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A GENERALIZATION OF MICHAEL FINITE DIMENSIONAL

SELECTION THEOREM

Adel A. George Michael

Abstract

In this paper we generalize the classical finite dimensional selection theorem due to

Michael [12, theorem 1.2] to the case where the target space is only a Hausdor¤ uniform

space. This also generalizes the zero-dimensional selection theorem of Fakhoury-Gieler

[7, 8]. The proof of this generalization utilizes an elegant construction due to Ageev.

The purpose of this paper is to generalize Michael finite dimensional
selection theorem [12, theorem 1.2] to the case of a Hausdor¤ uniform target
space. The following notations and definitions will be fixed throughout this
paper.

If E is a uniform space, we let UðEÞ be the basis of the filter of entourages
defining the uniformity of E that consists of the open symmetric entourages [4, II.5]
and where each such entourage is of the form V ¼ fðx; yÞ A E � E : f ðx; yÞ < ag
for some pseudo-metric f on E and for some a > 0 [5, IX.5, Theorem 1]. AJE
is said to be V -small where V A UðEÞ if A� AJV .

Let B0ðEÞ be the set of non-empty subsets of E. A family SJB0ðEÞ is
said to be equiuniformly-LCn if EV A UðEÞ, bW A UðEÞ such that for any
compact polyhedron K of dimensiona n [14, p. 142] and for any A A S and
any continuous map j : K ! A such that jðKÞ is W -small, then j extends to
a continuous map j 0 : ConðKÞ ! A such that j 0ðConðKÞÞ is V -small (where
ConðKÞ ¼ K � ½0; 1�=K � f1g is the cone over K with the quotient topology and
where K is identified to K � f0gJConðKÞ by the obvious map). Note that this
is the same concept as that of a uniformly equi-LCn family defined in [12], in
case of a metric E, but our terminology is more consistent with the theme of this
paper.

AJE is said to be Cn if any continuous map of a compact polyhedron of
dimensiona n into A extends to a continuous map of ConðKÞ into A. If A is
Cn for all A A SJB0ðEÞ, we say that S is Cn. In the above nb�1, where
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any SJB0ðEÞ is equiuniformly-LC�1 and C�1. SJB0ðEÞ is said to be
equimetrizable [7, 8] if there exists a filter basis U0 ¼ fVn : nb 1gJUðEÞ for a
coarser uniformity on E such that EU A UðEÞ, bmb 1 such that A� AVVm JU
for all A A S (the family S is then said to be U0 equimetrizable).

If X , E are topological spaces, a map j : X ! B0ðEÞ is said to be lower
semi-continuous (¼ l.s.c.) if for any U openJE, fx A X : jðxÞVU 0jg is open
in X . If AJX , a selection of j on A is a map g : A ! E such that gðaÞ A jðaÞ
for all a A A.

Our generalization of the Michael finite dimensional selection theorem [12,
theorem 1.2] is given by:

Main Theorem. Let E be a Hausdor¤ uniform space and let X be a
paracompact space and A closedJX such that dimðX mod AÞa nþ 1 [13, p. 50]
and let j : X ! B0ðEÞ be a l.s.c. map such that fjðxÞ : x A Xg is an equime-
trizable, equiuniformly-LCn family of complete subsets of E, and let g : A ! E be
a continuous selection of j on A. Then g extends to a continuous selection of j
on some open U KA. If jðxÞ is Cn for all x A X , we may take U ¼ X.

The proof of this theorem depends on the following three lemmas.

Lemma 1 [see 12, Lemma 11.1]. Let E be a uniform space and let S be
an equiuniformly-LCn JB0ðEÞ. Then EV A UðEÞ, bW A UðEÞ such that for all
A A S and any compact polyhedron X of dimensiona nþ 1 and for any continuous
map k : X ! WðAÞ, there exists a continuous map f : X ! A such that f ðxÞ A
VðkðxÞÞ for all x A X.

Proof. Let Z A UðEÞ such that Z2 JV . By induction using the equiuni-
formly-LCn property of S. bS A UðEÞ, SJZ such that for all A A S and any
finite simplicial complex K of dimensiona nþ 1 and for any map u : K 0 ! A
such that uðsVK 0Þ is S-small for all s A K , then u extends to a continuous map
v : K ! A such that vðsÞ is Z-small for all s A K .

Let W A UðEÞ such that W 3 JS and let X and k be as in the lemma.
Passing to a fine barycentric subdivision of X , we may assume that kðsÞ is
W -small Es A X . For all v A X 0 let f ðvÞ A A be such that kðvÞ A Wð f ðvÞÞ, then
f extends to a continuous map over X such that f ðsÞ is Z-small for all s A X .
For x A X , we have x A hv0; . . . ; vmi and f ðxÞ A Zð f ðv0ÞÞ, f ðv0Þ A Wðkðv0ÞÞ,
kðv0Þ A WðkðxÞÞ give f ðxÞ A VðkðxÞÞ as desired.

Lemma 2 [see 12, Lemma 11.2]. Let E be a locally convex topological
vector space ð¼ LCTVSÞ and let S be an equiuniformly-LCn JB0ðEÞ. Then
ER;T A UðEÞ, bM A UðEÞ depending on R, T and bS A UðEÞ depending only on R
such that if K is a compact polyhedron of dimensiona n and if A A S then any
continuous map k : K ! MðAÞ such that kðKÞ is S-small extends to a continuous
map k 0 : ConðKÞ ! TðAÞ such that k 0ðConðKÞÞ is R-small. If S is Cn, then for
R ¼ E � E, we may take S ¼ E � E.
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Proof. Let L A UðEÞ such that L3 JR. By the equiuniformly-LCn prop-
erty of S, there exists S A UðEÞ such that if K is a compact polyhedron of
dimensiona n and if A A S then any continuous map k : K ! A such that kðKÞ
is S3-small extends to a continuous map k 0 : ConðKÞ ! A such that k 0ðConðKÞÞ
is L-small.

Let Z A UðEÞ such that ZJT VS VL and Z ¼ fðx; yÞ A E : pðx� yÞ < 1g
where p is a continuous pseudonorm on E [6]. Now Z determines M A UðEÞ by
lemma 1 so that if K is a compact polyhedron of dimensiona n and if A A S
and if k : K ! MðAÞ is any continuous map such that kðKÞ is S-small then there
exists a continuous map f : K ! A such that f ðxÞ A ZðkðxÞÞ for all x A K . Note
that f ðKÞ is ZSZ-small or f ðKÞ is S3-small, hence f extends to a continuous
map f 0 : ConðKÞ ! A such that f 0ðConðKÞÞ is L-small.

Define k 0 : ConðKÞ ! E by k 0ðx; tÞ ¼ 2t: f ðxÞ þ ð1� 2tÞ:kðxÞ for 0a ta 1
2

and k 0ðx; tÞ ¼ f 0ðx; 2t� 1Þ for 1
2 a ta 1 so that k 0 is a continuous extension of k

and k 0ðConðKÞÞJZðAÞJTðAÞ and k 0ðConðKÞÞ is ZLZ-small, hence it is R-
small as desired.

Lemma 3 [see 12, Lemma 11.3 and 1, Lemma 2.8]. Let E be a uniform
space, V A UðEÞ, X be a topological space, j : X ! B0ðEÞ be a l.s.c. map and let
C compactJE. Then fx A X : CJVðjðxÞÞg is openJX.

Proof. Let x0 A X such that CJVðjðx0ÞÞ.

Claim. bS;W A UðEÞ such that SW JV and CJWðjðx0ÞÞ.

Proof of Claim. Let V ¼ fðx; yÞ A E � E : f ðx; yÞ < ag where f is a pseudo-
metric on E. The map C ! ½0; aÞ defined by z ! inff f ðz; yÞ : y A jðx0Þg is upper
semi-continuous [4, IV.30, Theorem 4]. Hence bz0 A C such that inff f ðz0; yÞ :
y A jðx0Þg ¼ supfinff f ðz; yÞ : y A jðx0Þg : z A Cg ¼ a0 < a [4, IV.30, Theorem 3].

Set W ¼ fðx; yÞ A E � E : f ðx; yÞ < 1
2 ðaþ a0Þg, S ¼ fðx; yÞ A E � E :

f ðx; yÞ < 1
2 ða� a0Þg. Clearly, these satisfy the requirements.

Let S;W A UðEÞ be as given by the above claim. There exists F finiteJC
such that CJSðF Þ. Also x0 A 7

z AFfx A X : jðxÞVWðzÞ0jg ¼ O openJX .

Hence CJSðF ÞJSW ðjðxÞÞJVðjðxÞÞ Ex A O.

This paper is divided into two sections. Section 1 is devoted to generalizing
Ageev construction [1] culminating in theorem 1.4. In section 2 we establish our
generalization of Michael finite dimensional selection theorem in theorem 2.2.

1. Ageev construction

The following notations and definitions will be adopted in this section.
Let X and E be topological spaces and let j : X ! B0ðEÞ be any map. The

graph of jð¼ GrðjÞÞ is defined by GrðjÞ ¼ fðx; yÞ A X � E : y A jðxÞg. A map
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F : X ! B0ðEÞ is called an (n-)step function from X to E if there exists
fAa : a A Ig locally finite open cover of X and Ka compact polyhedron (of
dimension n) for all a A I such that GrðFÞ ¼ 6fAa � Ka : a A Ig and we denote F
by fAagn fKag. In particular, F is called a contractible (n-)step function if Ka

is contractible for all a A I .
Let F1 ¼ fAagn fKag, F2 ¼ fBign fLig be two step functions from X to

E: F1 refines F2, denoted by F1 aF2, if for any a, there exists iðaÞ such that
Aa JBiðaÞ and Ka ¼ LiðaÞ, and F1 star refines F2, denoted by F1 a

� F2, if
Aa VBi 0j ) Ka JLi Ea, i. Note that if F1, F2, F3 are step functions from
X to E, then

(i) F1 aF2 or F1 a
� F2 ) F1ðxÞJF2ðxÞ Ex A X ,

(ii) F1 a
� F2 and F3 aF2 ) F1 a

� F3,
(iii) F1 a

� F2 and F2 a
� F3 ) F1 a

� F3.
Finally, we remark that if E is any infinite dimensional Hausdor¤ LCTVS

and if K is a compact polyhedron and if f : K ! E is a PL–embedding,
then PLEmbf ðConðKÞ;EÞ ¼ fg: g PL-embedding of ConðKÞ into E; gjK ¼ f g
is uniformly dense in Cf ðConðKÞ;EÞ ¼ fg: g continuous map of ConðKÞ into
E; gjK ¼ f g. Indeed PLf ðConðKÞ;EÞ ¼ fg: g PL-map of ConðKÞ into E; gjK
¼ f g is uniformly dense in Cf ðConðKÞ;EÞ by using barycentric subdivisions
[10, p. 91], and by a general position argument we get that PLEmbf ðConðKÞ;EÞ
is uniformly dense in PLf ðConðKÞ;EÞ [same argument as 10, p. 94].

The Ageev construction in [1] for the proof of the classical Michael finite
dimensional selection theorem is generalized in the following three lemmas.

Lemma 1.1 [see 1, Lemma 2.7þ Proposition 5.3]. Let E be a uniform space
and let W ;S A UðEÞ. Then for any paracompact space X and any l.s.c. map
j : X ! B0ðEÞ and for any continuous map k : X ! E such that kðxÞ A WðjðxÞÞ
for all x A X , there exists a contractible 0-step function F : X ! B0ðEÞ such that
FðxÞJSðjðxÞÞ, F ðxÞ is W 4-small and kðxÞ A W 2ðFðxÞÞ for all x A X.

Proof. Let b : X ! E be a selection of j such that kðxÞ A WðbðxÞÞ for each
x A X . For all x A X , let OðxÞ be an open neighborhood of x such that kðOðxÞÞ
is W -small and OðxÞ � fbðxÞgJGrðSðjÞÞ by lemma 3 (where SðjÞ is the map
X C z ! SðjðzÞÞ A B0ðEÞÞ. Let fAa : a A Ig be a locally finite open refinement
of fOðxÞ : x A Xg and let I C a ! xðaÞ A X be a refining map and let Ka ¼
fbðxðaÞÞg. Then F ¼ fAagn fKag is a contractible 0-step function from X to E
and F ðxÞ ¼ 6fKa : x A AagJSðjðxÞÞ. Note that

x A Aa JOðxðaÞÞ ) kðxÞ A WðkðxðaÞÞ and kðxðaÞÞ A WðbðxðaÞÞ

) kðxÞ A W 2ðF ðxÞÞ

So that if x A Aa VAb, then bðxðaÞÞ; bðxðbÞÞ A W 2ðkðxÞÞ, hence bðxðaÞÞ A
W 4ðbðxðbÞÞÞ and F ðxÞ is W 4-small as desired.
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Lemma 1.2 [see 1, Proposition 3.1þ Proposition 5.4]. Let E be an infinite
dimensional Hausdor¤ LCTVS and let S be an equiuniformly-LCn JB0ðEÞ.
Then ER;T A UðEÞ, bM A UðEÞ depending on R, T and bS A UðEÞ depending
only on R such that if X is a paracompact space and if j : X ! S is a l.s.c. map
and if Fk : X ! B0ðEÞ is a k-step function such that FkðxÞJMðjðxÞÞ and FkðxÞ
is S-small for all x A X , where 0a ka n, then there exists Fkþ1 : X ! B0ðEÞ,
a contractible k þ 1-step function such that Fkþ1ðxÞJTðjðxÞÞ and Fkþ1ðxÞ is
R2-small for all x A X , and Gk a

� Fkþ1 for some k-step function Gk where
Gk aFk. If S is Cn then for R ¼ E � E we may take S ¼ E � E.

Proof. For R;T A UðEÞ, let S;M A UðEÞ be as given by lemma 2. If
Fk ¼ fAagn fKag, then FkðxÞ ¼ 6fKa : x A Aag is a compact polyhedron [10,
p. 2] of dimension ka n. By lemma 2 and [4, II.31] FkðxÞ extends to an R-small
PL-embedding of ConðFkðxÞÞ in TðjðxÞÞ. We identify ConðFkðxÞÞ by its image
under this PL embedding.

By lemma 3 and the paracompactness of X [14, p. 70], there exists
fOðxÞ : x A Xg an open star refinement of fAag such that x A OðxÞ and
OðxÞ � ConðFkðxÞÞJGrðTðjÞÞ (where TðjÞ is the map X C z ! TðjðzÞÞ A
B0ðEÞÞ. Let fBbg be a locally finite open refinement of fOðxÞg and let
Bb JOðxbÞ and NðBb; fOðxÞgÞ ¼ 6fOðxÞ : OðxÞVBb 0jgJAaðbÞ.

Define Gk ¼ fBbgn fKaðbÞgaFk and Fkþ1 ¼ fBbgn fConðFkðxbÞÞg. Note
that

Bb VBs 0j ) OðxbÞVBs KBb VBs 0j

) xb A OðxbÞJNðBs; fOðxÞgÞJAaðsÞ

) ConðFkðxbÞÞKFkðxbÞ ¼ 6fKa : xb A AagKKaðsÞ

hence Gk a
� Fkþ1. Also, Fkþ1ðxÞ ¼ 6fConðFkðxbÞÞ : x A BbgJTðjðxÞÞ and

x A Bs ) EBb C x ConðFkðxbÞÞKKaðsÞ

) Fkþ1ðxÞ is R2-small:

Lemma 1.3 [see 1, Proposition 3.4]. Let X be a normal topological space of
covering dimensiona nþ 1 and let E be a topological space and let Gi : X !
B0ðEÞ be a contractible i-step function for 0a ia nþ 1 such that G0 a

� G1 a
� � � �

a� Gn a
� Gnþ1. Then Gnþ1 admits a continuous selection.

Proof. Let Gi ¼ fAaðiÞ : a A LðiÞgn fKaðiÞ : a A LðiÞg for 0a ia nþ 1.
Then there exists oi ¼ fWgðiÞ : g A Jg a discrete family of closed sets such that
oi refines fAaðiÞ : a A LðiÞg for 0a ia nþ 1 and o ¼ 6foi : 0a ia nþ 1g is a
locally finite closed covering of X [5, IX.107, Ex.27]. For each 0a ia nþ 1,
take aðgÞ A LðiÞ such that WgðiÞJAaðgÞðiÞ and put Xi ¼ 6fWgðiÞ : g A Jg.
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It su‰ces to construct by induction on 0a ka nþ 1, continuous maps
sk : 6fXi : 0a ia kg ! E such that skðWgðkÞÞJKaðgÞðkÞ for g A J, 0a ka n
and sk ¼ sk�1 on 6fXi : 0a ia k � 1g for 0 < ka n.

Define s0 : X0 ! E such that s0ðWgð0ÞÞ is an arbitrary point in KaðgÞð0Þ for
g A J. Assume that sj have been defined inductively satisfying hypotheses for
0a j < ka nþ 1. Note that for 0a j < k and g; b A J

WgðkÞVWbð jÞ0j ) KaðbÞð jÞJKaðgÞðkÞ

) sk�1ðWgðkÞVWbð jÞÞJKaðgÞðkÞ

so that sk�1ðWgðkÞVXjÞJKaðgÞðkÞ. Define sk : 6fXi : 0a ia kg ! E such that
sk ¼ sk�1 on 6fXi : 0a ia k � 1g and skjWgðkÞ to be any continuous extension

of sk�1jWgðkÞVð6fXi :0aiak�1gÞ : WgðkÞV ð6fXi : 0a ia k � 1gÞ ! KaðgÞðkÞ [9, p. 43,
p. 68].

As indicated in [1, p. 4374], a direct extension of these lemmas yields another
proof of the following Uspenskij’s theorem [15] for paracompact spaces with
property C.

[15, Theorem 1.3]: Let X be a paracompact space with property C.
Then any map j : X ! B0ðEÞ where E is a Hausdor¤ LCTVS space, GrðjÞ
openJX � E and jðxÞ contractible for all x A X admits a continuous selection.

Indeed, we may assume that E is infinite dimensional by replacing j, if
necessary, by the map X ! B0ðE � l2Þ defined by X C x ! jðxÞ � l2, where l2
is the Hilbert space. Using the facts that GrðjÞ openJX � E and jðxÞ
contractible for all x A X , we can construct inductively by the same methods
of lemma 1.1 and lemma 1.2, with no approximations required, a sequence
G0 a

� G1 a
� � � �a� Gn a

� � � � where Gi is a contactible i-step function with
GiðxÞJ jðxÞ for all x A X [1, lemma 2.7, Proposition 3.1, Proposition 4.1]. Us-
ing the property C, a continuous selection of j is established by the same method
of lemma 1.3 [1, Proposition 3.4].

Now we get the following theorem.

Theorem 1.4 [see 1, Theorem 5.1]. Let E be an infinite dimensional
Hausdor¤ LCTVS and let S be an equiuniformly-LCn JB0ðEÞ. Then ER A
UðEÞ, bW A UðEÞ such that if X is a paracompact space of covering dimension
a nþ 1 and if j : X ! S is a l.s.c. map and if k : X ! E is a continuous map
with kðxÞ A WðjðxÞÞ for all x A X , it follows that EV A UðEÞ there exists a
continuous map f : X ! E such that f ðxÞ A VðjðxÞÞVRðkðxÞÞ for all x A X. If
S is Cn then for R ¼ E � E we may take W ¼ E � E.

Proof. Let K A UðEÞ such that K 4 JR. By induction using lemma 1.2,
bM A UðEÞ depending on K , V and bS A UðEÞ depending only on K such that if
F0 : X ! B0ðEÞ is a contractible 0-step function such that F0ðxÞJMðjðxÞÞ and
F0ðxÞ is S-small for all x A X , then there exists Gk contractible k-step function
and Fkþ1 contractible k þ 1-step function such that Gk a

� Fkþ1, Gk aFk for
0a ka n, Fnþ1ðxÞJVðjðxÞÞ and Fnþ1ðxÞ is K 2-small for all x A X .
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Let W A UðEÞ such that W 3 JK and W 4 JS and let k : X ! E be
a continuous map with kðxÞ A WðjðxÞÞ for all x A X . Lemma 1.1 provides
F0 : X ! B0ðEÞ a contractible 0-step function such that F0ðxÞJMðjðxÞÞ and
F0ðxÞ is W 4-small (hence S-small) and with kðxÞ A W 2ðF0ðxÞÞ for all x A X .
Applying the above mentioned induction it follows that there exists Gi : X !
B0ðEÞ a contractible i-step function for 0a ia nþ 1 such that G0 a

� G1 a
� � � �

a� Gn a
� Gnþ1, Gnþ1ðxÞJVðjðxÞÞ and Gnþ1ðxÞ is K 2-small and with kðxÞ A

W 6ðG0ðxÞÞ for all x A X . Now lemma 1.3 shows that there exists a continuous
map f : X ! E such that f ðxÞ A Gnþ1ðxÞJVðjðxÞÞ for all x A X . Note that
kðxÞ A W 6ðG0ðxÞÞ, G0 a

� Gnþ1 and Gnþ1ðxÞ is K 2-small give kðxÞ A K 4ð f ðxÞÞJ
Rð f ðxÞÞ as desired.

2. Main theorem

The following convergence theorem is all what we need to establish our main
theorem.

Theorem 2.1. Let E be a Hausdor¤ uniform space and let S be an
equimetrizable, equiuniformly-LCn family of complete subsets of E. Then ER A
UðEÞ, bW A UðEÞ such that if X is a paracompact space of covering dimension
a nþ 1 and if j : X ! S is a l.s.c. map and if k : X ! E is a continuous map
with kðxÞ A WðjðxÞÞ for all x A X , it follows that there exists a continuous selection
f : X ! E of j such that f ðxÞ A RðkðxÞÞ for all x A X. If S is Cn then for
R ¼ E � E we may take W ¼ E � E.

Proof. By [3] we may assume that E is an infinite dimensional Hausdor¤
LCTVS. Let U0 ¼ fVn : nb 1gJUðEÞ be a filter basis such that ðVnþ1Þ2 JVn

for all nb 1 and S is U0 equimetrizable. Let K A UðEÞ such that K 3 JR and
let kb 0 such that A� AV ðVkÞ4 JK for all A A S where V0 ¼ E.

By theorem 1.4, for all nb 0 Vnþk VK A UðEÞ defines Wn A UðEÞ, Wn J
Vnþk VK . Set W ¼ W0. Again theorem 1.4 defines inductively for all nb 0
continuous maps fn : X ! E such that f0 ¼ k and fnþ1ðxÞ A Wnþ1ðjðxÞÞV
ðVnþk VKð fnðxÞÞÞ for all nb 0.

Note that j0 jðxÞV ðVnþkð fnþ1ðxÞÞÞJ jðxÞV ðVnþk�1ð fnðxÞÞÞ for all nb 1
and since jðxÞ is complete, we get j07fðjðxÞV ðVnþk�1ð fnðxÞÞÞÞ� : nb 1g
and since S is U0 equimetrizable, we get 7fðjðxÞV ðVnþk�1ð fnðxÞÞÞÞ� : nb 1g
¼ f f ðxÞg for all x A X . We have f ðxÞ A ðVkð f1ðxÞÞÞÞ� J ðVkÞ�ð f1ðxÞÞJ
ðVkÞ3ð f1ðxÞÞ [4, II.4, Proposition 2]. Also, f1ðxÞ A W1ðjðxÞÞJVkþ1 VKðjðxÞÞ
shows that there exists zðxÞ A jðxÞ, ðzðxÞ; f1ðxÞÞ A K such that ðzðxÞ; f ðxÞÞ A
ðjðxÞ � jðxÞÞV ðVkÞ4 JK so that f ðxÞ A K 3ðkðxÞÞJRðkðxÞÞ.

To establish the continuity of f , let x0 A X and let U ;M A UðEÞ such that

M 2 JU and let mb 1 such that ðjðxÞ � jðxÞÞV ðVmþkÞ6 JM for all x A X .
Note that x0 A O ¼ fx A X : ðjðxÞV ðVmþkð fmþ1ðxÞÞÞÞ� VMð f ðx0ÞÞ0jg open
[11, proposition 2.3þ proposition 2.5] so that

470 adel a. george michael



x A O ) ba A ðjðxÞV ðVmþkð fmþ1ðxÞÞÞÞ� VMð f ðx0ÞÞ; therefore

ða; f ðxÞÞ A ðjðxÞ � jðxÞÞV ðVmþkÞ6 JM

) f ðxÞ A M 2ð f ðx0ÞÞJUð f ðx0ÞÞ:

Now we can establish our main theorem.

Theorem 2.2. Let E be a Hausdor¤ uniform space, X a paracompact space,
A closedJX with dimðX mod AÞa nþ 1, j : X ! B0ðEÞ l.s.c. map such that
fjðxÞ : x A XnAg is an equimetrizable, equiuniformly-LCn family of complete
subsets of E and let g : A ! E be a continuous selection of j. Then there exists
U open KA and a continuous selection of j on U extending g. If fjðxÞ : x A Xg
is Cn then we may take U ¼ X.

Proof. By [3] we may assume that E is an infinite dimensional Hausdor¤
LCTVS which is the product of Banach spaces [6]. Let G : X ! E be any
continuous extension of g [2, theorem 4.1]. Note that S ¼ fjðxÞ : x A XnAgU
ffzg : z A Eg is an equimetrizable, equiuniformly-LCn family of complete subsets
of E. Let U0 ¼ fVn : nb 1gJUðEÞ be a filter basis such that ðVnþ1Þ2 JVn for
all nb 1 and S is U0 equimetrizable. Define c : X ! B0ðEÞ by cðxÞ ¼ gðxÞ for
x A A and cðxÞ ¼ jðxÞ for x B A, then c is l.s.c. [11, example 1.3*].

By theorem 2.1, for all ib 0, Vi defines Wi A UðEÞ, Wi JVi, ðWiþ1Þ� JWi

where V0 ¼ E � E. Again by theorem 2.1, for all ib 0, Wi defines Zi A
UðEÞ, Zi JWi, ðZiþ1Þ� JZi. We have AJUi ¼ fx A X : GðxÞ A ZiðcðxÞÞg ¼
fx A X : cðxÞVZiðGðxÞÞ0jg open [11, proposition 2.5]. Observe that if x A
7fUi : ib 1g then 7fcðxÞVZiðGðxÞÞ : ib 1g ¼ faðxÞg for some aðxÞ A E and
aðxÞ ¼ gðxÞ for all x A A. Define, for all ib 0, AJOi openJ ðOiÞ� JUi,
ðOiþ1Þ� JOi. If fjðxÞ : x A Xg is Cn then we may take U0 ¼ O0 ¼ E.

Theorem 2.1 defines, for all ib 0, hi : ðOiÞ�nOi ! E a continuous selection
of j such that hiðxÞ A WiðGðxÞÞ. Again, theorem 2.1 defines, for all ib 0 using
[11, example 1.3*], gi : ðOiÞ�nOiþ1 ! E a continuous selection of j such that
gi ¼ hi on ðOiÞ�nOi, gi ¼ hiþ1 on ðOiþ1Þ�nOiþ1 and giðxÞ A ViðGðxÞÞ.

Set U ¼ O0, then ðO0Þ� ¼ 6fðOiÞ�nOiþ1 : ib 0gU ð7fðOiÞ� : ib 0gÞ.
Define f : U ! E by f ðxÞ ¼ giðxÞ if x A U V ððOiÞ�nOiþ1Þ for some ib 0 and
f ðxÞ ¼ aðxÞ where faðxÞg ¼ 7fcðxÞVZiðGðxÞÞ : ib 1g if x A 7fðOiÞ� : ib 0g.
Clearly f is a selection of c and f is continuous on U V ð6fðOiÞ�nOiþ1 : ib 0gÞ.
If x0 A 7fðOiÞ� : ib 0gÞ ¼ 7fOi : ib 0g and if R A UðEÞ, then there exists
mb 1 such that ðjðxÞ � jðxÞÞV ðVmÞ4 JK for all x A XnA where K A UðEÞ,
K 2 JR. Note that x0 A O ¼ fx A X : jðxÞV ðK VVmðaðx0ÞÞÞ0jgV fx A X :
GðxÞ A VmðGðx0ÞÞgVOm open. If x A O, let c A jðxÞV ðK VVmðaðx0ÞÞÞ. Then
ðc; aðx0ÞÞ A K VVm, ð f ðxÞ;GðxÞÞ A Vm, ðGðxÞ;Gðx0ÞÞ A Vm; ðGðx0Þ; aðx0ÞÞ A Zm.

Therefore, ðc; f ðxÞÞ A ðjðxÞ � jðxÞÞV ðVmÞ4 JK . Hence, f ðxÞ A K 2ðaðx0ÞÞJ
Rð f ðx0ÞÞ.
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We have the following generalization of Fahkoury-Gieler theorem [7, 8].

Corollary 2.3. Let E be a Hausdor¤ uniform space, X a paracompact
space, A closedJX with dimðX mod AÞ ¼ 0, j : X ! B0ðEÞ l.s.c. map such that
fjðxÞ : x A XnAg is an equimetrizable family of complete subsets of E and let
g : A ! E be a continuous selection of j. Then g extends to a continuous selec-
tion of j over X.

Proof. Put n ¼ �1 in theorem 2.2.

The following corollary generalizes [12, Corollary 1.3].

Corollary 2.4. Let G be a Hausdor¤ topological group and let H be
a complete metrizable LCn subgroup of G such that G=H is paracompact and
dim G=Ha nþ 1. Then the canonical map p : G ! G=H is a locally trivial
fibration.

Proof. We consider the left uniform structure on G, then S ¼ fgH : g A Gg
is an equimetrizable, equiuniformly-LCn [12, Example 2.6] family of complete
subsets of G and j : G=H ! B0ðGÞ defined by jðxÞ ¼ p�1ðxÞ for all x A G=H is
l.s.c. [11, Example 1.1*], hence p admits a local cross section by theorem 2.2 and
therefore it is a locally trivial fibration.

Similarly we can establish the following corollary.

Corollary 2.5. Let G be a Hausdor¤ topological group and let H be
a complete metrizable LCy and Cy subgroup of G. Then the canonical map
p : G ! G=H is a Serre fibration.
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