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A FINITENESS THEOREM FOR MEROMORPHIC MAPPINGS

SHARING FEW HYPERPLANES

Duc Quang Si

Abstract

In this article, we prove a finiteness theorem for meromorphic mappings of Cm into

PnðCÞ sharing 2nþ 2 hyperplanes without counting multiplicity.

1. Introduction

In 1926, R. Nevanlinna showed that two distinct nonconstant meromorphic
functions f and g on the complex plane C cannot have the same inverse images
for five distinct values, and that g is a special type of linear fractional trans-
formation of f if they have the same inverse images counted with multiplicities
for four distinct values [9].

In 1975, H. Fujimoto [5] generalized Nevanlinna’s results to the case of
meromorphic mappings of Cm into PnðCÞ. He considered two distinct meromor-
phic maps f and g of Cm into PnðCÞ satisfying the condition that nð f ;HjÞ ¼ nðg;HjÞ
for q hyperplanes H1;H2; . . . ;Hq of PnðCÞ in general position, where nð f ;HjÞ
means the map of Cm into Z whose value nð f ;HjÞðaÞ ða A CmÞ is the intersection
multiplicity of the images of f and Hj at f ðaÞ. He proved the following.

Theorem A [5]. Let Hi, 1a ia 3nþ 2 be 3nþ 2 hyperplanes in PnðCÞ
located in general position, and let f and g be two nonconstant meromorphic
mappings of Cm into PnðCÞ with f ðCmÞUHi and gðCmÞUHi such that nð f ;HiÞ ¼
nðg;HiÞ for 1a ia 3nþ 2, where nð f ;HiÞ and nðg;HiÞ denote the pull-back of the
divisors ðHiÞ on PnðCÞ by f and g, respectively. Assume that either f or g is
linearly non-degenerate over C, i.e., the image does not included in any hyperplane
in PnðCÞ. Then f 1 g.

Later on, the finiteness problem of meromorphic mappings sharing hyper-
planes without counting multiplicities has been studied very intensively by many
authors. Here we formulate some recent results on this problem.
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Take a meromorphic mapping f of Cm into PnðCÞ which is linearly non-
degenerate over C, a positive integer d and q hyperplanes H1; . . . ;Hq of PnðCÞ in
general position with

dim f �1ðHi VHjÞam� 2 ð1a i < ja qÞ
and consider the set Fð f ; fHigq

i¼1; dÞ of all linearly nondegenerate over C
meromorphic maps g : Cm ! PnðCÞ satisfying the following two conditions:

(a) minðnð f ;HjÞ; dÞ ¼ minðnðg;HjÞ; dÞ ð1a ja qÞ;
(b) f ðzÞ ¼ gðzÞ on 6q

j¼1
f �1ðHjÞ.

If d ¼ 1, we will say that f and g share q hyperplanes fHjgq
j¼1 without counting

multiplicity.
Denote byaS the cardinality of the set S. In 1999, H. Fujimoto proved a

finiteness theorem for meromorphic mappings as follows.

Theorem B. If q ¼ 3nþ 1 then aFð f ; fHigq
i¼1; 2Þa 2:

Some recent years, Z. Chen - Q. Yang [2] and S. D. Quang [11] considered
the case where q ¼ 2nþ 3 and they gave some uniqueness theorems for such
meromorphic mappings. For the case where q ¼ 2nþ 2, in [11] S. D. Quang
proved that

Theorem C. Let f be a linearly nondegenerate meromorphic mapping of
Cm into PnðCÞ and let H1; . . . ;H2nþ2 be 2nþ 2 hyperplanes of PnðCÞ in general
position with

dim f �1ðHi VHjÞam� 2 ð1a i < ja 2nþ 2Þ:
Let g be a linearly nondegenerate meromorphic mapping of Cm into PnðCÞ
satisfying:

(i) minfnð f ;HjÞ;an; 1g ¼ minfnðg;HjÞ;an; 1g and

minfnð f ;HjÞ;bn; 1g ¼ minfnðg;HjÞ;bn; 1g ð1a ja 2nþ 2Þ;

(ii) f ðzÞ ¼ gðzÞ on 62nþ2

j¼1
f �1ðHjÞ.

If nb 2 then f 1 g.

However, in Theorem C, the condition (i) means that the multiplicities of
the zeros of the functions ð f ;HjÞ and ðg;HjÞ are considered to level n. Therefore
the following question arises naturally: ‘‘Are there any finiteness theorems for
meromorphic mappings sharing 2nþ 2 hyperplanes without counting multiplicity?’’
It seems to us that the techniques used in the proofs of the above mentioned
results are not enough to apply to this case.

Our main purpose in this paper is to give a positive answer for the above
question. To do so, we will introduce some new techniques.

We would also like to note that in the definition of the family
Fð f ; fHigq

i¼1; dÞ, the meromorphic mapping g is assumed to be linearly non-
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degenerate. In this paper we will show that if qb 2nþ 2 then each map g
satisfying the conditions (a) and (b) is linearly nondegenerate.

Now let f be a linearly nondegenerate meromorphic mapping of Cm into
PnðCÞ and let H1; . . . ;Hq be q hyperplanes of PnðCÞ in general position with

dim f �1ðHi VHjÞam� 2 ð1a i < ja qÞ:
Let d be an integer. We consider the set Gð f ; fHigq

i¼1; dÞ of all meromorphic
maps g : Cm ! PnðCÞ satisfying the conditions:

(a) minðnð f ;HjÞ; dÞ ¼ minðnðg;HjÞ; dÞ ð1a ja qÞ,
(b) f ðzÞ ¼ gðzÞ on 6q

j¼1
f �1ðHjÞ.

Our main result is stated as follows.

Theorem 1.1. Let f be a linearly nondegenerate meromorphic mapping of
Cm into PnðCÞ. Let H1; . . . ;H2nþ2 be 2nþ 2 hyperplanes of PnðCÞ in general
position with

dim f �1ðHi VHjÞam� 2 ð1a i < ja 2nþ 2Þ:
If nb 2 then aGð f ; fHig2nþ2

i¼1 ; 1Þa 2.

In the section §4, we will consider meromorphic mappings with three families
of hyperplanes in PnðCÞ and we will give a finiteness theorem for such maps.

Throughout this paper, we always assume that nb 2.

Acknowledgements. This work was done during a stay of the author at
Mathematisches Forschungsinstitut Oberwolfach. He wishes to express his
gratitude to this institute. The author would also like to thank Professors
Junjiro Noguchi and Do Duc Thai for their valuable suggestions concerning this
material. This work was supported in part by a NAFOSTED grant of Vietnam.

2. Basic notions in Nevanlinna theory

2.1. We set kzk ¼ ðjz1j2 þ � � � þ jzmj2Þ1=2 for z ¼ ðz1; . . . ; zmÞ A Cm and de-
fine

BðrÞ :¼ fz A Cm : kzk < rg; SðrÞ :¼ fz A Cm : kzk ¼ rg ð0 < r < yÞ:
Define

sðzÞ :¼ ðdd ckzk2Þm�1 and hðzÞ :¼ d c logkzk2 ^ ðdd c logkzk2Þm�1 on Cmnf0g:

2.2. Let F be a nonzero holomorphic function on a domain W in Cm. For
a set a ¼ ða1; . . . ; amÞ of nonnegative integers, we set jaj ¼ a1 þ � � � þ am and

DaF ¼ qjajF

qa1z1 � � � qamzm
. We define the map nF : W ! Z by

nF ðzÞ :¼ maxfl : DaFðzÞ ¼ 0 for all a with jaj < lg ðz A WÞ:
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We mean by a divisor on a domain W in Cm a map n : W ! Z such that, for
each a A W, there are nonzero holomorphic functions F and G on a connected
neighborhood U HW of a such that nðzÞ ¼ nF ðzÞ � nGðzÞ for each z A U outside
an analytic set of dimensionam� 2. Two divisors are regarded as the same if
they are identical outside an analytic set of dimensionam� 2. For a divisor n
on W we set jnj :¼ fz : nðzÞ0 0g, which is a purely ðm� 1Þ-dimensional analytic
subset of W or empty set.

Take a nonzero meromorphic function j on a domain W in Cm. For each
a A W, we choose nonzero holomorphic functions F and G on a neighborhood

U HW such that j ¼ F

G
on U and dimðF �1ð0ÞVG�1ð0ÞÞam� 2, and we define

the divisors nj, n
y
j by nj :¼ nF , n

y
j :¼ nG, which are independent of choices of F

and G and so globally well-defined on W.

2.3. For a divisor n on Cm and for a positive integer M or M ¼ y, we
define the counting function of n by

nðMÞðzÞ ¼ minfM; nðzÞg;

nðtÞ ¼
Ð
BðtÞ nðzÞs if mb 2;P
jzjat nðzÞ if m ¼ 1:

(

Nðr; nÞ ¼
ð r
1

nðtÞ
t2m�1

dt ð1 < r < yÞ:

For a meromorphic function j on Cm, we set NjðrÞ ¼ Nðr; njÞ and
N

ðMÞ
j ðrÞ ¼ Nðr; nðMÞ

j Þ. We will omit the character ðMÞ if M ¼ y.

2.4. Let f : Cm ! PnðCÞ be a meromorphic mapping. For arbitrarily
fixed homogeneous coordinates ðw0 : � � � : wnÞ on PnðCÞ, we take a reduced
representation f ¼ ð f0 : � � � : fnÞ, which means that each fi is a holomorphic
function on Cm and f ðzÞ ¼ ð f0ðzÞ : � � � : fnðzÞÞ outside the analytic set Ið f Þ ¼
f f0 ¼ � � � ¼ fn ¼ 0g of codimensionb 2. Set k f k ¼ ðj f0j2 þ � � � þ j fnj2Þ1=2.

The characteristic function of f is defined by

Tf ðrÞ ¼
ð
SðrÞ

logk f kh�
ð
Sð1Þ

logk f kh:

Let H be a hyperplane in PnðCÞ given by H ¼ fa0o0 þ � � � þ anon ¼ 0g,
where a :¼ ða0; . . . ; anÞ0 ð0; . . . ; 0Þ. We set ð f ;HÞ ¼

Pn
i¼0 ai fi. It is easy to see

that the divisor nð f ;HÞ does not depend on the choices of reduced representation
of f and coe‰cients a0; . . . ; an. Moreover, we define the proximity function of f
with respect to H by

mf ;HðrÞ ¼
ð
SðrÞ

log
k f k � kHk
jð f ;HÞj h�

ð
Sð1Þ

log
k f k � kHk
jð f ;HÞj h;

where kHk ¼ ð
Pn

i¼0 jaij
2Þ1=2.
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2.5. Let j be a nonzero meromorphic function on Cm, which is occationally
regarded as a meromorphic map into P1ðCÞ. The proximity function of j is
defined by

mðr; jÞ :¼
ð
SðrÞ

logþjjjh;

where logþ t ¼ maxf0; log tg for t > 0. The Nevanlinna characteristic function
of j is defined by

Tðr; jÞ ¼ N1=jðrÞ þmðr; jÞ:
There is a fact that

TjðrÞ ¼ Tðr; jÞ þOð1Þ:
The meromorphic function j is said to be small with respect to f i¤ k Tðr; jÞ ¼
oðTf ðrÞÞ.

Here as usual, by the notation ‘‘k P’’ we mean the assertion P holds for all
r A ½0;yÞ excluding a Borel subset E of the interval ½0;yÞ with

Ð
E
dr < y.

The following plays essential roles in Nevanlinna theory (see [10]).

Theorem 2.6 (First main theorem). Let f : Cm ! PnðCÞ be a meromorphic
mapping and let H be a hyperplane in PnðCÞ such that f ðCmÞQH. Then

Nð f ;HÞðrÞ þmf ;HðrÞ ¼ Tf ðrÞ ðr > 1Þ:

Theorem 2.7 (Second main theorem). Let f : Cm ! PnðCÞ be a linearly
nondegenerate meromorphic mapping and H1; . . . ;Hq be hyperplanes of PnðCÞ in
general position. Then

k ðq� n� 1ÞTf ðrÞa
Xq
i¼1

N
ðnÞ
ð f ;HiÞðrÞ þ oðTf ðrÞÞ:

Lemma 2.8 (Lemma on logarithmic derivative). Let f be a nonzero mero-
morphic function on Cm. Then���� m r;

Dað f Þ
f

� �
¼ Oðlogþ Tf ðrÞÞ ða A Zm

þÞ:

3. Proof of Theorem 1.1

Lemma 3.1. Let f be a linearly nondegenerate meromorphic mapping of
Cm into PnðCÞ. Suppose that g A Gð f ; fHigq

i¼1; 1Þ with qb 2nþ 2. Then g is
linearly nondegenerate.

Proof. Suppose that there exists a hyperplane H satisfying gðCmÞHH.
We assume that f has a reduce representation f ¼ ð f0 : � � � : fnÞ and H ¼
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fðo0 : � � � : onÞ j
Pn

i¼0 aioi ¼ 0g. We consider function ð f ;HÞ ¼
Pn

i¼0 ai fi.
Since f is linearly nondegenerate, ð f :HÞ2 0. On the other hand ð f ;HÞðzÞ ¼
ðg;HÞðzÞ ¼ 0 for all z A 6q

i¼1
f �1ðHiÞ, hence

Nð f ;HÞðrÞb
Xq
i¼1

N
ð1Þ
ð f ;HiÞðrÞ:

It yields that

k Tf ðrÞbNð f ;HÞðrÞb
Xq
i¼1

N
ð1Þ
ð f ;HiÞðrÞ

b
ðq� n� 1Þ

n
Tf ðrÞ þ oðTf ðrÞÞb

nþ 1

n
Tf ðrÞ þ oðTf ðrÞÞ:

Letting r ! þy, we get Tf ðrÞ ¼ 0. This is a contradiction. Hence gðCmÞ can
not be contained in any hyperplanes of PnðCÞ. Therefore g is linearly non-
degenerate. 9

Lemma 3.2. Suppose qb nþ 2. Then

k TgðrÞ ¼ OðTf ðrÞÞ and k Tf ðrÞ ¼ OðTgðrÞÞ for each g A Gð f ; fHigq
i¼1; 1Þ:

Proof. By the Second Main Theorem, we have

k ðq� n� 1ÞTgðrÞa
Xq
i¼1

N
ðnÞ
ðg;HiÞðrÞ þ oðTgðrÞÞ

a
Xq
i¼1

nN
ð1Þ
ðg;HiÞðrÞ þ oðTgðrÞÞa qnTf ðrÞ þ oðTgðrÞÞ:

Hence k TgðrÞ ¼ OðTf ðrÞÞ. Similarly, we get k Tf ðrÞ ¼ OðTgðrÞÞ: 9

Let f 1 and f 2 be two distinct meromorphic mappings in Gð f ; fHigq
i¼1; 1Þ.

For t ¼ 1; . . . ; q, we set

St
f 1; f 2;>n :¼ fz A Cm;minfnð f 1;HtÞðzÞ; nð f 2;HtÞðzÞg > ng;

St
f 1; f 2;<n :¼ fz A Cm; 0 < maxfnð f 1;HtÞðzÞ; nð f 2;HtÞðzÞg < ng;

St
f 1; f 2;n :¼ ðSt

f 1; f 2;>n
USt

f 1; f 2;<n
Þ:

Then each St
f 1; f 2;n

is either an empty set or an analytic subset in Cm of

codimension 1. We denote again by St
f 1; f 2;n

the reduced divisor on Cm with
the support St

f 1; f 2;n
.

Lemma 3.3. Let f : Cm ! PnðCÞ be a linearly nondegenerate meromorphic

mapping and let fHig2nþ2
i¼1 be 2nþ 2 hyperplanes of PnðCÞ in general position.
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If there are two distinct maps f 1 and f 2 in Gð f ; fHig2nþ2
i¼1 ; 1Þ then the following

assertions hold
(i) k Nðr;St

f 1; f 2;n
Þ ¼ oðTf ðrÞÞ, Et ¼ 1; . . . ; 2nþ 2,

(ii) k ðq� n� 1ÞTf l ðrÞ ¼
Pq

t¼1 N
ðnÞ
ð f l ;HtÞðrÞ þ oðTf ðrÞÞ, l ¼ 1; 2,

(iii) Moreover, if we assume further that
ð f 1;HiÞ
ð f 2;HiÞ

2
ð f 1;HjÞ
ð f 2;HjÞ

for all 1a
i; ja q, then

k Tf 1ðrÞ þ Tf 2ðrÞ ¼
X
v¼i; j

ðN ðnÞ
ð f 1;HtÞ þN

ðnÞ
ð f 2;HtÞ � ðnþ 1ÞN ð1Þ

ð f 1;HtÞÞ

þ
Xq
v¼1

N
ð1Þ
ð f 1;HvÞ þ oðTf ðrÞÞ:

Proof. By changing indices if necessary, we may assume that

ð f 1;H1Þ
ð f 2;H1Þ

1
ð f 1;H2Þ
ð f 2;H2Þ

1 � � �1 ð f 1;Hk1Þ
ð f 2;Hk1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

group 1

2
ð f 1;Hk1þ1Þ
ð f 2;Hk1þ1Þ

1 � � �1 ð f 1;Hk2Þ
ð f 2;Hk2Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

group 2

2
ð f 1;Hk2þ1Þ
ð f 2;Hk2þ1Þ

1 � � �1 ð f 1;Hk3Þ
ð f 2;Hk3Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

group 3

2 � � �2 ð f 1;Hks�1þ1Þ
ð f 2;Hks�1þ1Þ

1 � � �1 ð f 1;HksÞ
ð f 2;HksÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

group s

;

where ks ¼ 2nþ 2.
For each 1a ta 2nþ 2, we set

sðtÞ ¼ tþ n if ta nþ 2;

tþ�n� 2 if nþ 2 < ta 2nþ 2;

�
and

Pt ¼ ð f 1;HtÞð f 2;HsðtÞÞ � ð f 2;HtÞð f 1;HsðtÞÞ:

Since f 1 2 f 2, the number of elements of each group is at most n. Hence

ð f 1;HtÞ
ð f 2;HtÞ

and
ð f 1;HsðtÞÞ
ð f 2;HsðtÞÞ

belong to distinct groups for all ta q� 2. This means

that Pt 2 0 ð1a ta 2nþ 2Þ. By changing indices again if necessary, we may
assume that i ¼ 1 and j ¼ sð1Þ.

Fix an index t with 1a ta q. For z B Ið f 1ÞU Ið f 2ÞU6
k0l

f �1ðHk VHlÞ,
it is easy to see that:

� If z is a zero point of ð f 1;HtÞ then z is a zero point of Pt with multiplicity
at least minfnð f 1;HtÞ; nð f 2;HtÞg. Similarly, if z is a zero point of ð f 1;HsðtÞÞ then z
is a zero point of Pt with multiplicity at least minfnð f 1;HsðtÞÞ; nð f 2;HsðtÞÞg.

� If z is a zero point of ð f 1;HvÞ with v B ft; sðtÞg then z is a zero point of Pt

(because f 1ðzÞ ¼ f 2ðzÞ).
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Thus, we have

nPt
ðzÞbminfnð f 1;HtÞ; nð f 2;HtÞg þminfnð f 1;HsðtÞÞ; nð f 2;HsðtÞÞgð3:4Þ

þ
Xq
v¼1

v0t;sðtÞ

n
ð1Þ
ð f 1;HvÞðzÞ;

for all z outside the analytic set Ið f ÞU IðgÞU6
k0l

f �1ðHk VHlÞ of dimension
am� 2:

For two integers a and b, set

Sa;b;n ¼
1 if maxfa; bg < n;

0 if minfa; bga namaxfa; bg
1 if minfa; bg > n:

8<
:

It is easy to see that

minfa; bgbminfa; ng þminfb; ng � nþ Sa;b;n:

Therefore, inequality (3.4) implies that

nPt
ðzÞb

X
v¼t;sðtÞ

ðminfnð f 1;HvÞðzÞ; ng þminfnð f 2;HvÞðzÞ; ngð3:5Þ

� n minfnð f 1;HvÞðzÞ; 1g þ Sv
f 1; f 2;nðzÞÞ þ

Xq
v¼1

v0t;sðtÞ

n
ð1Þ
ð f 1;HvÞðzÞ;

for all z outside the analytic set Ið f ÞU IðgÞU6
k0l

f �1ðHk VHlÞ.
By integrating both sides of the above inequality, we get

NPt
ðrÞb

X
v¼t;sðtÞ

ðN ðnÞ
ð f 1;HvÞðrÞ þN

ðnÞ
ð f 2;HvÞðrÞ � nN

ð1Þ
ð f 1;HvÞðrÞ þNðr;Sv

f 1; f 2;nÞÞ

þ
Xq
v¼1

v0t;sðtÞ

N
ð1Þ
ð f 1;HvÞðrÞ:

On the other hand, by Jensen’s formula and by the definition of the characteristic
function we have

NPt
ðrÞ ¼

ð
SðrÞ

logjPtjhþOð1Þ

a

ð
SðrÞ

logðjð f 1;HtÞj2 þ jð f 1;HsðtÞj2Þ1=2h

þ
ð
SðrÞ

logðjð f 2;HtÞj2 þ jð f 2;HsðtÞj2Þ1=2hþOð1Þ
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a

ð
SðrÞ

logðk f 1kðkHtk2 þ kHsðiÞk2Þ1=2Þh

þ
ð
SðrÞ

logðk f 2kðkHtk2 þ kHsðtÞk2Þ1=2ÞhþOð1Þ

¼
ð
SðrÞ

logk f 1khþ
ð
SðrÞ

logk f 2khþOð1Þ

¼ Tf 1ðrÞ þ Tf 2ðrÞ þOð1Þ:

This implies that

Tf 1ðrÞ þ Tf 2ðrÞb
X

v¼t;sðtÞ
ðN ðnÞ

ð f 1;HvÞðrÞ þN
ðnÞ
ð f 2;HvÞðrÞ � nN

ð1Þ
ð f 1;HvÞðrÞð3:6Þ

þNðr;Sv
f 1; f 2;nÞÞ þ

X2nþ2

v¼1
v0t;sðtÞ

N
ð1Þ
ð f 1;HvÞðrÞ þ oðTf ðrÞÞ

b
X

v¼t;sðtÞ
ðN ðnÞ

ð f 1;HvÞðrÞ þN
ðnÞ
ð f 2;HvÞðrÞ

� nN
ð1Þ
ð f 1;HvÞðrÞ þNðr;Sv

f 1; f 2;nÞÞ

þ 1

2

X2nþ2

v¼1
v0t;sðtÞ

ðN ð1Þ
ð f 1;HvÞðrÞ þN

ð1Þ
ð f 2;HvÞðrÞÞ þ oðTf ðrÞÞ:

By summing-up both sides of the above inequality over t ¼ 1; . . . ; 2nþ 2 and by
the second main theorem we have

k ð2nþ 2ÞðTf 1ðrÞ þ Tf 2ðrÞÞð3:7Þ

b 2
X2nþ2

v¼1

ðN ðnÞ
ð f 1;HvÞðrÞ þN

ðnÞ
ð f 2;HvÞðrÞ þNðr;Sv

f 1; f 2;nÞÞ þ oðTf ðrÞÞ

b ð2nþ 2ÞðTf 1ðrÞ þ Tf 2ðrÞÞ þ 2
X2nþ2

v¼1

Nðr;Sv
f 1; f 2;nÞ þ oðTf ðrÞÞ:

The last equality yields that

k Nðr;Sv
f 1; f 2;nÞ ¼ oðTf ðrÞÞ; Ev ¼ 1; . . . ; 2nþ 2 and l ¼ 1; 2:

It also yields that inequalities (3.6) and (3.7) become equalities. Hence, we have
the followings

(i) k Nðr;Sv
f 1; f 2;n

Þ ¼ oðTf ðrÞÞ,
(ii) k ðq� n� 1ÞTf l ðrÞ ¼

Pq
v¼1 N

ðnÞ
ð f l ;HvÞðrÞ þ oðTf ðrÞÞ, l ¼ 1; 2,
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(iii) k Tf 1ðrÞ þ Tf 2ðrÞ ¼
P

v¼t;sðtÞðN
ðnÞ
ð f 1;HtÞ þN

ðnÞ
ð f 2;HtÞ � ðnþ 1ÞN ð1Þ

ð f 1;HtÞÞ

þ
P2nþ2

v¼1 N
ð1Þ
ð f 1;HvÞ þ oðTf ðrÞÞ:

The lemma is proved. 9

Lemma 3.8. Let f : Cm ! PnðCÞ be a linearly nondegenerate meromorphic
mapping and let fHig2nþ2

i¼1 be 2nþ 2 hyperplanes of PnðCÞ in general position. If

there are two distinct maps f 1 and f 2 in Gð f ; fHig2nþ2
i¼1 ; 1Þ then the following

assertions hold.

(i) k N
ðnÞ
ð f 1;HtÞ þN

ðnÞ
ð f 2;HtÞ � ðnþ 1ÞN ð1Þ

ð f 1;HtÞ

¼ N
ðnÞ
ð f 1;HsÞ þN

ðnÞ
ð f 2;HsÞ � ðnþ 1ÞN ð1Þ

ð f 1;HsÞ

þ oðTf ðrÞÞ; E1a ta sa 2nþ 2:

(ii) k Tf 1ðrÞ þ Tf 2ðrÞ ¼ 2ðN ðnÞ
ð f 1;HtÞðrÞ þN

ðnÞ
ð f 2;HtÞðrÞ � ðnþ 1ÞN ð1Þ

ð f 1;HtÞðrÞÞ

þ
Pq

v¼1 N
ð1Þ
ð f 1;HvÞðrÞ þ oðTf ðrÞÞ; E1a ta 2nþ 2:

Proof. Since f 1 0 f 2, for two arbitrary indices t and s in f1; . . . ; 2nþ 2g
there exists an index i A f1; . . . ; 2nþ 2g such that

ð f 1;HiÞ
ð f 2;HiÞ

2
ð f 1;HtÞ
ð f 2;HtÞ

; and
ð f 1;HiÞ
ð f 2;HiÞ

2
ð f 1;HsÞ
ð f 2;HsÞ

:

By Lemma 3.3 (iii), we have���� X
v¼t; i

ðN ðnÞ
ð f 1;HvÞðrÞ þN

ðnÞ
ð f 2;HvÞðrÞ � ðnþ 1ÞN ð1Þ

ð f 1;HvÞðrÞÞ þ
Xq
v¼1

N
ð1Þ
ð f 1;HvÞðrÞ

¼ Tf 1ðrÞ þ Tf 2ðrÞ þ oðTf ðrÞÞ

¼
X
v¼s; i

ðN ðnÞ
ð f 2;HtÞðrÞ � ðnþ 1ÞN ð1Þ

ð f 1;HtÞðrÞÞ þ
Xq
v¼1

N
ð1Þ
ð f 1;HvÞðrÞ þ oðTf ðrÞÞ:

This yields that

k N
ðnÞ
ð f 1;HtÞðrÞ þN

ðnÞ
ð f 2;HtÞðrÞ � ðnþ 1ÞN ð1Þ

ð f 1;HtÞðrÞ

¼ N
ðnÞ
ð f 1;HsÞðrÞ þN

ðnÞ
ð f 2;HsÞðrÞ � ðnþ 1ÞN ð1Þ

ð f 1;HsÞðrÞ þ oðTf ðrÞÞ:

Therefore the first assertion of the lemma is proved.
It is clear that the second assertion directly follows from Lemma 1.1 (iii) and

the first assertion. We complete the proof of the lemma. 9
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Proposition 3.9. Let f 0, f 1, f 2 be three maps in Gð f ; fHig2nþ2
i¼1 ; 1Þ.

Assume that there exists an index i such that k N
ð1Þ
ð f ;HiÞðrÞ ¼ oðTf ðrÞÞ then

f 0 ¼ f 1 or f 1 ¼ f 2 or f 2 ¼ f 0:

Proof. Suppose that f 0, f 1, f 2 are three distinct maps in Gð f ; fHig2nþ2
i¼1 ; 1Þ.

By the assumption and by Lemma 3.8(i), we have

k N
ðnÞ
ð f k ;HtÞðrÞ þN

ðnÞ
ð f t;HtÞðrÞ � ðnþ 1ÞN ð1Þ

ð f k ;HtÞðrÞ ¼ oðTf ðrÞÞ;ð3:10Þ

Nðr;St
f k ; f l ;nÞ ¼ oðTf ðrÞÞ; E1a ta 2nþ 2;ð3:11Þ

where fk; lgH f0; 1; 2g.
Assume that z is a zero of ð f ;HtÞ satisfying z B St

f k ; f l ;n
, Ek; l. Then

maxfnð f k ;HtÞðzÞ; nð f l ;HtÞðzÞgb n; Ek; l A f0; 1; 2g:
Therefore, there are at least two indices k; l ð0a k < la 2Þ such that
nð f k ;HtÞðzÞb n and nð f l ;HtÞðzÞb n. Hence

minfn; nð f 0;HtÞðzÞg þminfn; nð f l ;HtÞðzÞg þminfn; nð f 2;HtÞðzÞgb 2nþ 1:

This implies that

X2
k¼0

N
ðnÞ
ð f k ;HtÞðrÞb ð2nþ 1ÞN ð1Þ

ð f ;HtÞðrÞ þ oðTf ðrÞÞ:ð3:12Þ

Combining (3.11) and (3.12), we have

k 3ðnþ 1ÞN ð1Þ
ð f ;HtÞðrÞ ¼ 2

X2
k¼0

N
ðnÞ
ð f k ;HtÞðrÞ þ oðTf ðrÞÞ

b 2ð2nþ 1ÞN ð1Þ
ð f ;HtÞðrÞ þ oðTf ðrÞÞ:

Thus

k N
ð1Þ
ð f ;HtÞðrÞ ¼ oðTf ðrÞÞ; Et ¼ 1; . . . ; 2nþ 2:

By the second main theorem, we have

ðnþ 1ÞTf ðrÞa
X2nþ2

t¼1

N
ðnÞ
ð f ;HtÞðrÞ þ oðTf ðrÞÞa n

X2nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞ þ oðTf ðrÞÞ ¼ oðTf ðrÞÞ:

This is a contradiction. Therefore f 0, f 1, f 2 are not three distinct maps. The
lemma is proved. 9

Proposition 3.13. Let f and fHig2nþ2
i¼1 be as in Lemma 3.9. Let f 1 and

f 2 be two distinct maps in Gð f ; fHig2nþ2
i¼1 ; 1Þ. Assume that there exist two

indices 1a i < ja 2nþ 2 such that
ð f 1;HiÞ
ð f 1;HjÞ

¼ ð f 1;HiÞ
ð f 1;HjÞ

. Then k N
ð1Þ
ð f 1;HiÞðrÞ ¼

N
ð1Þ
ð f 1;HjÞðrÞ ¼ oðTf ðrÞÞ.
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Proof. Since
ð f 1;HiÞ
ð f 2;HjÞ

¼ ð f 1;HiÞ
ð f 2;HjÞ

, we have nð f 1;HiÞ ¼ nð f 2;HiÞ and nð f 1;HjÞ ¼

nð f 2;HjÞ. By changing the representations of f 1 and f 2, we may assume that
ð f 1;HiÞ ¼ ð f 2;HiÞ. This yields that ð f 1;HjÞ ¼ ð f 2;HjÞ. Since f 1 2 f 2, there
exits an index k ðk0 i; k0 jÞ such that

P ¼Def ð f 1;HiÞð f 2;HkÞ � ð f 1;HkÞð f 2;HiÞ ¼ ð f 1;HiÞðð f 1;HkÞ � ð f 2;HkÞÞ2 0:

By the assumption ð f 1;HtÞ ¼ ð f 2;HtÞ on 6q

l¼1
f �1ðHlÞnð f �1ðHiÞV f �1ðHjÞÞ,

1a ta q, we have

nPðzÞb nð f 1;HiÞðzÞ þminf1; nð f 1;HiÞgðzÞ þminfnð f 1;HkÞðzÞ; nð f 2;HkÞðzÞg

þ
Xq
t¼1
t0i;k

minf1; nð f 1;HtÞgðzÞ

b nð f 1;HiÞðzÞ þminf1; nð f 1;HiÞgðzÞ þminfn; nð f 1;HkÞðzÞg þminfn; nð f 2;HkÞðzÞg

� n minf1; nð f 1;HkÞðzÞg þ
Xq
t¼1
t0i;k

minf1; nð f 1;HtÞgðzÞ;

for all z A 6q

s¼1
f �1ðHsÞnð6s0t

f �1ðHsÞV f �1ðHtÞÞ. This implies that

k NPðrÞbNð f 1;HiÞðrÞ þN
ð1Þ
ð f 1;HiÞðrÞ þNn

ð f 1;HkÞðrÞ þNn
ð f 2;HkÞðrÞð3:14Þ

� nN
ð1Þ
ð f 1;HkÞðrÞ þ

Xq
t¼1
t0i; j

N
ð1Þ
ð f ;HtÞðrÞ þ oðTf ðrÞÞ

b
X
l¼1;2

ðNn
ð f l ;HkÞðrÞ þNn

ð f l ;HkÞðrÞ � ðnþ 1ÞN ð1Þ
ð f l ;HkÞðrÞÞ

þN
ð1Þ
ð f ;HiÞðrÞ þ

Xq
t¼1

N
ð1Þ
ð f ;HtÞðrÞ þ oðTf ðrÞÞ:

By Lemma 1.1 (iii), we have

k NPðrÞaTf 1ðrÞ þ Tf 2ðrÞð3:15Þ

¼
X
l¼1;2

ðNn
ð f l ;HkÞðrÞ þNn

ð f l ;HkÞðrÞ � ðnþ 1ÞN ð1Þ
ð f l ;HkÞðrÞÞ

þ
Xq
t¼1

N
ð1Þ
ð f ;HtÞðrÞ þ oðTf ðrÞÞ:

Combining (3.14) and (3.15), we have k N
ð1Þ
ð f ;HiÞðrÞ ¼ oðTf ðrÞÞ. Similarly, we also

have k N
ð1Þ
ð f ;HjÞðrÞ ¼ oðTf ðrÞÞ. The lemma is proved. 9
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Now for three mappings f 0; f 1; f 2 A Fð f ; fHjg2nþ2
j¼1 ; 1Þ, we set

F
ij
k ¼ ð f k;HiÞ

ð f k;HjÞ
ð0a ka 2; 1a i < ja 2nþ 2Þ:

For meromorphic functions F , G, H on Cm and a ¼ ða1; . . . ; amÞ A Zm
þ , we put

FaðF ;G;HÞ :¼ F � G �H �

1 1 1

1

F

1

G

1

H

Da 1

F

� �
Da 1

G

� �
Da 1

H

� �
�����������

�����������
Lemma 3.16. Let f 0, f 1, f 2 be three distinct maps in Gð f ; fHig2nþ2

i¼1 ; 1Þ.
Assume that there exist i; j A f1; 2; . . . ; qg ði0 jÞ such that Fa :¼ FaðF ij

0 ;F
ij
1 ;F

ij
2 Þ

1 0 for all jaj ¼ 1. Then the following assertions hold:

(i) k N
ð1Þ
ð f k ;HiÞðrÞ ¼

1

n
N

ðnÞ
ð f k ;HiÞðrÞ þ oðTf ðrÞÞ, Ek ¼ 0; 1; 2,

(ii) k 2
P

v¼i; j N
ð1Þ
ð f ;HvÞðrÞb

P2nþ2
v¼1 N

ð1Þ
ð f ;HvÞðrÞ þ oðTf ðrÞÞ,

(iii) k N
ðnÞ
ð f k ;HiÞðrÞ þN

ðnÞ
ð f l ;HiÞðrÞa

1

2
ðTf k ðrÞ þ Tf l ðrÞÞ þ oðTf ðrÞÞ:

Proof. (i) Since f 0, f 1, f 2 are three distinct maps, it follows from Lemma

3.9 and Lemma 3.13 that F
ij
0 2F

ij
1 2F

ij
2 2F

ij
0 . Then we have

FaðF ij
0 ;F

ij
1 ;F

ij
2 Þ ¼ 0 ,

1 1 1

F
ji
0 F

ji
1 F

ji
2

DaðF ji
0 Þ DaðF ji

1 Þ DaðF ji
2 Þ

�������
������� ¼ 0

, ðF ji
1 � F

ji
0 Þ �DaðF ji

2 � F
ji
0 Þ � ðF ji

2 � F
ji
0 Þ �DaðF ji

1 � F
ji
0 Þ ¼ 0

, Da F
ji
2 � F

ji
0

F
ji
1 � F

ji
0

 !
¼ 0:

Since the above assertions hold for each jaj ¼ 1, then there exists a constant
c A Cnf0; 1g such that

F
ji
2 � F

ji
0 ¼ cðF ji

1 � F
ji
0 Þ , ð1� cÞF ji

0 þ cF
ji
1 ¼ F

ji
2 :ð3:17Þ

By (3.17), it is easy to see that outside an analytic subset of codimb 2 of Cn we
have

nð f k ;HjÞðzÞbminfnð f l ;HjÞðzÞ; nð f t;HjÞðzÞg;
where fk; l; tg ¼ f0; 1; 2g:

Therefore, if z is a point of f �1ðHiÞnð6k0l
S i
f k ; f l ;n

Þ then

n ¼ nð f k ;HiÞðzÞ ¼ nð f l ;HiÞðzÞa nð f t;HiÞðzÞ;
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where ðk; l; tÞ is a permutation of ð0; 1; 2Þ. This implies that

k N
ðnÞ
ð f k ;HiÞðzÞ ¼ nN

ð1Þ
ð f k ;HiÞðzÞ þ oðTf ðrÞÞ; Ek ¼ 0; 1; 2:

Hence the first assertion is proved.
(ii) Consider the meromorphic mapping F : Cm ! P1ðCÞ with a reduced

representation F ¼ ðF ji
0 h : F ji

1 hÞ, where h is a meromorphic function on Cm.
We see that

TF ðrÞ ¼ T r;
F

ji
0

F
ji
1

 !
aTðr;F ji

0 Þ þ T r;
1

F
ji
1

 !
þOð1Þ

aTðr;F ji
0 Þ þ Tðr;F ji

1 Þ þOð1ÞaTf0ðrÞ þ Tf1ðrÞ þOð1Þ ¼ OðTf ðrÞÞ:
It is also clear that if z is a zero F

ji
t h ð0a ta 2Þ then z must be either zero of

ð f ;HiÞ or zero of ð f ;HjÞ. Therefore

N
ð1Þ
F

ji

0
h
ðrÞ þN

ð1Þ
F

ji

1
h
ðrÞ þN

ð1Þ
F

ji

2
h
ðrÞaN

ð1Þ
ð f ;HiÞðrÞ þN

ð1Þ
ð f ;HjÞðrÞ:ð3:18Þ

Applying the Second Main Theorem to the map F and the points fw0 ¼ 0g,
fw1 ¼ 0g, fð1� cÞw0 þ cw1 ¼ 0g in P1ðCÞ, we have

k TF ðrÞaN
ð1Þ
F

ji

0
h
ðrÞ þN

ð1Þ
F

ji

1
h
ðrÞ þN

ð1Þ
F

ji

2
h
ðrÞ þ oðTF ðrÞÞ

aN
ð1Þ
ð f ;HiÞðrÞ þN

ð1Þ
ð f ;HjÞðrÞ þ oðTf ðrÞÞ:

Applying the First Main Theorem to the map F and the hyperplane fw0 � w1

¼ 0g in P1ðCÞ, we have

TF ðrÞbNðF ji

0
�F

ji

1
ÞhðrÞb

X2nþ2

v¼1
v0i; j

N
ð1Þ
ð f ;HvÞðrÞ:

Thus

k 2ðN ð1Þ
ð f ;HiÞðrÞ þN

ð1Þ
ð f ;HjÞðrÞÞb

X2nþ2

v¼1
v0i; j

N
ð1Þ
ð f ;HvÞðrÞ þ oðTf ðrÞÞ:ð3:19Þ

Hence, the second assertion is proved.
(iii) By Lemma 3.8(ii) and by the Second Main Theorem, we have

k Tf k ðrÞ þ Tf l ðrÞ ¼ 2ðN ðnÞ
ð f k ;HiÞðrÞ þN

ðnÞ
ð f l ;HiÞðrÞ � ðnþ 1ÞN ð1Þ

ð f ;HiÞðrÞÞ

¼
X
v¼k; l

2N
ðnÞ
ð f v;HiÞðrÞ � ðnþ 1ÞN ð1Þ

ð f v;HiÞðrÞ þ
1

2

X2nþ2

t¼1

N
ð1Þ
ð f v;HtÞðrÞ

 !

þ oðTf ðrÞÞ

b
X
v¼k; l

n� 1

n
N

ðnÞ
ð f v;HiÞðrÞ þ

nþ 1

2n
Tf vðrÞ

� �
þ oðTf ðrÞÞ:
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Thus

k N
ðnÞ
ð f k ;HiÞðrÞ þN

ðnÞ
ð f l ;HiÞðrÞaTf k ðrÞ þ Tf l ðrÞ þ oðTf ðrÞÞ:

Hence the third assertion is proved. 9

Lemma 3.20. Let f 0, f 1, f 2 be three maps in Gð f ; fHigq
i¼1; 1Þ. Assume

that there exist i; j A f1; 2; . . . ; qg ði0 jÞ and jaj ¼ 1 such that Fa :¼ FaðF ij
0 ;F

ij
1 ;

F
ij
2 Þ2 0. Then, for each 0a ka 2, the following assertions hold

(i)
P2

k¼0 N
ðnÞ
ð f k ;HiÞðrÞ þ 2

Pq
t¼1
t0i; j

N
ð1Þ
ð f ;HtÞðrÞ � ð2nþ 1ÞN ð1Þ

ð f ;HiÞðrÞaNF aðrÞ,

(ii) NF aðrÞa
P2

k¼0 Tf k ðrÞ �
P2

k¼0 N
ðnÞ
ð f k ;HjÞðrÞ þ nN

ð1Þ
ð f ;HjÞðrÞ þ oðTf ðrÞÞ,

(iii) Moreover, if we assume further that FaðF ji
0 ;F

ji
1 ;F

ji
2 Þ2 0 for all jaj ¼ 1

then

2ðN ð1Þ
ð f ;HiÞðrÞ þN

ð1Þ
ð f ;HjÞðrÞÞb

X2nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞ þ oðTf ðrÞÞ:

Proof. (i) Denote by S the set of all singularities of f �1ðHtÞ ð1a ta qÞ.
Then S is an analytic subset of codimension at least two in Cm. We set

I ¼ S U 6
s0t

ð f �1ðHtÞV f �1ðHtÞÞ:

Then I is also an analytic subset of codimension at least two in Cm.
Assume that z0 is a zero point of ð f ;HtÞ with t B fi; jg and z0 B I . There

exists a holomorphic function h on an open neighborhood U of z0 such that
nh ¼ minf1; nð f ;HtÞg on U . Since jaj ¼ 1, we may write

FaðF ij
0 ;F

ij
1 ;F

ij
2 Þð3:21Þ

¼ F
ij
0 � F ij

1 � F ij
2 � ðF ji

0 � F
ji
1 Þ ðF ji

0 � F
ji
2 Þ

DaðF ji
0 � F

ji
1 Þ DaðF ji

0 � F
ji
2 Þ

�����
�����

¼ h2F
ij
0 � F ij

1 � F ij
2 � ðh�1ðF ji

0 � F
ji
1 ÞÞ ðh�1ðF ji

0 � F
ji
2 ÞÞ

Daðh�1ðF ji
0 � F

ji
1 ÞÞ Daðh�1ðF ji

0 � F
ji
2 ÞÞ

�����
�����:

This yields that

nF aðz0Þb 2 ¼ 2 minf1; nð f ;HtÞðz0Þg:ð3:22Þ

Now assume that z0 is a zero point of ð f ;HiÞ and z B I . Without loss of
generality, we may assume that nð f 0;HiÞðz0Þa nð f 1;HiÞðz0Þa nð f 2;HiÞðz0Þ. We may
write
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FaðF ij
0 ;F

ij
1 ;F

ij
2 Þ ¼ F

ij
0 � F ij

1 � F ij
2 � ðF ji

0 � F
ji
1 Þ ðF ji

0 � F
ji
2 Þ

DaðF ji
0 � F

ji
1 Þ DaðF ji

0 � F
ji
2 Þ

�����
�����ð3:23Þ

¼ F
ij
0 ½F

ij
1 ðF

ji
0 � F

ji
1 ÞF

ij
2 D

aððF ji
0 � F

ji
2 ÞÞ

� F
ij
2 ðF

ji
0 � F

ji
2 ÞF

ij
1 D

aððF ji
0 � F

ji
1 ÞÞ�:

It is easy to see that F
ij
0 ðF

ji
0 � F

ji
1 Þ and F

ij
2 ðF

ji
0 � F

ji
2 Þ are holomorphic on a

neighborhood of z0. We also have

ny
F

ij

2
D aðF ji

0
�F

ji

2
Þðz0Þa 1

and

ny
F

ij

1
D aðF ji

0
�F

ji

1
Þðz0Þa 1:

Therefore, equality (3.23) implies that

nF aðz0Þb nð f 0;HiÞðz0Þ � 1ð3:24Þ

b
X2
k¼0

minfn; nð f k ;HiÞðz0Þg � ð2nþ 1Þ minf1; nð f ;HiÞðz0Þg:

Integrating both sides of the above inequality, we obtain that

X2
k¼0

N
ðnÞ
ð f k ;HiÞðrÞ þ

Xq
t¼1
t0i; j

N
ð1Þ
ð f ;HtÞðrÞ � ð2nþ 1ÞN ð1Þ

ð f ;HiÞðrÞaNF aðrÞ:

The first assertion of the lemma is proved.
(ii) We now prove the second assertion of the lemma. We have

FaðF ij
0 ;F

ij
1 ;F

ij
2 Þ ¼ F

ij
0 � F ij

1 � F ij
2 �

1 1 1

F
ji
0 F

ji
1 F

ji
2

DaðF ji
0 Þ DaðF ji

1 Þ DaðF ji
2 Þ

�������
�������

¼
F

ij
0 F

ij
1 F

ij
2

1 1 1

F
ij
0 D

aðF ji
0 Þ F

ij
1 D

aðF ji
1 Þ F

ij
2 D

aðF ji
2 Þ

�������
�������

¼ F
ij
0

DaðF ji
2 Þ

F
ji
2

�DaðF ji
1 Þ

F
ji
1

 !
þ F

ij
1

DaðF ji
0 Þ

F
ji
0

�DaðF ji
2 Þ

F
ji
2

 !

þ F
ij
2

DaðF ji
1 Þ

F
ji
1

�DaðF ji
0 Þ

F
ji
0

 !
:

By the Logarithmic Derivative Lemma, it follows that
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mðr;FaÞa
X2
v¼0

mðr;F ij
v Þ þ 2

X2
v¼0

m
DaðF ji

v Þ
F

ji
v

� �
þOð1Þð3:25Þ

a
X2
v¼0

mðr;F ij
v Þ þ oðTf ðrÞÞ:

On the other hand, by (3.22) and (3.24), Fa is holomorphic at all zeros of
ð f ;HiÞ. Hence a zero of ð f ;HiÞ is not pole of Fa. Thus, a pole of Fa is a
zero of ð f ;HjÞ. Assume that z0 is a zero of ð f ;HjÞ, and z B I . Put d ¼
min0aka2fnð f k ;HjÞðzÞg. Choose a holomorphic function h on Cm with multi-
plicity d at z such that F

ji
0 ¼ h � j0, F

ji
1 ¼ h � j1, F

ji
2 ¼ h � j2, where jv are

meromorphic on Cm and holomorphic on a neighborhood of z. Then

FaðF ij
0 ;F

ij
1 ;F

ij
2 Þ ¼ F

ij
0 � F ij

1 � F ij
2 �

1 1 1

F
ji
0 F

ji
1 F

ji
2

DaðF ji
0 Þ DaðF ji

1 Þ DaðF ji
2 Þ

�������
�������

¼ F
ij
0 � F ij

1 � F ij
2 � F

ji
1 � F

ji
0 F

ji
2 � F

ji
0

DaðF ji
1 � F

ji
0 Þ DaðF ji

2 � F
ji
0 Þ

�����
�����

¼ F
ij
0 � F ij

1 � F ij
2 � h2 � j1 � j0 j2 � j0

Daðj1 � j0Þ Daðj2 � j0Þ

����
����

Hence z is a pole of Fa with multiplicity at most
P2

v¼0 nð f v;HjÞðzÞ � 2a.
We have

n1=F aðz0Þa
X2
k¼0

nð f k ;HjÞðz0Þ � 2d ¼
X2
k¼0

nð f k ;HjÞðz0Þ � 2 min
0aka2

fnð f k ;HjÞðz0Þgð3:26Þ

¼
X2
k¼0

nF ij

k

ðzÞ �
X2
k¼0

minfn; nð f k ;HjÞðz0Þg þ n minf1; nð f ;HjÞðz0Þg:

This yields that

N1=F aðrÞa
X2
k¼0

NF
ji

k

ðrÞ �
X2
k¼0

N
ðnÞ
ð f k ;HjÞðrÞ þ nN

ð1Þ
ð f ;HjÞðrÞ:ð3:27Þ

From (3.25) and (3.27) we get

NF aðrÞaTðr;FaÞ þOð1Þ ¼ mðr;FaÞ þN1=F aðrÞ þOð1Þ

a
X2
k¼0

ðmðr;F ij
k Þ þNF

ji

k

ðrÞÞ �
X2
k¼0

N
ðnÞ
ð f k ;HjÞðrÞ þ nN

ð1Þ
ð f ;HjÞðrÞ þ oðTf ðrÞÞ
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¼
X2
k¼0

Tðr;F ij
k Þ �

X2
k¼0

N
ðnÞ
ð f k ;HjÞðrÞ þ nN

ð1Þ
ð f ;HjÞðrÞ þ oðTf ðrÞÞ

a
X2
k¼0

Tf k ðrÞ �
X2
k¼0

N
ðnÞ
ð f k ;HjÞðrÞ þ nN

ð1Þ
ð f ;HjÞðrÞ þ oðTf ðrÞÞ:

This implies the second assertion of the lemma.
(iii) Now we assume that FaðF ji

0 ;F
ji
1 ;F

ji
2 Þ2 0. By the second assertion of

the lemma, we have

X2
k¼0

Tf k ðrÞb
X2
k¼0

ðN ðnÞ
ð f k ;HiÞðrÞ þN

ðnÞ
ð f k ;HjÞðrÞÞ þ 2

X2nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞ

� ð2nþ 3ÞN ð1Þ
ð f ;HiÞðrÞ � ðnþ 2ÞN ð1Þ

ð f ;HjÞðrÞ þ oðTf ðrÞÞ

and

X2
k¼0

Tf k ðrÞb
X2
k¼0

ðN ðnÞ
ð f k ;HiÞðrÞ þN

ðnÞ
ð f k ;HjÞðrÞÞ þ 2

X2nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞ

� ð2nþ 3ÞN ð1Þ
ð f ;HjÞðrÞ � ðnþ 2ÞN ð1Þ

ð f ;HiÞðrÞ þ oðTf ðrÞÞ:

Summing-up both sides of these above inequalities, we get

2
X2
k¼0

Tf k ðrÞb 2
X2
k¼0

ðN ðnÞ
ð f k ;HiÞðrÞ þN

ðnÞ
ð f k ;HjÞðrÞÞ þ 4

X2nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞð3:28Þ

� ð3nþ 5ÞN ð1Þ
ð f ;HiÞðrÞ � ð3nþ 5ÞN ð1Þ

ð f ;HjÞðrÞ þ oðTf ðrÞÞ

¼
X

0ak<la2

 X
v¼i; j

ðN ðnÞ
ð f k ;HvÞðrÞ þN

ðnÞ
ð f l ;HvÞðrÞ

� ðnþ 1ÞN ð1Þ
ð f ;HvÞÞ þ

X2nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞ

!

�
X
v¼i; j

2N
ð1Þ
ð f ;HvÞ þ

X2nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞ þ oðTf ðrÞÞ:

From Lemma 3.7(iv) and the inequality (3.28), it follows that

2
X2
k¼0

Tf k ðrÞb 2
X2
k¼0

Tf k ðrÞ � 2
X
v¼i; j

N
ð1Þ
ð f ;HvÞðrÞ þ

X2nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞ þ oðTf ðrÞÞ:
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Thus

2
X
v¼i; j

N
ð1Þ
ð f ;HvÞðrÞb

X2nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞ þ oðTf ðrÞÞ:

The third assertion is proved. 9

Proof of Theorem 1.1. Suppose that there exist three distinct maps f 0, f 1,
f 2 in Gð f ; fHig2nþ2

i¼1 ; 1Þ. By Lemma 3.16(ii) and Lemma 3.20(iii), we always
have

2ðN ð1Þ
ð f ;HiÞðrÞ þN

ð1Þ
ð f ;HjÞðrÞÞb

X2nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞ þ oðTf ðrÞÞ; E1a i < ja 2nþ 2:

Summing-up both sides of the above inequality over all 1a i < ja 2nþ 2, we
get

2ð2nþ 1Þ
X2nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞb ðnþ 1Þð2nþ 1Þ

X2nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞ þ oðTf ðrÞÞ:

Thus X2nþ2

t¼1

N
ð1Þ
ð f ;HtÞðrÞ ¼ oðTf ðrÞÞ:

By the Second Main Theorem, we have

k ðnþ 1ÞTf ðrÞa
X2nþ2

i¼1

N
ðnÞ
ð f ;HtÞðrÞ þ oðTf ðrÞÞ

a n
X2nþ2

i¼1

N
ð1Þ
ð f ;HtÞðrÞ þ oðTf ðrÞÞ ¼ oðTf ðrÞÞ:

This is a contradiction.
Hence aGð f ; fHig2nþ2

i¼1 ; 1Þa 2. We complete the proof of the theorem.
9

4. Meromorphic mappings and three families of hyperplanes

Let f 0, f 1, f 2 be three distinct meromorphic mappings of Cm into PnðCÞ.
Let fHk

i g
2nþ2
i¼1 ðk ¼ 0; 1; 2Þ be three families of hyperplanes of PnðCÞ in general

position. Each hyperplane Hk
i is given by

Hk
i ¼ ðo0 : � � � : onÞ

����Xn
v¼0

ak
ivov ¼ 0

( )
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Let f k ¼ ð f k
0 : � � � : f k

n Þ be a reduced representation of f k ðk ¼ 0; 1; 2Þ. We
set

ð f k;Hk
i Þ ¼

Xn
v¼0

ak
iv f

k
v :

In this section, we will prove a finiteness theorem for meromorphic mappings
with three families of hyperplanes as follows.

Theorem 4.1. Let f 0, f 1, f 2 and fHk
i g

2nþ2
i¼1 ðk ¼ 0; 1; 2Þ be as above.

Assume that f 0 is linearly nondegenerate and
(a) dimð f 0Þ�1ðH 0

i ÞV ð f 0Þ�1ðH 0
j Þam� 2 E1a i < ja 2nþ 2,

(b) ð f kÞ�1ðHk
i Þ ¼ ð f 0Þ�1ðHi

i Þ, for k ¼ 1; 2, and i ¼ 1; . . . ; 2nþ 2,

(c)
ð f k;Hk

v Þ
ð f k;Hk

j Þ
¼ ð f 0;H 0

v Þ
ð f 0;H 0

j Þ
on 62nþ2

i¼1
ð f 0Þ�1ðH 0

i Þnð f 0Þ�1ðH 0
j Þ, for 1a v; ja

2nþ 2:
If nb 2 then there exist two distinct indices t; l A f0; 1; 2g and a linearly projective
transformation L such that Lð f tÞ ¼ f l and LðHt

i Þ ¼ Hl
i for all i ¼ 1; . . . ; 2nþ 2:

Proof. Fix an index k A f1; 2g. Since Hk
1 ;H

k
2 ; . . . ;H

k
nþ1 are nþ 1 hyper-

planes in general position, we consider the linearly projective transformation Lk

of PnðCÞ is given by Lkððz0 : � � � : znÞÞ ¼ ðo0 : � � � : onÞ with

o0

..

.

on

0
B@

1
CA¼

b10 � � � b1n

..

.
� � � ..

.

bðnþ1Þ0 � � � bðnþ1Þn

0
B@

1
CA

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
B

z0

..

.

zn

0
B@

1
CA;

where

B ¼

a010 � � � a01n

..

.
� � � ..

.

a0ðnþ1Þ0 � � � a0ðnþ1Þn

0
BB@

1
CCA

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
A0

�1

�

ak
10 � � � ak

1n

..

.
� � � ..

.

ak
ðnþ1Þ0 � � � ak

ðnþ1Þn

0
BB@

1
CCA

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Ak

We set

ðcki0; . . . ; ckinÞ ¼ ðak
i0; . . . ; a

k
inÞ � B�1; for i ¼ 1; . . . ; 2nþ 2:

Since A0 � B ¼ Ak, then

ðcki0; . . . ; ckinÞ ¼ ða0i0; . . . ; a0inÞ; Ei ¼ 1; . . . ; nþ 1:

Suppose that there exists an index i0 A fnþ 2; . . . ; 2nþ 2g such that

ðcki00; . . . ; c
k
i0n
Þ0 ða0i00; . . . ; a

0
i0n
Þ:
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We consider the following function

F ¼
Xn
j¼0

ðcki0 j � a0i0 jÞ f
0
j :

Since f 0 is linearly nondegenerate, F is a nonzero meromorphic function on Cm.
For z A 62nþ2

i¼1
ð f 0Þ�1ðH 0

i ÞnIð f 0Þ, without loss of generality we may assume that
ð f 0;H 0

1 ÞðzÞ0 0, then

F ðzÞ ¼
Xn
j¼0

ðcki0 j � a0i0 jÞ f
0
j ðzÞ ¼ ðak

i00
; . . . ; ak

i0n
Þ � B�1ð f 0ÞðzÞ � ð f 0;H 0

i0
ÞðzÞ

¼ ðak
i00
; . . . ; ak

i0n
Þ � A�1

k � A0ð f 0ÞðzÞ � ð f 0;H 0
i0
ÞðzÞ

¼
ðak

i00
; . . . ; ak

i0n
Þ � A�1

k � A0ð f 0ÞðzÞ � ð f 0;H 0
i0
ÞðzÞ

ð f 0;H 0
1 ÞðzÞ

� ð f 0;H 0
1 ÞðzÞ

¼
ðak

i00
; . . . ; ak

i0n
Þ � A�1

k � Akð f kÞðzÞ � ð f k;Hk
i0
ÞðzÞ

ð f k;Hk
1 ÞðzÞ

� ð f 0;H 0
1 ÞðzÞ

¼
ðak

i00
; . . . ; ak

i0n
Þð f kÞðzÞ � ð f k;Hk

i0
ÞðzÞ

ð f k;Hk
1 ÞðzÞ

� ð f 0;H 0
1 ÞðzÞ

¼
ð f k;Hk

i0
ÞðzÞ � ð f k;Hk

i0
ÞðzÞ

ð f k;Hk
1 ÞðzÞ

� ð f 0;H 0
1 ÞðzÞ ¼ 0:

Therefore, it follows that

NF ðrÞb
X2nþ2

i¼1

N
ð1Þ
ð f 0;H 0

i
ÞðrÞ:

On the other hand, by Jensen formula we have that

NF ðrÞ ¼
ð
SðrÞ

logjFðzÞjhþOð1Þa
ð
SðrÞ

logk f 0ðzÞkhþOð1Þ ¼ Tf 0ðrÞ þ oðTf 0ðrÞÞ:

By using the Second Main Theorem, we obtain

k ðnþ 1ÞTf 0ðrÞa
X2nþ2

i¼1

N
ðnÞ
ð f 0;H 0

i
ÞðrÞ þ oðTf 0ðrÞÞ

a n
X2nþ2

i¼1

N
ð1Þ
ð f 0;H 0

i
ÞðrÞ þ oðTf 0ðrÞÞa nTf 0ðrÞ:

It implies that k Tf 0ðrÞ ¼ 0. This is a contradiction to the fact that f 0 is linearly
nondegenerate. Therefore we have

ðcki0; . . . ; ckinÞ ¼ ða0i0; . . . ; a0inÞ; Ei ¼ 1; . . . ; 2nþ 2:

Hence LkðHk
i Þ ¼ H 0

i for all i ¼ 1; . . . ; 2nþ 2:
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We set ~ff k ¼ Lkð f kÞ, k ¼ 1; 2. Then f 0, ~ff 1, ~ff 2 belong to
Gð f 0; fH 0

i g
2nþ2
i¼1 ; 1Þ. By Theorem 1.1, one of the following assertions holds

(i) f 0 ¼ ~ff 1, i.e. f 0 ¼ L1ð f 1Þ and L1ðH 1
i Þ ¼ H 0

i for all i ¼ 1; . . . ; 2nþ 2,
(ii) f 0 ¼ ~ff 2, i.e. f 0 ¼ L2ð f 2Þ and L2ðH 2

i Þ ¼ H 0
i for all i ¼ 1; . . . ; 2nþ 2,

(iii) ~ff 1 ¼ ~ff 2, i.e. f 1 ¼ ðL1Þ�1 �L2ð f 2Þ and ðL1Þ�1 �L2ðH 1
i Þ ¼ H 2

i for all
i ¼ 1; . . . ; 2nþ 2.

We complete the proof of the theorem. 9
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