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HOMOTOPY GROUPS OF THE SPACE OF SELF

MAPS OF THE PROJECTIVE 3-SPACE

Katsumi Ōshima

Abstract

We compute the homotopy groups of the space of self maps of the 3 dimensional

projective space.

1. Introduction

For spaces X and Y with base points, we denote by map�ðX ;YÞ the space of
maps from X to Y preserving base points. We take the trivial map 0 as the base
point of map�ðX ;YÞ. Homotopical properties of map�ðX ;YÞ have long been
studied in algebraic topology. In the recent decade, several people have been
interested in the case where X is a Lie group and X ¼ Y [6, 7, 8, 13, 14, 15, 16].

In the present note, we study the case X ¼ Y ¼ SOð3Þ ¼ P3 and we compute the
homotopy groups pnðmap�ðP3;P3ÞÞ for na 20, where P3 is the 3-dimensional
projective space. As an application to our computations we know pnðautðP3ÞÞ
for na 20, where autðP3Þ is the space of self homotopy equivalences of P3.
Results will be given in the section 2, and proofs will be given in sections 3, 4
and 5.

I would like to thank Professor Ōshima for his help and support which made
me go on with this work.

2. Results

The groups pnðmap�ðP3;P3ÞÞ for n ¼ 0; 1; 3 are well-known (cf. (3.1) below):

pnðmap�ðP3;P3ÞÞð2:1Þ

G

Z n ¼ 0 ð½12; Theorem IIa� or ½8; Proposition 4:1�Þ
ðZ2Þ2 n ¼ 1 ð½3; ð9:1:3Þ� or ½6; Lemma 7:3�Þ
ðZ4Þ2 lZ3 n ¼ 3 ð½17; Corollary 5� or ½15; Lemma 2:1ð6Þ�Þ
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Here Zk denotes the cyclic group of order k and ðZkÞm is the direct sum of m
copies of Zk. We denote by Zkfxg the cyclic group of order k generated by x.
We write ðZkÞmfx1; . . . ; xmg ¼ Zkfx1gl � � �lZkfxmg.

We work in the category of spaces with base points, unless otherwise
stated. The base point is denoted by �. We do not distinguish in notation
between a map and its homotopy class. We denote the suspension functor by E,
that is, EnX ¼ X5Sn and Enf : EnX ! EnY are the n-fold suspensions of a
space X and a map f : X ! Y , respectively. For spaces X and Y , we denote
the set of homotopy classes of maps from X to Y by ½X ;Y �, that is, ½X ;Y � ¼
p0ðmap�ðX ;Y ÞÞ. We follow notations of [18] for elements of homotopy groups
of spheres. Given a map g : Sm ! Sn such that 2gF 0, let g : Sm U2im e

mþ1 ! Sn

denote an extension of g, that is, g ¼ g on Sm, where Sm U2im e
mþ1 is the mapping

cone of 2im. We should be careful not to confuse Toda’s elements en (resp. mn)
with extensions en (resp. mn) of Toda’s elements en (resp. mn). We set

Gn ¼ ½Snþ1 U2inþ1 e
nþ2; S3� ðnb 0Þ:

Notice that Gn is a finite abelian group and EnðS1 U2i1 e
2Þ ¼ Snþ1 U2inþ1 e

nþ2. We
will prove the following assertion in §3.

Proposition 2.1. pnðmap�ðP3;P3ÞÞGGn l pnþ3ðS3Þ.

We refer pnþ3ðS3Þ for na 20 to [18, 9] (cf. Lemma 4.1(2) below).
In order to compute Gn, we use the following cofibre sequence

Snþ2  ����2inþ2
Snþ2  ���qn

Snþ1 U2inþ1 e
nþ2  ���in

Snþ1  ���2inþ1
Snþ1:ð2:2Þ

Our main result is the following theorem which will be proved in §4.

Theorem 2.2.

n 0 1 2 3 4 5

Gn 0 Z2 Z2 Z4 ðZ2Þ2 ðZ2Þ2

generators q1 q�2h3 h3 q�4n
0; h3h4 q�5 ðn 0h6Þ; h23h5

relations 2h3 ¼ q�3h
2
3

6 7 8 9 10 11

Z4 Z2 0 Z2 Z2 lZ4 ðZ2Þ2 lZ4

n 0h6 n 0h6h7 q�9 e3 q�10m3; e3 q�11e
0; e3h11; m3

2ðn 0h6Þ ¼ q�6 ðn 0h26Þ 2e3 ¼ q�10ðh3e4Þ 2m3 ¼ q�11ðh3m4Þ
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12 13

ðZ2Þ5 ðZ2Þ3 lZ4

q�12m
0; q�12ðe3n11Þ; q�12ðn 0e6Þ; e3h11h12; m3h12 q�13ðn 0m6Þ; m3h12h13; e3n11; e 0h13

2ðe 0h13Þ ¼ q�13ðn 0h6e7Þ

14 15 16 17

Z2 lZ4 ðZ2Þ2 ðZ2Þ2 Z2 lZ4

n 0h6e7; n
0m6 q�15ðe3n211Þ; n 0h6m7 q�16e3; e3n

2
11 q�17ðm3s12Þ; e3

2ðn 0m6Þ ¼ q�14ðn 0h6m7Þ 2e3 ¼ q�17ðh3e4Þ

18 19

ðZ2Þ3 lZ4 ðZ2Þ4 lZ4

q�18e
0; q�18m3; e3h18; m3s12 q�19ðm 0s14Þ; q�19ðn 0e6Þ; e3h18h19; m3s12h19; m3

2m3s12 ¼ q�18ðh3m4s13Þ 2m3 ¼ q�19ðh3m4Þ

20 21

ðZ2Þ5 ðZ2Þ2 lZ4

q�20m
0; q�20ðn 0m6s15Þ; m3s12h19h20; n 0e6; h3m4 q�21ðn 0m6Þ; h23m5; n 0m6s15

2ðn 0m6s15Þ ¼ q�21ðn 0h6m7s16Þ

Here we have used the following notations: hn ¼ En�3h3, en ¼ En�3e3, mn ¼
En�3m3, en ¼ En�3e3, mn ¼ En�3m3 and mnsnþ12 ¼ En�3m3s12 for nb 4.

Rees [17, Corollary 5] determined G3 by methods di¤erent with ours. By
Proposition 2.1, Theorem 2.2 and [18, 9], we readily have

Corollary 2.3.

n 0 1 2 3 4 5 6

pnðmap�ðP3;P3ÞÞ Z ðZ2Þ2 ðZ2Þ2 ðZ4Þ2 lZ3 ðZ2Þ3 ðZ2Þ3 Z4 lZ3

7 8 9 10 11 12

Z2 lZ3 lZ5 Z2 ðZ2Þ3 ðZ2Þ2 l ðZ4Þ2 lZ3 ðZ2Þ4 l ðZ4Þ2 lZ3 lZ7 ðZ2Þ7
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13 14 15 16

ðZ2Þ4 lZ4 lZ3 ðZ2Þ2 lZ4 lZ3 lZ5 ðZ2Þ3 lZ3 lZ5 ðZ2Þ4 lZ3

17 18 19 20

ðZ2Þ3 l ðZ4Þ2 lZ3 ðZ2Þ5 l ðZ4Þ2 lZ3 ðZ2Þ5 l ðZ4Þ2 lZ3 lZ11 ðZ2Þ7

Let autðX Þ denote the space of self homotopy equivalences of X which are
not necessarily preserving the base point, and aut�ðX Þ the space of based self
homotopy equivalences. Then aut�ðX Þ is a submonoid of the monoid autðX Þ
whose operation is the composition. By [12, Theorem IIa, Theorem IIb] or [1,
Corollary 6], we have p0ðaut�ðP3ÞÞG p0ðautðP3ÞÞGZ2. The following assertion
will be proved in §5.

Proposition 2.4. If nb 1, then pnðaut�ðP3ÞÞGGn l pnþ3ðS3Þ and

pnðautðP3ÞÞGGn l pnþ3ðS3Þl pnðP3Þ.

3. Proof of Proposition 2.1

As is well-known, we have P3 ¼ S1 U2i1 e
2 U e3 and

pnðmap�ðP3;P3ÞÞG ½P35Sn;P3�:ð3:1Þ

It follows from (2.1) that the assertion of Proposition 2.1 is true for n ¼ 0; 1. By
[4, (3.1)] (or [2]), we have P35Sn F ðSnþ1 U2inþ1 e

nþ2Þ4Snþ3 for nb 2. Therefore

pnðmap�ðP3;P3ÞÞG ½Snþ1 U2inþ1 e
nþ2;P3�l pnþ3ðP3Þ if nb 2:

The covering map p : S3 ! P3 induces isomorphisms Gn G ½Snþ1 U2inþ1 e
nþ2;P3�

for nb 1 and pnþ3ðS3ÞG pnþ3ðP3Þ for nb 0. Hence we have Proposition 2.1 for
nb 2. This completes the proof of Proposition 2.1.

4. Proof of Theorem 2.2

Let pkðS3; 2Þ be p3ðS3Þ if k ¼ 3 and the 2-primary subgroup of pkðS3Þ if
k0 3.

By applying the cohomotopy functor ½ ; S3� to the cofibre sequence (2.2), we
have the following exact sequence of abelian groups.

pnþ2ðS3Þ ����!ð�2inþ2Þ�
pnþ2ðS3Þ ����!q �n

Gn ����!i �n
pnþ1ðS3Þ ����!ð2inþ1Þ�

pnþ1ðS3Þ:

Since ð2ikÞ� : pkðS3Þ ! pkðS3Þ is the multiplication by 2, ð�2ikÞ� ¼ ð2ikÞ�ð�ikÞ� ¼
�ð2ikÞ� and ð�2ÞpkðS3Þ ¼ 2pkðS3Þ, it follows that the above exact sequence
induces the following two exact sequences.
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pnþ2ðS3Þ !2 pnþ2ðS3Þ !
q �n

Gn !
i �n fb A pnþ1ðS3Þ j 2b ¼ 0g ! 0;ð4:1Þ

pnþ2ðS3; 2Þ !2 pnþ2ðS3; 2Þ !
q�n

Gn !
i �n fb A pnþ1ðS3; 2Þ j 2b ¼ 0g ! 0:ð4:2Þ

We will use the following known results.

Lemma 4.1. (1) ([10, (2.3)]). For every n, the suspension E : pnðS3Þ !
pnþ1ðS4Þ is an isomorphism onto a direct summand, that is, there is a
homomorphism jn : pnþ1ðS4Þ ! pnðS3Þ such that jn � E is the identity.

(2) ([18, 9]). We have the following table:

n 1; 2 3 4 5 6 7 8 9; 10 11 12 13

pnðS3; 2Þ 0 Z Z2 Z2 Z4 Z2 Z2 0 Z2 ðZ2Þ2 Z2 lZ4

generator i3 h3 h23 n 0 n 0h6 n 0h26 e3 m3; h3e4 h3m4; e
0

14 15 16 17 18 19 20

ðZ2Þ2 lZ4 ðZ2Þ2 Z2 Z2 Z2 ðZ2Þ2 ðZ2Þ2 lZ4

e3n11; n
0e6; m

0 n 0m6; n
0h6e7 n 0h6m7 e3n

2
11 e3 m3s12; h3e4 m3; h3m4s13; e

0

21 22 23

ðZ2Þ2 lZ4 Z2 lZ4 ðZ2Þ2

n 0e6; h3m4; m
0s14 n 0m6s15; m

0 n 0m6; n
0h6m7s16

For each n, we can write fb A pnþ1ðS3; 2Þ j 2b ¼ 0g ¼ ðZ2Þmfy1; . . . ; ymg with
mb 0 and pnþ2ðS3; 2Þ ¼ Z2k1fx1gl � � �lZ2kl fxlg with lb 0 and ki b 1 for
every ia l. Hence (4.2) induces the following exact sequence:

0! ðZ2Þ lfq�n ðx1Þ; . . . ; q�n ðxlÞg !
H

Gn !
i �n ðZ2Þmfy1; . . . ; ymg ! 0:ð4:3Þ

The following result can be proved easily. So we omit its proof.

Lemma 4.2. (1) If 2yj ¼ 0 for all j in (4.3), then

Gn ¼ ðZ2Þ lþmfq�n ðx1Þ; . . . ; q�n ðxlÞ; y1; . . . ; ymg:

(2) If 2yj ¼ 0 for all j < m and 2ym ¼ q�n ðxlÞ in (4.3), then

Gn ¼ ðZ2Þ lþm�2fq�n ðx1Þ; . . . ; q�n ðxl�1Þ; y1; . . . ; ym�1glZ4fymg:

In order to determine the group extension of (4.3), we will compute
2yj ð1a jamÞ by using the following two lemmas.
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Lemma 4.3. (1) ([18]). pnþ4ðSn; 2Þ ¼ 0 for nb 6, pnþ5ðSn; 2Þ ¼ 0 for nb 7,
pnþ6ðSn; 2Þ ¼ Z2fn2ng for nb 5, 2n 0 ¼ h33 , 4n5 ¼ h35 , h10s11 ¼ s10h17,
h3e4 ¼ e3h11, 2e

0 ¼ h23e5, 2m
0 ¼ h23m5, n

0e6 ¼ e 0h13, h3e4 ¼ e3h18 ¼ e23 ¼ e3n11,
2e 0 ¼ h23e5, 2m

0 ¼ h23m5.
(2) ([11]). h3m4 ¼ m3h12, n 0m6 ¼ m 0h14, n 0e6 ¼ e3n18, h3m4 ¼ m3h20.

Proof. By Propositions 5.8 and 5.9, (5.3), (5.5), (7.5), (7.7), (7.12), Lemmas
6.4, 6.6, 12.3, 12.4 and 12.10 of [18], we have (1). We have (2) from Proposition
(2.2)(2),(4) and Proposition (2.17)(4),(10) of [11] which were proved by standard
methods of [18]. r

Lemma 4.4. If b A pnþ1ðS3; 2Þ is of order 2, then every b A ½Snþ1 U2inþ1
enþ2; S3� satisfies 2b ¼ q�n ðb � hnþ1Þ.

Proof. Take x A f2i3; b; 2inþ1g0 arbitrarily, where fg;Ekd;Ekegk is the Toda
bracket [18]. Then f2i3; b; 2inþ1g0 ¼ xþ 2pnþ2ðS3Þ and

2b ¼ 2i3 � b A f2i3; b; 2inþ1g0 � qn ðby ½18; Proposition 1:9�Þ
¼ fq�n ðxÞg ðby ð4:1ÞÞ;

that is, 2b ¼ q�n ðxÞ. We have

Ex A Ef2i3; b; 2inþ1g0 H�f2i4;Eb; 2inþ2g1 ðby ½18; Proposition 1:3�Þ

¼ Eðbhnþ1Þ þ 2pnþ3ðS4Þ ðby ½18; Corollary 3:7�Þ:

Hence there exists y A pnþ3ðS4Þ such that Ex ¼ Eðbhnþ1Þ þ 2y, that is,
Eðx� bhnþ1Þ ¼ 2y. We have x� bhnþ1 ¼ jnþ2Eðx� bhnþ1Þ ¼ 2jnþ2ðyÞ A
2pnþ2ðS3Þ by Lemma 4.1(1) and so q�n ðx� bhnþ1Þ ¼ 0 by (4.1). Therefore
q�n ðxÞ ¼ q�n ðbhnþ1Þ. Thus 2b ¼ q�n ðbhnþ1Þ. This completes the proof. r

4.1. Gn for n ¼ 0; 1; 2; 7; 8; 9. By (4.3) and Lemma 4.1(2), we obtain the
results.

4.2. G3. By (4.3) and Lemma 4.1(2), we have the following exact se-
quence:

0! Z2fq�3 ðh23Þg !
H

G3 !
i �
3
Z2fh3g ! 0:

By setting b ¼ h3 in Lemma 4.4, we have

2h3 ¼ q�3 ðh23Þ:ð4:4Þ

Hence we have the result by Lemma 4.2(2). From now on, we will denote Enh3
by hnþ3.
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4.3. Gn for n ¼ 4; 15; 16. By (4.3) and Lemma 4.1(2), we have the fol-
lowing exact sequence:

0! Z2fq�4n 0g !
H

G4 !
i �
4
Z2fh23g ! 0:

Since i�4 ðh3h4Þ ¼ h23 and 2ðh3h4Þ ¼ ð2h3Þh4 ¼ 0, we obtain the result for n ¼ 4 by
Lemma 4.2(1). By similar reason, we obtain the results for n ¼ 15; 16.

4.4. G5. By (4.3) and Lemma 4.1(2), we have the following exact se-
quence:

0! Z2fq�5 ðn 0h6Þg !
H

G5 !
i �
5
Z2f2n 0g ! 0:

Since i�5 ðh23h5Þ ¼ h33 ¼ 2n 0 by Lemma 4.3(1) and 2ðh23h5Þ ¼ ð2h23Þh5 ¼ 0, we have
the result by Lemma 4.2(1).

4.5. G6. By (4.3) and Lemma 4.1(2), we have the following short exact
sequence:

0! Z2fq�6 ðn 0h26Þg !
H

G6 !
i �
6
Z2fn 0h6g ! 0:

Since i�6 ðn 0h6Þ ¼ n 0h6 and 2ðn 0h6Þ ¼ n 0ð2h6Þ ¼ n 0ðh26q6Þ ¼ q�6 ðn 0h26Þ by (4.4), we have
the result by Lemma 4.2(2).

4.6. G10. By (4.3) and Lemma 4.1(2), we have the following exact
sequence:

0! ðZ2Þ2fq�10m3; q�10ðh3e4Þg !
H

G10 !
i �
10
Z2fe3g ! 0:

We have 2e3 ¼ q�10ðe3h11Þ ¼ q�10ðh3e4Þ by Lemma 4.4 and Lemma 4.3(1). Hence
we obtain the result by Lemma 4.2(2). From now on, we will denote Ene3 by
enþ3.

4.7. G11. By (4.3) and Lemma 4.1(2), we have the following exact
sequence:

0! ðZ2Þ2fq�11e 0; q�11ðh3m4Þg !
H

G11 !
i �
11 ðZ2Þ2fm3; h3e4g ! 0:

We have

2m3 ¼ q�11ðm3h12Þ ¼ q�11ðh3m4Þð4:5Þ

by Lemma 4.4 and Lemma 4.3(2). On the other hand, i�11ðh3e4Þ ¼ h3e4 and
2ðh3e4Þ ¼ ð2h3Þe4 ¼ 0. Hence we obtain the result by Lemma 4.2(2). From now
on, we will denote Enm3 by mnþ3.

4.8. G12. By (4.3) and Lemma 4.1(2), we have the following exact
sequence:

0! ðZ2Þ3fq�12m 0; q�12ðe3n11Þ; q�12ðn 0e6Þg !
H

G12 !
i �
12 ðZ2Þ2f2e 0; m3h12g ! 0:
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We have i�12ðh23e5Þ ¼ h23e5 ¼ 2e 0 by Lemma 4.3(1) and 2ðh23e5Þ ¼ ð2h23Þe5 ¼ 0. We
have i�12ðm3h12Þ ¼ m3h12 and 2ðm3h12Þ ¼ ð2m3Þh12 ¼ 0. Hence we obtain the result
by Lemma 4.2(1).

4.9. G13. By (4.3) and Lemma 4.1(2), we have the following exact
sequence:

0! ðZ2Þ2fq�13ðn 0m6Þ; q�13ðn 0h6e7Þg !
H

G13 !
i �
13 ðZ2Þ3f2m 0; e3n11; n 0e6g ! 0:

We have i�13ðm3h12h13Þ ¼ m3h
2
12 ¼ 2m 0 by Lemma 4.3, and 2ðm3h12h13Þ ¼

ð2m3Þh12h13 ¼ 0. By setting b ¼ e3n11, n 0e6 in Lemma 4.4, we have 2e3n11 ¼
q�13ðe3n11h14Þ ¼ 0 and 2ðn 0e6Þ ¼ q�13ðn 0e6h14Þ ¼ q�13ðn 0h6e7Þ from Lemma 4.3(1).
Hence we obtain the result by Lemma 4.2(2).

4.10. G14. By (4.3) and Lemma 4.1(2), we have the following exact
sequence:

0! Z2fq�14ðn 0h6m7Þg !
H

G14 !
i �
14 ðZ2Þ2fn 0m6; n 0h6e7g ! 0:

We have i�14ðn 0m6Þ ¼ n 0m6 and 2ðn 0m6Þ ¼ n 0ð2m6Þ ¼ n 0ðh6m7q14Þ ¼ q�14ðn 0h6m7Þ by
(4.5). We have i�14ðn 0h6e7Þ ¼ n 0h6e7 and 2ðn 0h6e7Þ ¼ n 0ð2h6Þe7 ¼ 0. Hence we
obtain the result by Lemma 4.2(2).

4.11. G17. By (4.3) and Lemma 4.1(2), we have the following exact
sequence:

0! ðZ2Þ2fq�17ðm3s12Þ; q�17ðh3e4Þg !
H

G17 !
i �
17
Z2fe3g ! 0:

Since 2e3 ¼ q�17ðe3h18Þ ¼ q�17ðh3e4Þ by Lemma 4.4 and Lemma 4.3(1), we obtain
the result by Lemma 4.2(2). From now on, we will denote Ene3 by enþ3.

4.12. G18. By (4.3) and Lemma 4.1(2), we have the following exact
sequence:

0! ðZ2Þ3fq�18e 0; q�18m3; q�18ðh3m4s13Þg !
H

G18 !
i �
18 ðZ2Þ2fm3s12; h3e4g ! 0:

We have 2m3s12 ¼ q�18ðm3s12h19Þ ¼ q�18ðh3m4s13Þ by Lemma 4.4 and Lemma 4.3.
We have i�18ðe3h18Þ ¼ e3h18 ¼ h3e4 by Lemma 4.3(1) and 2ðe3h18Þ ¼ ð2e3Þh18 ¼ 0.
Hence we obtain the result by Lemma 4.2(2). From now on, we will denote
Enm3s12 by mnþ3snþ12.

4.13. G19. By (4.3) and Lemma 4.1(2), we have the following exact
sequence:

0! ðZ2Þ3fq�19ðm 0s14Þ; q�19ðn 0e6Þ; q�19ðh3m4Þg !
H

G19 !
i �
19 ðZ2Þ3f2e 0; m3; h3m4s13g ! 0:

We have i�19ðe3h18h19Þ ¼ e3h
2
18 ¼ 2e 0 by Lemma 4.3 and 2ðe3h18h19Þ ¼

ð2e3Þh18h19 ¼ 0. We have 2m3 ¼ q�19ðm3h20Þ ¼ q�19ðh3m4Þ by Lemma 4.4 and
Lemma 4.3(2). We have i�19ðm3s12h19Þ ¼ m3s12h19 ¼ h3m4s13 by Lemma 4.3
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and 2ðm3s12h19Þ ¼ ð2m3Þs12h19 ¼ 0. Hence we obtain the result by Lemma
4.2(2). From now on, we will denote Enm3 by mnþ3.

4.14. G20. By (4.3) and Lemma 4.1(2), we have the following exact
sequence:

0! ðZ2Þ2fq�20ðm 0Þ; q�20ðn 0m6s15Þg !
H

G20 !
i �
20 ðZ2Þ3f2ðm 0s14Þ; n 0e6; h3m4g ! 0:

We have i�20ðm3s12h19h20Þ ¼ m3s12h
2
19 ¼ 2ðm 0s14Þ by Lemma 4.3 and 2ðm3s12h19h20Þ

¼ ð2m3Þs12h19h20 ¼ 0. We have i�20ðn 0e6Þ ¼ n 0e6 and i�20ðh3m4Þ ¼ h3m4. It follows
from Lemma 4.3 and Lemma 4.4 that 2ðn 0e6Þ ¼ q�20ðn 0e6h21Þ ¼ q�20ðe3n18h21Þ ¼ 0
and 2ðh3m4Þ ¼ q�20ðh3m4h21Þ ¼ q�20ðh23m5Þ ¼ q�20ð2m 0Þ ¼ 0. Therefore we obtain the
result by Lemma 4.2(1).

4.15. G21. By (4.3) and Lemma 4.1(2), we have the following exact
sequence:

0! ðZ2Þ2fq�21ðn 0m6Þ; q�21ðn 0h6m7s16Þg !
H

G21 !
i �
21 ðZ2Þ2f2m 0; n 0m6s15g ! 0:

We have i�21ðm3h20h21Þ ¼ m3h
2
20 ¼ 2m 0 by Lemma 4.3 and 2ðm3h20h21Þ ¼

ð2m3Þh20h21 ¼ 0. We have i�21ðn 0m6s15Þ ¼ n 0m6s15 and 2ðn 0m6s15Þ ¼ q�21ðn 0m6s15h22Þ
¼ q�21ðn 0h6m7s16Þ by Lemmas 4.4 and 4.3. Hence we obtain the result by Lemma
4.2(2). This completes the proof of Theorem 2.2.

5. Proof of Proposition 2.4

Let mapðP3;P3Þ denote the space of self maps of P3 not necessarily preserv-
ing base point. This is a monoid with respect to the composition operation.
Borsuk’s fibre theorem [5, Proposition (6.34)] says that the evaluation map
ev : mapðP3;P3Þ ! P3, f 7! f ð�Þ; is a fibration whose fibre is map�ðP3;P3Þ,
where the base point � is the unit of the group P3. By [12, Theorems IIa, IIb],
we have

p0ðmapðP3;P3ÞÞ ¼ p0ðmap�ðP3;P3ÞÞ

¼ ½P3;P3� !x
G

HomðH 3ðP3;ZÞ;H 3ðP3;ZÞÞGZ

where x assigns f � to the homotopy class of f A map�ðP3;P3Þ. Hence autðP3Þ
and aut�ðP3Þ consist of two path components of mapðP3;P3Þ and map�ðP3;P3Þ,
respectively. Therefore p0ðautðP3ÞÞG p0ðaut�ðP3ÞÞGZ2 and pnðautðP3Þ; 1P3ÞG
pnðmapðP3;P3Þ; 1P3Þ and pnðaut�ðP3Þ; 1P3ÞG pnðmap�ðP3;P3Þ; 1P3Þ for nb 1.

For any x A P3, let Lx : P
3 ! P3 denote the map y 7! xy. Then the map

P3 ! mapðP3;P3Þ; x 7! Lx; is a cross section of ev. Hence the homotopy
exact sequence of the fibration ev splits so that pnðmapðP3;P3Þ; 1P3ÞG
pnðmap�ðP3;P3Þ; 1P3Þl pnðP3Þ. Since all path-components of mapðP3;P3Þ have
the same homotopy type, pnðmapðP3;P3Þ; f ÞG pnðmapðP3;P3Þ; 0Þ for every
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f A mapðP3;P3Þ. Similarly all path components of the following spaces have the
same homotopy type, respectively: map�ðP3;P3Þ, autðP3Þ and aut�ðP3Þ.
Therefore if nb 1, then we have pnðaut�ðP3ÞÞG pnðmap�ðP3;P3ÞÞ and pnðautðP3ÞÞ
G pnðmapðP3;P3ÞÞG pnðmap�ðP3;P3ÞÞl pnðP3Þ. Hence we obtain Proposition
2.4 by Proposition 2.1.
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