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LEAF-WISE INTERSECTIONS IN COISOTROPIC SUBMANIFOLDS
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Abstract

The leaf-wise intersection on a coisotropic submanifold of a symplectic manifold is

a generalization of the Lagrangian intersection investigated by Weinstein. In a similar

way as Weinstein’s argument, we replace the leaf-wise intersections by zero points of

some closed 1-form, and show the same result as Moser’s on the existence of leaf-wise

intersections under di¤erent conditions.

1. Introduction

In [7], Weinstein considered the existence problem of periodic orbits of
Hamiltonian systems. He combined the problem with Lagrangian intersections,
and reduced it to find zero points of some closed 1-form.

On the other hand, Moser generalized Lagrangian intersections to leaf-wise
intersections on coisotropic submanifolds, and obtained the following theorem:

Theorem 1.1 (Moser [6]). Let ðP;o ¼ dlÞ be a simply connected exact
symplectic manifold and M be a compact coisotropic submanifold of P. If a
symplectomorphism c A SympðP;oÞ is C1-close to the identity idP : P ! P, then c
has at least catðMÞ leaf-wise intersections.

Here, catðMÞ is the Lusternik-Schnirelmann category of M (see Definition
3.6).

In this paper, using Theorem 3.4 below proved by Weinstein, we show the
following:

Theorem 1.2 (Main theorem). Let ðP;oÞ be a symplectic manifold and M
be a coisotropic submanifold of P. If c A SympðP;oÞ is C1-close to the identity
idP : P ! P, then there exist a closed 1-form G on M and an embedding G : M !
P� P so that pr1 � GðpÞ is a leaf-wise intersection of c for each p A ZeroðGÞ.

Here, ZeroðGÞ is the set of zero points of G and pri : P� P ! P is the projections
to the i-th component.
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By this theorem and Theorem 3.7 below, we obtain the same conclusion as
Moser’s theorem under di¤erent conditions:

Corollary 1.3. Let ðP;oÞ be a symplectic manifold and M be a coisotropic
submanifold of P. Assume that M is compact and the first de Rham cohomology
H 1ðM;RÞ vanishes. If a symplectomorphism c A SympðP;oÞ is C1-close to the
identity idP : P ! P, then c has at least catðMÞ leaf-wise intersections.

There are many results on leaf-wise intersections by other researchers.
These results were given for more restricted class of coisotropic submanifolds
under a weaker condition on c. In [4], Hofer proved the existence of leaf-wise
intersections for restricted contact type hypersurfaces in R2n. He introduced
the norm on the space of compactly supported Hamiltonian di¤eomorphisms as
follows. For a compactly supported Hamiltonian function H, the norm of H is
defined by

kHk :¼ sup H � inf H

and for a compactly supported Hamiltonian di¤eomorphism c, the norm of c is
defined by

kck :¼ inffkHk jc ¼ f1
Hg

where f t
H is the flow of the Hamiltonian vector field XH . He replaced the

C1-closeness assumption by the condition that the norm of c is smaller than a
certain symplectic capacity. Recently, this result has been generalized by many
researchers. For example, Ginzburg [3] generalizes the ambient space R2n to
subcritical Stein manifolds, and Albers and Frauenfelder [1] to generic symplectic
manifolds. Moreover, Albers and Frauenfelder give a bound for the number
of the leaf-wise intersections by the total Betti number using Rabinowitz Floer
homology.

Acknowledgments. I would like to express my gratitude to Professor R.
Miyaoka for helpful advice and encouragement.

2. Preliminaries

Let ðP;oÞ be a 2n-dimensional symplectic manifold, namely, P is a smooth
manifold and o is a nondegenerate closed 2-form on P. For a submanifold M
of P and a point p in M, we define ðTpMÞo by

ðTpMÞo :¼ fv A TpP joðv;wÞ ¼ 0 for all w A TpMg:
Note that the dimension of ðTpMÞo is equal to the codimension of M since o is
nondegenerate.

Definition 2.1. A submanifold M is said to be Lagrangian if ðTpMÞo ¼
TpM holds for each p A M, and is said to be coisotropic if ðTpMÞo HTpM holds
for each p A M.
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Definition 2.2. A di¤eomorphism c : P ! P is called symplectomorphism
if c�o ¼ o holds. We denote the set of symplectomorphisms by SympðP;oÞ.

Definition 2.3. Let H : P ! R be a smooth function. The Hamiltonian
vector field XH is defined by

iðXHÞo ¼ dH:

We denote the flow of XH by f t
H .

Let LðP;oÞ be the set of all Lagrangian submanifolds of ðP;oÞ. Now, we
introduce the C1-topology on LðP;oÞ.

First, we recall the definition of C1-topology on CyðM;NÞ for manifolds M
and N. Embed M and N in Euclidean spaces and consider the induced metrics
on M and N. For each f A CyðM;NÞ and d A C 0ðM;R>0Þ, define Wð f ; dÞ
by

Wð f ; dÞ :¼
�
g A CyðM;NÞ j dð f ðxÞ; gðxÞÞ < dðxÞ ðx A MÞ;

kdfxðvÞ � dgxðvÞk
kvk < dðxÞ ðx A M; v A TxMnf0gÞ

�
:

The C1-topology on CyðM;NÞ is the topology generated by fWð f ; dÞgf ; d.
Next, we define the C1-topology on LðP;oÞ. Let M be a manifold such

that dim M ¼ ð1=2Þ dim P. For a closed subset AHM and a C1-open subset
AHCyðA;PÞ, define NA;A by

NA;A :¼ fL A LðP;oÞ j f ðAÞHL for some f A Ag:

The C1-topology on LðP;oÞ is the topology generated by fNA;AgA;A.

3. Weinstein’s theorem on Lagrangian intersections

Definition 3.1. Let M and N be submanifolds of P. Then M and N
intersect cleanly if S :¼ M VN is a submanifold of P satisfying

TxS ¼ TxM VTxN

for each x A S. In this case, S is called a clean intersection of M and N.

Remark 3.2. When S ¼ M VN is a submanifold of P, we always have the
inclusion TxSHTxM VTxN.

Example 3.3. (1) Let M and N be submanifolds of P. If M and N
intersect transversely, then they intersect cleanly.

(2) Let P be a vector space. Then any linear subspaces M and N of P
intersect cleanly.
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(3) Define P ¼ R3, M ¼ fðx; y; zÞ A P j y ¼ x2g, and N ¼ fðx; y; zÞ A P j
y ¼ 2x2g. Then M and N do not intersect cleanly since TpðM VNÞ ¼
TpM VTpN does not hold for every p A M VN.

Theorem 3.4 (Weinstein [7]). Let L1 and L2 be Lagrangian submanifolds of
a symplectic manifold ðP;oÞ and assume that they intersect cleanly. Then there
exists a C1-neighborhood N1 �N2 of ðL1;L2Þ A LðP;oÞ �LðP;oÞ such that for
each ðL 0

1;L
0
2Þ A N1 �N2 there exists a closed 1-form G on S :¼ L1 VL2 and an

embedding G : S ! P which satisfy GðpÞ A L 0
1 VL 0

2 for each p A ZeroðGÞ.

This theorem is based on the following example:

Example 3.5. Consider the cotangent bundle P :¼ T �M of a manifold M.
We have the natural symplectic structure oM on T �M locally written by

oM ¼
Xn

j¼1

dxj5dyj:

Here, ðx1; . . . ; xnÞ is a local coordinate on M and ðy1; . . . ; ynÞ is the fiber
coordinate with respect to ðq=qx1; . . . ; q=qxnÞ.

Let a be a 1-form on M. Then aðMÞHT �M is a Lagrangian submanifold
if and only if a is a closed form. Such a Lagrangian submanifold is said to be
horizontal. Let L1 ¼ a1ðMÞ and L2 ¼ a2ðMÞ be horizontal Lagrangian sub-
manifolds. Define a closed 1-form G on M and an embedding G : M ! T �M
by

G :¼ a2 � a1;

G :¼ 1

2
ða1 þ a2Þ:

Then, it is easy to see that GðpÞ A L1 VL2 holds for each p A ZeroðGÞ.

Now, we estimate the number of elements of Lagrangian intersections.

Definition 3.6. Let M be a topological space. The Lusternik-
Schnirelmann category (or simply LS category) of M is the least number of
contractible open sets which cover M. We denote the LS category by
catðMÞ. If we cannot cover M by finite contractible open sets, then we define
catðMÞ ¼ þy.

Theorem 3.7 (Lusternik-Schnirelmann [5]). Let M be a compact manifold.
Then, any smooth function f A CyðMÞ has at least catðMÞ critical points.

Thus we obtain the following from Theorem 3.4:
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Corollary 3.8 (Weinstein [7]). Let L1 and L2 be Lagrangian submanifolds
of ðP;oÞ intersecting cleanly. Assume that S :¼ L1 VL2 is compact and the first
de Rham cohomology H 1ðS;RÞ vanishes. Then there exists a C1-neighborhood
N1 �N2 of ðL1;L2Þ A LðP;oÞ �LðP;oÞ so that the set L 0

1 VL 0
2 has at least

catðSÞ points for each ðL 0
1;L

0
2Þ A N1 �N2.

Remark 3.9. This corollary is obvious when dimðL 0
1 VL 0

2Þb 1.

4. Leaf-wise intersections

In this section, we introduce leaf-wise intersections and give some examples.
Let M be a coisotropic submanifold of P whose codimension is r. ðTMÞo
defines a distribution on M of rank r which satisfies the following property.

Lemma 4.1. For a coisotropic submanifold M, ðTMÞo is a completely
integrable distribution on M.

Proof. Let V1 and V2 be vector fields on M which is tangent to the
distribution ðTMÞo. It is su‰cient to show that the vector field ½V1;V2� also
belongs to ðTMÞo by the Frobenius Theorem. For any vector field W on M,
we have

oð½V1;V2�;WÞ ¼ �doðV1;V2;WÞ þ V1oðV2;WÞ � V2oðV1;WÞ
þWoðV1;V2Þ þ oð½V1;W �;V2Þ � oð½V2;W �;V1Þ:

The first term vanishes since o is closed. We remark here that oð ~VV ; ~WWÞ ¼ 0 for
any vector fields ~VV A TM and ~WW A ðTMÞo. Therefore all the other terms vanish
and then we obtain ½V1;V2� A ðTMÞo. r

By this lemma, ðTMÞo defines a foliation on M. We call this foliation the
characteristic foliation. We denote the leaf of ðTMÞo through p by Lp. The
dimension of the leaf Lp is equal to the rank r of ðTMÞo.

Definition 4.2. Let M be a coisotropic submanifold of P. Then p A M is
called a leaf-wise intersection of c A SympðP;oÞ if cðpÞ A Lp.

Example 4.3. (1) M ¼ P is a coisotropic submanifold of P with r ¼ 0. If
p A M is a leaf-wise intersection of c A SympðP;oÞ, then the point p is a fixed
point of c since the characteristic leaf is given by Lp ¼ fpg.

(2) Let M be a connected Lagrangian submanifold of P. Then M is a
coisotropic submanifold of P with r ¼ n and the characteristic leaf Lp is nothing
but M. If p A M is a leaf-wise intersection of c A SympðP;oÞ, then the point p
belongs to M Vc�1ðMÞ. Note that c�1ðMÞ is also a Lagrangian submanifold
of P since c�1 preserves the symplectic structure o. Thus the leaf-wise inter-
sections of c are the Lagrangian intersections of M and c�1ðMÞ.
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(3) Let H1; . . . ;Hr A CyðPÞ be Poisson commuting functions and assume
that dH1; . . . ; dHr are linearly independent. Then, a regular level set
M ¼ H�1ðcÞ of H ¼ ðH1; . . . ;HrÞ is a coisotropic submanifold and the charac-
teristic leaf is given by

Lp ¼ ff t1
H1

� � � � � f tr
Hr
ðpÞ j t1; . . . ; tr A Rg:

5. Proof of the main theorem

For a leaf-wise intersection p A M, the pair ðp;cðpÞÞ A M �M satisfies
cðpÞ A Lp. Then, we consider ~MM :¼ fðp; qÞ A M �M j q A Lpg. In general, ~MM
is not an embedded submanifold but immersed submanifold in M �M. So we
define M by the set of pairs ðp; qÞ A ~MM with p and q being connected by a path
in Lp of length less than eðpÞ. Here e is a suitable positive continuous function
on M such that M is an embedded submanifold in M �M. Note that the
dimension of M is 2n.

First, we show that M is a Lagrangian submanifold of ðP� P;o�Þ, where
o� is defined by o� ¼ pr�1 o� pr�2 o. It is su‰cient to show o� ¼ 0 on Tðp;qÞM
at each points ðp; qÞ A M. From now on, we fix a point ðp; qÞ A M. Choose a
di¤eomorphism f : M ! M which satisfies fðpÞ ¼ q and preserves the leaves.
Note that it is su‰cient to define f in a neighborhood of p.

Claim 1. f�ojM ¼ ojM holds on some neighborhood M VU of p.

We choose a family of leaf-preserving di¤eomorpfisms fs : M ! M
ð0a sa 1Þ which satisfies f0 ¼ idM and f1 ¼ f. Define a vector field Ws by

Ws :¼
d

ds
fs

then Ws belongs to ðTMÞo because every fs preserves leaves. On the other
hand, since o is a closed 2-form, there is a local 1-form a on some neighborhood
U of p such that o ¼ da. We abbreviate aM ¼ ajðMVUÞ, then

f�aM � aM ¼
ð1

0

d

ds
f�
s aM

� �
ds

¼
ð1

0

ðf�
sLWs

aMÞ ds

¼
ð1

0

ðf�
s ðiðWsÞdaMÞ þ df�

s ðiðWsÞaMÞÞ ds

¼ d

ð1

0

f�
s ðiðWsÞaMÞ ds

holds and therefore we obtain f�ojM ¼ ojM on M VU .
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Claim 2. For any z ¼ ðx; hÞ A Tðp;qÞM, h� dfðxÞ A ðTqMÞo holds.

In fact, choose a curve gðtÞ ¼ ðpðtÞ; qðtÞÞ on M such that

gð0Þ ¼ ðp; qÞ; _ggð0Þ ¼ z:

Since gðtÞ is a curve on M, qðtÞ lies on the leaf LpðtÞ for each t. On the other
hand, since f preserves the leaves, fðpðtÞÞ also lies on the leaf LpðtÞ. Then qðtÞ
and fðpðtÞÞ always lie on the same leaf. Therefore, we obtain

h� dfðxÞ ¼ dq

dt
ð0Þ � dðf � pÞ

dt
ð0Þ A TqLp ¼ ðTqMÞo:

Claim 3. M is a Lagrangian submanifold of the symplectic manifold
ðP� P;o�Þ.

For z ¼ ðx; hÞ, ~zz ¼ ð~xx; ~hhÞ A Tðp;qÞM,

o�ðz; ~zzÞ ¼ ojMðx; ~xxÞ � ojMðh; ~hhÞ

¼ ojMðx; ~xxÞ � ojMðdfðxÞ; dfð~xxÞÞ

¼ ojMðx; ~xxÞ � f�ojMðx; ~xxÞ
¼ 0:

Thus o� ¼ 0 holds on Tðp;qÞM, and we can see that M is a Lagrangian sub-
manifold of the symplectic manifold ðP� P;o�Þ.

Claim 4. Two Lagrangian submanifolds M and DP :¼ fðp; pÞ j p A Pg inter-
sect cleanly along MVDP ¼ DM.

It is su‰cient to show

Tðp;pÞDM ITð p;pÞMVTð p;pÞDP

holds at each points ðp; pÞ A DM (see Remark 3.2). For any vector z ¼ ðx; hÞ A
Tðp;pÞMVTðp;pÞDP, x is equal to h since z ¼ ðx; hÞ is tangent to DP. In addition,
x belongs to TpM since z ¼ ðx; xÞ is tangent to MHM �M. Therefore z ¼
ðx; xÞ A Tðp;pÞDM which implies the claim.

If c A SympðP;oÞ is C 1-close to the identity idP : P ! P, then DP and
GraphðcÞ are also C 1-close to each other. Applying Theorem 3.4 to ðL1;L2Þ ¼
ðM;DPÞ and ðL 0

1;L
0
2Þ ¼ ðM;GraphðcÞÞ, we know that there exists a closed 1-

form G on M and an embedding G : M ! P� P such that GðpÞ A MVGraphðcÞ
for all p A ZeroðGÞ. On the other hand, we obtain

MVGraphðcÞH fðp;cðpÞÞ A M �M jcðpÞ A Lpg:

Thus cðpr1 � GðpÞÞ A Lpr1�GðpÞ follows for each p A ZeroðGÞ. Therefore
pr1 � GðpÞ is a leaf-wise intersection of c for each p A ZeroðGÞ.
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