� �
þN þ 2b 3

N

2
þN þ 2 then

2

N
�

3

q�N � 1
> 0.

On the other hand, by Jensen’s formula and the definition of the charac-
teristic function we have

NPðrÞ ¼
ð
SðrÞ

logjPjsn þOð1Þ

a
X3
u¼1

ð
SðrÞ

logðjð fu;H1Þj2 þ jð fu;HtÞj2 þ jð fu;HsÞj2Þ1=2sn þOð1Þ

a
X3
u¼1

ð
SðrÞ

logk fuksn þOð1Þ ¼
X3
u¼1

TfuðrÞ þ oðTf1ðrÞÞ:
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By this inequality and by the Second Main Theorem, we have

X3
u¼1

TfuðrÞbNPðrÞ þ oðTf1ðrÞÞ

b
X3
u¼1

1

q�N � 1

Xq
v¼1

N
ðNÞ
ð fu;HvÞðrÞ

þ 1

3

X3
u¼1

2

N
� 3

q�N � 1

� � Xq
v¼q�N

N
ðNÞ
ð fu;HvÞðrÞ þ oðTf1ðrÞÞ

b
X3
u¼1

TfuðrÞ þ
1

3

X3
u¼1

2

N
� 3

q�N � 1

� � Xq
v¼q�N

N
ðNÞ
ð fu;HvÞðrÞ þ oðTf1ðrÞÞ

for every r A EI0 outside a Borel set with finite measure. Thus

N
ðNÞ
ð fu;HvÞðrÞ ¼ oðTfuðrÞÞ ð1a ua 3; q�Na va qÞð3:5Þ

for every r A EI0 outside a Borel set with finite measure.
Since ½1;þyÞ ¼ 6

I AI EI and the inequality (3.5) holds for all r A EI withÐ
EI
dr ¼ y outside a Borel set with finite measure, this equality also holds for all

r outside a Borel set with finite measure. This means that, for all r A ½1;þyÞ we
have

k N
ðNÞ
ð fu;HvÞðrÞ ¼ oðTf ðrÞÞ ð1a ua 3; q�Na va qÞ:ð3:6Þ

For each index i ð1a ia q�N � 1Þ, by the Second Main Theorem we have

k TfuðrÞa
Xq

v¼q�N

N
ðNÞ
ð fu;HvÞðrÞ þN

ðNÞ
ð fu;HiÞðrÞ þ oðTfuðrÞÞ

¼ N
ðNÞ
ð fu;HiÞðrÞ þ oðTfuðrÞÞ ð1a ua 3Þ:

Therefore, it follows that

k Nð fu;HiÞ;>NðrÞa ðN þ 1ÞðNð fu;HiÞðrÞ �N
ðNÞ
ð fu;HiÞðrÞÞ

a ðN þ 1ÞðTfuðrÞ �N
ðNÞ
ð fu;HiÞðrÞÞ þ oðTfuðrÞÞ

¼ oðTfuðrÞÞ ð1a ua 3Þ:

Then for each 1a ia q�N � 1, we have

k Nðr; jnð fu;HiÞ � nð fk ;HiÞjÞaNð fu;HiÞ;>NðrÞ þNð fk ;HiÞ;>NðrÞð3:7Þ

¼ oðTf1ðrÞÞ ð1a u; ka 3Þ:
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From (3.6) and (3.7) and applying Lemma 3.3, we have f1 1 f2 1 f3: This is a
contradiction to the supposition that f15 f25 f3 2 0.

Thus, f15 f25 f3 ¼ 0: Hence the assertion (ii) holds in this case.
We complete the proof of the theorem. 9

4. Correction of the proof of Theorem B in [10]

Let f be a linearly non-degenerate meromorphic mapping of Cn into PNðCÞ
ðNb 3Þ. Let H1; . . . ;H2Nþ2 be hyperplanes of PNðCÞ in general position with

dimðZeroð f ;HiÞVZeroð f ;HjÞÞa n� 2 ð1a i < ja qÞ:

Now for three mappings f1; f2; f3 A Fð f ; fHjg2Nþ2
j¼1 ; 1Þ, we set

F ij
u ¼ ð fu;HiÞ

ð fu;HjÞ
ð0a ka 2; 1a i; ja 2N þ 2Þ:

For meromorphic functions F , G, H on Cn and a ¼ ða1; . . . ; anÞ A Zn
þ with

jaj ¼
Pn

i¼1 ¼ 1, we put

FaðF ;G;HÞ :¼ F � G �H �

1 1 1

1

F

1

G

1

H

Da 1

F

� �
Da 1

G

� �
Da 1

H

� �

������������

������������
Lemma 4.1 (see [10, Lemma 3.8]). Let f and fHig2Nþ2

i¼1 be as above. If there
are two distinct maps f1 and f2 in Fð f ; fHig2Nþ2

i¼1 ; 1Þ then the following assertion
holds.

k Tf1ðrÞ þ Tf2ðrÞ ¼ 2ðN ðNÞ
ð f1;HtÞðrÞ þN

ðNÞ
ð f2;HtÞðrÞ � ðN þ 1ÞN ð1Þ

ð f ;HtÞðrÞÞ

þ
Xq
v¼1

N
ð1Þ
ð f ;HvÞðrÞ þ oðTf ðrÞÞ ð1a ta 2N þ 2Þ:

Lemma 4.2 (see [10, Lemma 3.16]). Let f1, f2, f3 be three distinct maps in
Fð f ; fHig2Nþ2

i¼1 ; 1Þ. Assume that there exist i; j A f1; 2; . . . ; 2N þ 2g ði0 jÞ such

that Fa :¼ FaðF ij
0 ;F

ij
1 ;F

ij
2 Þ1 0 for all jaj ¼ 1: Then the following assertion holds

k 2
X
v¼i; j

N
ð1Þ
ð f ;HvÞðrÞb

X2Nþ2

v¼1

N
ð1Þ
ð f ;HvÞðrÞ þ oðTf ðrÞÞ:

The following lemma is the correction of [10, Lemma 3.20].
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Lemma 4.3. Let f1, f2, f3 be three maps in Fð f ; fHig2Nþ2
i¼1 ; 1Þ. Assume

that there exist i; j A f1; 2; . . . ; 2N þ 2g ði0 jÞ and jaj ¼ 1 such that Fa :¼
FaðF ij

0 ;F
ij
1 ;F

ij
2 Þ2 0: Then, for each 1a ua 3, the following assertions hold

(i) k
P3

u¼1 N
ðNÞ
ð fu;HiÞðrÞ þ 2

P2Nþ2
t¼1
t0i; j

N
ð1Þ
ð f ;HtÞðrÞ � ð2N þ 1ÞN ð1Þ

ð f ;HiÞðrÞaNF aðrÞ,

(ii) k NF aðrÞa
P3

u¼1 TfuðrÞ �
P3

u¼1 N
ðNÞ
ð fu;HjÞðrÞ þ ðN þ 1ÞN ð1Þ

ð f ;HjÞðrÞ þ oðTf ðrÞÞ,
(iii) Moreover, if we assume further that FaðF ji

0 ;F
ji
1 ;F

ji
2 Þ2 0 for all jaj ¼ 1

then

k 3ðN ð1Þ
ð f ;HiÞðrÞ þN

ð1Þ
ð f ;HjÞðrÞÞb

X2nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞ þ oðTf ðrÞÞ:

Proof. (i) The first assertion is due to [10, Lemma 3.20(i)].
(ii) We now prove the second assertion of the lemma. Denote by S the set

of all singularities of f �1ðHtÞ ð1a ta 2N þ 2Þ. Then S is an analytic subset of
codimension at least two in Cn. We set

I ¼ S U 6
1as<ta2Nþ2

ð f �1ðHsÞV f �1ðHtÞÞ:

Similarly as in the proof of [10, Lemma 3.20(ii)], we have

k mðr;FaÞa
X2
v¼0

mðr;F ij
v Þ þ oðTf ðrÞÞð4:4Þ

and that Fa is holomorphic at all zeros of ð f ;HiÞ, which are outside I . Hence
a zero of ð f ;HiÞ outside I is not pole of Fa. Thus, a pole of Fa outside I is
a zero of ð f ;HjÞ: Assume that z0 is a zero of ð f ;HjÞ; and z0 B I . We may
assume that

n0
F

ji

1

ðz0Þ ¼ d1 b n0
F

ji

2

ðz0Þ ¼ d2 b n0
F

ji

3

ðz0Þ ¼ d3:

Choose a holomorphic function h on Cn with zero multiplicity at z0 equal to
1 such that F ji

u ¼ hduju ð1a ua 3Þ; where ju are meromorphic on Cn and
holomorphic on a neighborhood of z0. Then

Fa ¼ F
ij
1 � F ij

2 � F ij
3 � F

ji
2 � F

ji
1 F

ji
3 � F

ji
1

DaðF ji
2 � F

ji
1 Þ DaðF ji

3 � F
ji
1 Þ

�����
�����

¼ F
ij
1 � F ij

2 � F ij
3 � hd2þd3 �

j2 � hd1�d2j1 j3 � hd1�d3j1

Daðhd2�d3j2 � hd1�d3j1Þ
hd2�d3

Daðj3 � hd1�d3j1Þ

�������
�������:

We see that the pole multiplicity of the function
Daðhd2�d3j2 � hd1�d3j1Þ

hd2�d3
at z0 is

at most 1. This yields that
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nyF a
ij
ðz0Þa

X3
u¼1

ny
F

ij
u
ðz0Þ � d2 � d3 þ 1ð4:5Þ

a
X3
u¼1

ny
F

ij
u
ðz0Þ �minfN; d1g �minfN; d2g �minfN; d3g þ ðN þ 1Þ

¼
X3
u¼1

ny
F

ij
u
ðz0Þ �

X3
u¼1

minfN; n0ð fu;HjÞðz0Þg

þ ðN þ 1Þ minf1; n0ð f ;HjÞðz0Þg:

This yields that

N1=F aðrÞa
X3
u¼1

NF
ji
u
ðrÞ �

X3
u¼1

N
ðNÞ
ð fu;HjÞðrÞ þ ðN þ 1ÞN ð1Þ

ð f ;HjÞðrÞ:ð4:6Þ

From (4.4) and (4.6) we get

k NF aðrÞaTðr;FaÞ þOð1Þ ¼ mðr;FaÞ þN1=F aðrÞ þOð1Þ

a
X3
u¼1

ðmðr;F ij
u Þ þNF

ji
u
ðrÞÞ �

X3
u¼1

N
ðNÞ
ð fu;HjÞðrÞ

þ ðN þ 1ÞN ð1Þ
ð f ;HjÞðrÞ þ oðTf ðrÞÞ

¼
X3
u¼1

Tðr;F ij
u Þ �

X3
u¼1

N
ðNÞ
ð fu;HjÞðrÞ þ ðN þ 1ÞN ð1Þ

ð f ;HjÞðrÞ þ oðTf ðrÞÞ

a
X3
u¼1

TfuðrÞ �
X3
u¼1

N
ðNÞ
ð fu;HjÞðrÞ þ ðN þ 1ÞN ð1Þ

ð f ;HjÞðrÞ þ oðTf ðrÞÞ:

This implies the second assertion of the lemma.
(iii) Now we assume that FaðF ji

1 ;F
ji
2 ;F

ji
3 Þ2 0. By the second assertion of

the lemma, we have

k
X3
u¼1

TfuðrÞb
X3
u¼1

ðN ðNÞ
ð fu;HiÞðrÞ þN

ðNÞ
ð fu;HjÞðrÞÞ þ 2

X2Nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞ

� ð2N þ 3ÞN ð1Þ
ð f ;HiÞðrÞ � ðN þ 3ÞN ð1Þ

ð f ;HjÞðrÞ þ oðTf ðrÞÞ

and k
X3
u¼1

TfuðrÞb
X3
u¼1

ðN ðNÞ
ð fu;HiÞðrÞ þN

ðNÞ
ð fu;HjÞðrÞÞ þ 2

X2Nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞ

� ð2N þ 3ÞN ð1Þ
ð f ;HjÞðrÞ � ðN þ 3ÞN ð1Þ

ð f ;HiÞðrÞ þ oðTf ðrÞÞ:
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Summing-up both sides of these above inequalities, we get

k 2
X3
u¼1

TfuðrÞb 2
X3
u¼1

ðN ðNÞ
ð fu;HiÞðrÞ þN

ðNÞ
ð fu;HjÞðrÞÞð4:7Þ

þ 4
X2Nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞ � ð3N þ 6ÞN ð1Þ

ð f ;HiÞðrÞ

� ð3N þ 6ÞN ð1Þ
ð f ;HjÞðrÞ þ oðTf ðrÞÞ

¼
X

1au<la3

 X
v¼i; j

ðN ðNÞ
ð fu;HvÞðrÞ þN

ðNÞ
ð f l ;HvÞðrÞ

� ðN þ 1ÞN ð1Þ
ð f ;HvÞÞ þ

X2Nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞ

!

�
X
v¼i; j

3N
ð1Þ
ð f ;HvÞðrÞ þ

X2Nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞ þ oðTf ðrÞÞ:

From Lemma 4.1 and the inequality (4.7), it follows that

k 2
X3
u¼1

TfuðrÞb 2
X3
u¼1

TfuðrÞ � 3
X
v¼i; j

N
ð1Þ
ð f ;HvÞðrÞ þ

X2Nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞ þ oðTf ðrÞÞ:

Thus

k 3
X
v¼i; j

N
ð1Þ
ð f ;HvÞðrÞb

X2Nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞ þ oðTf ðrÞÞ:

The third assertion is proved. 9

Proof of Theorem B for the case where Nb 3. Suppose that there exist
three distinct maps f1, f2, f3 in Fð f ; Hif g2Nþ2

i¼1 ; 1Þ. By Lemma 4.2 and Lemma
4.3(iii), we always have

k 3ðN ð1Þ
ð f ;HiÞðrÞ þN

ð1Þ
ð f ;HjÞðrÞÞb

X2Nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞ þ oðTf ðrÞÞ ð1a i < ja 2N þ 2Þ:

Summing-up both sides of the above inequalities over all 1a i < ja 2N þ 2, we
get

k 6
X2Nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞb ð2N þ 2Þ

X2Nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞ þ oðTf ðrÞÞ:
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Thus

k
X2Nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞ ¼ oðTf ðrÞÞ:

By the second main theorem, we have

k ðN þ 1ÞTf ðrÞa
X2Nþ2

i¼1

N
ðNÞ
ð f ;HtÞðrÞ þ oðTf ðrÞÞ

aN
X2Nþ2

i¼1

N
ð1Þ
ð f ;HtÞðrÞ þ oðTf ðrÞÞ ¼ oðTf ðrÞÞ:

This is a contradiction.
Hence aFð f ; Hif g2Nþ2

i¼1 ; 1Þa 2: We complete the proof of the theorem.
9
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