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CONFORMALLY NATURAL EXTENSIONS IN VIEW OF DYNAMICS

Yunping Jiang, Sudeb Mitra and Zhe Wang

Abstract

We give an easy description of the barycentric extension of a map of the unit circle

to the closed unit disk using some ideas from dynamical systems. We then prove that

every circle endomorphism of the unit circle of degree db 2 (with a topological

expansion condition) has a conformally natural extension to the closed unit disk which is

real analytic on the open unit disk. If the endomorphism is uniformly quasisymmetric,

then the extension is quasiconformal.

1. Conformal barycenter

Let C denote the complex plane, T ¼ fz A C : jzj ¼ 1g the unit circle, D ¼
fz A C : jzj < 1g the open unit disk, and D ¼ DUT the closed unit disk.

Let m be a probability measure on T. The barycenter of m, by definition, is

BCðmÞ ¼
ð
T

x dmðxÞ:

Suppose f : T ! T is a m-measurable map. The pushforward measure f�m of m
by f , by definition, is

f�mðEÞ ¼ mð f �1ðEÞÞ
for any m-measurable set E on T. For two m-measurable maps f and g from T
to T, the composition f � g is also a m-measurable map from T to T. Then
ð f � gÞ�m ¼ f�g�m since

f�g�mðEÞ ¼ g�mð f �1ðEÞÞ ¼ mðg�1ð f �1ðEÞÞÞ ¼ mðð f � gÞ�1ðEÞÞ ¼ ð f � gÞ�mðEÞ

for any m-measurable set EJT.
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The conformal barycentric extension of f to a point z A D can be viewed by
using some ideas from dynamical systems as follows.

For a Möbius transformation preserving the unit circle

t ¼ hz; tðxÞ ¼ e2pit
x� z

1� zx
: D ! D; z 7! 0;

where 0a t < 1. We use hz to denote hz;0. The inverse is

xðtÞ ¼ h�1
z ðtÞ : D ! D; 0 7! z:

Let m0 be the probability Lebesgue measure on T, that is, dm0 ¼ dy for z ¼ e2piy,
0a ya 1. Let mz ¼ ðh�1

z Þ�m0 be the harmonic measure at z A D. Consider
mf ; z ¼ f�mz. For any w A D, define mf ;w; z ¼ ðhwÞ�mf ; z. Then

mf ;w; z ¼ ðhwÞ� f�ðh�1
z Þ�m0 ¼ ðhw � f � h�1

z Þ�m0:

Definition 1. If there is a unique w A D such that BCðmf ;w; zÞ ¼ 0, then we
define Extbcð f ÞðzÞ ¼ w as the conformal barycentric extension of f at z.

Remark 1. From the work of Douady and Earle [2], we know that when
f is a homeomorphism of the unit circle T, there is always a unique solution
w of the equation BCðmf ;w; zÞ ¼ 0 for every z A D. Moreover, Extbcð f ÞðzÞ :¼ w
extends f as a homeomorphism of the closed unit disk D. See Theorem 1.

Let Extcnð f Þ denote a process of extending a map f of the unit circle to the
closed unit disk. We say that it is conformally natural if it satisfies the following
three properties:

(1) ExtcnðidÞ ¼ Id, where id means the identity of the unit circle and Id
means the identity of the closed unit disk.

(2) ExtcnðA � f � BÞ ¼ A � Extcnð f Þ � B for any two Möbius transformations
preserving the unit disk.

(3) In addition, if f is a homeomorphism and
Ð 1
0 f ðe2piyÞ dy ¼ 0, then

Extcnð f Þð0Þ ¼ 0.
We will now prove that the process Extbcð f Þ defined in Definition 1 is a

conformally natural extension Extcnð f Þ.
(3) can be easily verified as follows. Suppose

Ð 1
0 f ðe2piyÞ dy ¼ 0. Remem-

ber mf ;0;0 ¼ f�m0. Let x ¼ f ðhÞ ¼ f ðe2pyÞ. Then we have w ¼ 0 is the unique
point in D such that

BCðmf ;0;0Þ ¼
ð
T

x dmf ;0;0 ¼
ð
T

x df�m0ðxÞ ¼
ð
T

f ðe2piyÞ dy ¼ 0:

Thus Extbcð f Þð0Þ ¼ 0.
(1) can also be easily verified as follows: mid; z; z ¼ m0 for any z A D. Since

BCðmid; z; zÞ ¼ BCðm0Þ ¼ 0, we get ExtbcðidÞ ¼ Id.
Finally, ð2Þ can be verified by the following proposition.
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Proposition 1. Suppose f has the conformal barycentric extension
Extbcð f ÞðzÞ at z A D. Suppose A and B are two Möbius transformations preserv-
ing the unit circle. Then A � f � B has the conformal barycentric extension

ExtbcðA � f � BÞðB�1ðzÞÞ ¼ AðExtbcð f ÞðzÞÞ ¼ A � Extbcð f Þ � BðB�1ðzÞÞ

at B�1ðzÞ.

Proof. We need to prove that AðExtbcð f ÞðzÞÞ is the unique point in D such
that

BCðmA�f �B;AðExtbcð f ÞðzÞÞ;B�1ðzÞÞ ¼ 0

for any two Möbius transformations A and B preserving the unit circle. We can
write

AðzÞ ¼ e2pit
z� a

1� az
and BðzÞ ¼ e2pis

z� b

1� bz
; jaj; jbj < 1; 0a t; s < 1:

In the case t ¼ s ¼ 0, since

mA�f �B;AðExtbcð f ÞðzÞÞ;B�1ðzÞ ¼ ðhAðExtbcð f ÞðzÞÞÞ�ðA � f � BÞ�ðh�1
B�1ðzÞÞ�m0

¼ ðhAðExtbcð f ÞðzÞÞÞ�A� f�B�ðh�1
B�1ðzÞÞ�m0

¼ ðhAðExtbcð f ÞðzÞÞ � AÞ� f�ðB � h�1
B�1ðzÞÞ�m0

and since

ðhAðExtbcð f ÞðzÞÞ � AÞ� ¼ ðhExtbcð f ÞðzÞÞ� and ðB � h�1
B�1ðzÞÞ� ¼ ðh�1

z Þ�;

we have that

mA�f �B;AðExtbcð f ÞðzÞÞ;B�1ðzÞ ¼ ðhExtbcð f ÞðzÞÞ� f�ðh
�1
z Þ�m0 ¼ mf ;Extbcð f ÞðzÞ; z:

Thus the barycenter of mA�f �B;AðExtbcð f ÞðzÞÞ;B�1ðzÞ is zero (and AðExtbcð f ÞðzÞÞ is the

unique point in D having this property since Extbcð f ÞðzÞ is unique). This implies
that

ExtbcðA � f � BÞðB�1ðzÞÞ ¼ AðExtbcð f ÞðzÞÞ ¼ A � Extbcð f Þ � BðB�1ðzÞÞ:

Now consider the rotation e2pitz. A calculation shows that

he2pitw � ðe2pitf Þ � h�1
z ¼ e2pithw � f � h�1

z :

This implies Extbcðe2pitf ÞðzÞ ¼ e2pit Extbcð f ÞðzÞ.
Finally consider the rotation e2pisx. A calculation shows that

h�1
e2piszðe2pisxÞ ¼ e2pish�1

z ðxÞ:

This implies that Extbcð f � e2pisÞðzÞ ¼ Extbcð f Þðe2piszÞ. This completes the proof.
r
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Remark 2. We showed above that Extbcð f Þ is conformally natural.
Furthermore, if f is a homeomorphism of the unit circle T, then any Extcn
is also Extbc (see Theorem 1).

Now we will study the barycentric extension for Blaschke products. A finite
Blaschke product BP is

BPðxÞ ¼ e2pit
Yn
i¼1

x� ai

1� aix
; jaij < 1; 1a ia n; 0a t < 1:ð1Þ

Then BP is a map from D into itself and the restriction of BP to T is a circle
endomorphism which we denote as fBP ¼ BP jT.

Proposition 2. Extbcð fBPÞðzÞ ¼ BPðzÞ for any z A D.

Proof. For any z A D, let w A D, consider BPw ¼ hw � BP � h�1
z . Let aw ¼

BPwð0Þ A D. Since BPw is harmonic in D and continuous on D, by the mean
value theorem

2paw ¼
ð
T

BPwðxÞ dx:

Then there is a unique w ¼ BPðzÞ such that aw ¼ 0. Consider fBPBP ¼ hw �
BP � h�1

z for this unique value w ¼ BPðzÞ. It is again a Blaschke product.
Furthermore, it fixes 0. By restricting to the unit circle T, we have

mfBP;w; z ¼ ðhw � fBP � h�1
z Þ�m0 ¼ m0:

This equality is fairly well-known. For the reader’s convenience, we are
including the proof (see, for example, [3]). Let f ¼ hw � fBP � h�1

z jT. Then
f�m0 ¼ m0 is equivalent to the condition thatð

T

f � f ðzÞ dz ¼
ð
T

fðzÞ dz

for all continuous function f on T. Given a continuous function f, let uðzÞ be
the harmonic extension of f into the unit disk. Then u � BPðzÞ is the harmonic
extension of f � f into the unit disk. By the mean value theorem in harmonic
analysis,

1

2p

ð
T

fðzÞ dz ¼ uð0Þ ¼ uðBPð0ÞÞ ¼ 1

2p

ð
T

f � f ðzÞ dz:

Thus BCðmfBP;w; zÞ ¼ 0. This completes the proof. r

If h is a homeomorphism of T, then ExtbcðhÞðzÞ is the formula given in the
paper [2]. By [2], we know the following
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Theorem 1 (Douady-Earle). Suppose h is a homeomorphism of T. Then for
any z A D, h has a conformal barycentric extension ExtbcðhÞðzÞ at z which defines
a homeomorphism ExtbcðhÞ of D. Moreover, ExtbcðhÞ is real analytic on D. If
h is a quasisymmetric homeomorphism, then ExtbcðhÞ is a quasiconformal homeo-
morphism.

Remark 3. Abiko¤, Earle, and Mitra have generalized this theorem to a
continuous monotone circle map of T of degree 1. The reader is referred to the
paper [1] for details.

In the next section, we will show that a conformally natural extension to any
orientation-preserving circle endomorphism can be easily obtained from Theorem
1 from the point of view of dynamical systems.

2. Circle endomorphisms

Suppose f : T ! T is an orientation-preserving circle covering of degree
d > 1. Then f has a fixed point which we always normalize as 1. It is called
a circle endomorphism. An example of a circle endomorphism is a Blaschke
product BP having a fixed point inside D. Such an example is an expanding
circle endomorphism (see [3] for the definition). Suppose the degree of BP is
also d. Then both sets f �nð1Þ and BP�nð1Þ are d n ordered points on T. Thus
we have a one-to-one correspondence h from points in f �nð1Þ to points in
BP�nð1Þ keeping the order. Since BP is expanding 6y

n¼1
BP�nð1Þ is a dense

subset of T. Thus h can be extended to a continuous monotone circle map
of degree 1. We add the assumption (usually called a topological expansion
condition),

6
y

n¼1

f �nð1Þ is dense subset of T:ð2Þ

Then h is a homeomorphism of T. This was first proved by Shub in 1967
(see [5]), when f has certain smoothness properties. The reader can find a more
general treatment of this by using symbolic dynamical systems in [3]. Thus we
have that

Proposition 3. Suppose f : T ! T is an orientation-preserving circle cover-
ing of degree d > 1 satisfying (2). There is an orientation-preserving homeomor-
phism h of T of degree 1 such that

f ¼ h�1 � BP � h
for any expanding Blaschke product BP of degree d > 1.

Theorem 2. Suppose BP is any Blaschke product of degree d > 1 (in the
form (1)). Let h and k be two circle homeomorphisms. Then the circle
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endomorphism f ¼ k � BP � h has a conformally natural extension to the closed
unit disk D which is real analytic on the open unit disk D.

Proof. Define

Extcnð f Þ ¼ ExtbcðkÞ � BP � ExtbcðhÞ:
Then

A � Extcnð f Þ � B ¼ A � ExtbcðkÞ � BP � ExtbcðhÞ � B
¼ ExtbcðA � kÞ � BP � Extbcðh � BÞ ¼ ExtcnðA � k � BP � h � BÞ
¼ ExtcnðA � f � BÞ: r

Corollary 1. Suppose f is an orientation-preserving circle endomorphism of
degree d > 1 satisfying (2). Then f has a conformally natural extension Extcnð f Þ
¼ Extbcðh�1Þ � BP � ExtbcðhÞ for any given expanding Blaschke product BP of
degree d.

Proof. It is a direct consequence of Theorem 2 and Proposition 3. r

Remark 4. Note that Extcnð f Þ depends on the choice of the Blaschke
product BP.

A circle endomorphism f is called uniformly quasisymmetric if all inverse
branches of f n are quasisymmetric with a uniformly quasisymmetric constant
(see [3, 4] for more precise definition). It was proved that in [3, 4] that f is
uniformly quasisymmetric if and only if h in Proposition 3 is quasisymmetric.
We therefore have the following

Corollary 2. Suppose f is a uniformly quasisymmetric circle endomorphism
of degree d > 1. Then Extcnð f Þ in Corollary 1 is quasiconformal. More pre-
cisely, Extcnð f Þ is quasiregular, which means Extcnð f Þ ¼ R � F , where R is a
rational map preserving the unit disk (that is, a Blaschke product) and f is a
quasiconformal homeomorphism of the unit disk.

Acknowledgement. We want to thank the referee for his/her careful reading
of the paper and valuable suggestions. We also want to thank Professors Cli¤ord
J. Earle and Frederick P. Gardiner for their comments.

References

[ 1 ] W. Abikoff, C. J. Earle and S. Mitra, Barycentric extensions of monotone maps of the

circle, Contemporary Math. 355 (2004), 1–20.

[ 2 ] A. Douady and C. J. Earle, Conformally natural extension of homeomorphisms of circle,

Acta Math. 157 (1986), 23–48.

172 yunping jiang, sudeb mitra and zhe wang



[ 3 ] Y. Jiang, Teichmüller structures and dual geometric Gibbs type measure theory for continuous

potentials, arXiv:0804.3104v3.

[ 4 ] Y. Hu, Y. Jiang and Z. Wang, Martingales for quasisymmetric systems and complex

manifold structures, Ann. Acad. Sci. Fenn. Math. 38 (2013), 115–140.

[ 5 ] M. Shub, Endomorphisms of compact di¤erentiable manifolds, Amer. J. Math. 91 (1969),

129–155.

Yunping Jiang

Department of Mathematics

Queens College of the City University of New York

Flushing, NY 11367-1597

USA

Department of Mathematics

Graduate Center of the City University of New York

365 Fifth Avenue, New York

NY 10016

USA

E-mail: yunping.jiang@qc.cuny.edu

Sudeb Mitra

Department of Mathematics

Queens College of the City University of New York

Flushing, NY 11367-1597

USA

Department of Mathematics

Graduate Center of the City University of New York

365 Fifth Avenue, New York

NY 10016

USA

E-mail: sudeb.mitra@qc.cuny.edu

Zhe Wang

Department of Mathematics and Computer Science

Bronx Community College

2155 University Avenue, Bronx

New York 10453

USA

E-mail: wangzhecuny@gmail.com

173conformally natural extension


