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STABILITIES OF F-STATIONARY MAPS

Zhen-Rong Zhou*

Abstract

An F -stationary map is a critical point of the F -energy with respect to variations

in the domain. It is a generalization of F -harmonic maps. In [11, 10], we discuss the

theorems of Liouville type and the monotonicity of F -stationary maps. In this paper,

we discuss the stabilities of F -stationary maps from submanifolds of spheres and the

Euclidean spaces.

1. Introduction

Let F : ½0;þyÞ ! ½0;þyÞ be a C2-function. For a smooth map u : M ! N
between two Riemannian manifolds ðM; gÞ and ðN; hÞ, M. Ara ([1]) introduced
the following F -energy functional

EF ðuÞ ¼
ð
M

F
jduj2

2

 !
;ð1Þ

and discussed the geometry of the critical points. Let ut : M ! N (�� < t < �)
be a variation of u, i.e. ut ¼ Fðt; �Þ with u0 ¼ u, where F : ð�e; eÞ �M ! N is a

smooth map. Let c ¼ dF

dt

����
t¼0

A Gðu�1TNÞ be the variational field, where u�1TN

is the pullback vector bundle on M by u, and Gðu�1TNÞ is the set of all smooth
cross sections of the bundle. Let G0ðu�1TNÞ be a subset of Gðu�1TNÞ consist-
ing of all elements with compact supports contained in the interior of M. If
M is compact and without boundary, then G0ðu�1TNÞ ¼ Gðu�1TNÞ. For each
c A G0ðu�1TNÞ, there exists a variation utðxÞ ¼ expuðxÞ tc (for t small enough)
of u, which has the variational field c. Such a variation is called to have

a compact support. Let DcEF ðuÞ1
dEF ðutÞ

dt

����
t¼0

. An F -harmonic map u is

a critical point of the F -energy functional, i.e., for any c A G0ðu�1TNÞ, one

has DcEF ðuÞ ¼ 0, where c ¼ dF

dt

����
t¼0

A G0ðu�1TNÞ is the variational field. When
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FðtÞ ¼ t,
ð2tÞp=2

p
, et, the F -harmonic maps are harmonic maps, p-harmonic maps

and exponential harmonic maps respectively.
It is known that duX A Gðu�1TNÞ for any vector field X of M. If X has a

compact support which is contained in the interior of M, then duX A G0ðu�1TNÞ.
If DduXEF ðuÞ ¼ 0 for any vector field X on M with compact support con-

tained in the interior of M, we call u an F -stationary map. Because duX A
G0ðu�1TNÞ, F -harmonic maps must be F -stationary ones.

In [11, 10], we discussed the theorems of Liouville type and the monotonicity
of F -stationary maps.

Y. L. Xin in [8] proved that any stable harmonic map from Sm ðm > 2Þ
must be constant and P. F. Leung in [5] proved that any stable harmonic
map from Mm ðm > 2Þ to some hypersurfaces of Euclidean space is constant.
Q. Chen in [2] generalized them to harmonic maps with potential. Ohnita in [7]
verified that stable harmonic maps from or into minimal submanifolds of the
sphere are constant if the Ricci curvatures of the submanifolds are bigger than
half the dimensions. In this paper, we investigate the stabilities of F -stationary
maps from more general submanifolds of the sphere and the Euclidean space.

2. F -Stationary maps and the F -conservation law

Let u : M ! N be a smooth map. In the following, we will denote the
Riemannian connection of any Riemannian manifold M by ‘M . The connec-
tion of the pullback vector bundle u�1TN is denoted by ‘. Taking a local

field of orthonormal frame
q

qt
; e1; . . . ; em

� �
on M ¼ ð��; �Þ �M, then we have

‘M
q=qtei ¼ ‘M

ei

q

qt
¼ 0. For any fixed point p A M, we can require ‘M

ei
ejðpÞ ¼ 0.

By a straightforward calculation, we get the first variational formula:

DcEF ðuÞ ¼ �
ð
M

htF ðuÞ;ci;ð2Þ

where c A G0ðu�1TNÞ, and

tF ðuÞ ¼
X

‘ei F 0 jduj2

2

 !
duei

" #
ð3Þ

is the F -tension of u. Then u is F -harmonic if and only if

tF ðuÞ ¼ 0:ð4Þ

Let u : M ! N be an F -stationary map, X A G0ðTMÞ. Then by (2) and the
definition of F -stationary maps, we have

DduXEF ðuÞ ¼ �
ð
M

htF ðuÞ; duXi ¼ 0:ð5Þ
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Ara in [1] defined an F -stress-energy tensor of u by

SF
u ¼ F

jduj2

2

 !
g� F 0 jduj2

2

 !
u�h;ð6Þ

and the divergence of the F -stress-energy tensor by

ðdiv SF
u ÞðXÞ ¼

X
ð‘M

ei
SF
u Þðei;XÞð7Þ

¼
X

‘M
ei
½SF

u ðei;XÞ� �
X

SF
u ðei;‘M

ei
XÞ;

where, X is any smooth vector field of M.

Lemma 1. For any smooth vector field X of M, we have (see [1])

ðdiv SF
u ÞðX Þ ¼ �htF ðuÞ; duXi:ð8Þ

By a straightforward calculation similar to [8], we have

Lemma 2. Let DJM be a compact smooth domain of M. If u : ðM; gÞ !
ðN; hÞ is a smooth map and X is a smooth vector field of M, thenð

qD

F
jduj2

2

 !
hX ; ni ¼

ð
qD

F 0 jduj2

2

 !
hduX ; dunið9Þ

þ
ð
D

ðdiv SF
u ÞðX Þ þ

ð
D

hSF
u ;‘Xi;

where, qD is the boundary of D, n is the outward unit normal vector field of qD,
and ‘X is defined by ‘X ðV ;WÞ :¼ h‘VX ;Wi.

Proof. It is not di‰cult to check that

div F
jduj2

2

 !
X

" #
¼
X

‘M
ei

F
jduj2

2

 !
X

" #
; ei

* +
ð10Þ

¼ XF
jduj2

2

 !
þ F

jduj2

2

 !X
h‘M

ei
X ; eii;

and by the symmetry of ‘ du :¼ ‘T �Mnu�1TN du (the second fundamental form
of u), we have

XF
jduj2

2

 !
¼ F 0 jduj2

2

 !X
hð‘X duÞei; dueiið11Þ

¼ F 0 jduj2

2

 !X
hð‘ei duÞX ; dueii
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¼
X

‘eiðduXÞ;F 0 jduj2

2

 !
duei

* +

� F 0 jduj2

2

 !X
hdu‘M

ei
X ; dueii

¼
X

ei duX ;F 0 jduj2

2

 !
duei

* +

�
X

duX ;‘ei F 0 jduj2

2

 !
duei

" #* +

� F 0 jduj2

2

 !X
hdu‘M

ei
X ; dueii

¼ div F 0 jduj2

2

 !X
hduX ; dueiiei

" #

� hduX ; tF ðuÞi� F 0 jduj2

2

 !
h‘X ; u�hi:

Here, we have used thatX
hdu‘M

ei
X ; dueii ¼

X
u�hð‘M

ei
X ; eiÞ

¼
X

gð‘M
ei
X ; ejÞu�hðej; eiÞ ¼ h‘X ; u�hi:

Inserting (11) into (10), we obtain

div F
jduj2

2

 !
X

" #
¼ div F 0 jduj2

2

 !X
hduX ; dueiiei

" #
� hduX ; tF ðuÞið12Þ

� F 0 jduj2

2

 !
h‘X ; u�hiþ F

jduj2

2

 !X
h‘M

ei
X ; eii

¼ div F 0 jduj2

2

 !X
hduX ; dueiiei

" #
� hduX ; tF ðuÞi

� F 0 jduj2

2

 !
h‘X ; u�hiþ F

jduj2

2

 !X
h‘X ; gi

¼ div F 0 jduj2

2

 !X
hduX ; dueiiei

" #

� hduX ; tF ðuÞiþ hSF
u ;‘Xi:
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Integrating both sides of (12) on D, and taking use of (8) and Green’s formula,
we have ð

qD

F
jduj2

2

 !
hX ; ni ¼

ð
qD

F 0 jduj2

2

 !
hduX ; dunið13Þ

þ
ð
D

ðdiv SF
u ÞðX Þ þ

ð
D

hSF
u ;‘Xi: r

Corollary 3. If X is a smooth vector field with a compact support con-
tained in the interior of M, thenð

M

ðdiv SF
u ÞðXÞ þ

ð
M

hSF
u ;‘Xi ¼ 0:ð14Þ

From Lemma 1 and (5), we get

DduXEF ðuÞ ¼ �
ð
M

htF ðuÞ; duXi ¼
ð
M

ðdiv SF
u ÞðXÞ;ð15Þ

if X A G0ðTMÞ.
If div SF

u ¼ 0, we call u to satisfy the F -conservation law; if
Ð
M

div SF
u ðXÞ ¼ 0

for all X A GðTMÞ, we call u to satisfy the integral F -conservation law.
From (15), we have

Theorem 4. A smooth map u : M ! N is an F-stationary map if and only
if
Ð
M
ðdiv SF

u ÞðX Þ ¼ 0 for all X A G0ðTMÞ. Especially, if M is compact and
without boundary, then u is an F-stationary map if an only if u satisfies the integral
F-conservation law.

Apparently, if u satisfies the F -conservation law or the integral
F -conservation law, then u must be an F -stationary map.

3. Stabilities

Let M be an mþ k0-submanifold of Rmþk0 , RicM and RM
ij the Ricci operator

and the Ricci curvature tensor of M respectively, h
m
ij the second fundamental

tensor, b a function. In this section, we suppose that M satisfied the following
condition (with respected to any local orthonormal frame field):

�2RM
lj þ

X
hm
ssh

m
jl a bdlj :ð16Þ

By Gauss equations, (16) is equivalent to

�RM
lj þ

X
h
m
sjh

m
sl a bdljð17Þ

or to

�
X

hm
ssh

m
jl þ 2

X
h
m
sjh

m
sl a bdlj:ð18Þ
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Note: aij a 0 means that
P

aijxixj a 0 for any ðx1; . . . ; xmÞ A Rm, and
aij a bij means that aij � bij a 0.

For example, if M ¼ Sm, the unit sphere of m-dimension, then, we can
choose a local orthonormal frame such that RM

lj ¼ ðm� 1Þdlj, hmþ1
ij ¼ dij , h

m
ij ¼ 0

for mbmþ 2. Hence (16) is satisfied for b ¼ �ðm� 2Þ. If Mm is a minimal
submanifold of Smþk0 JRmþk0þ1, then it is also a submanifold of Rmþk0þ1. We
can choose a local orthonormal frame such that h

m
ij is the second fundamental

tensor of M in Smþk0 for m ¼ mþ 1; . . . ;mþ k0, and that hmþk0þ1
ij ¼ dij. Hence

(16) is satisfied for ba 0 if RM
ij b

m

2
dij .

3.1. The second variation
Let M be a compact Riemannian manifold without boundary, u : M ! N, ut

a variation of u, i.e. ut ¼ Fðt; �Þ with u0 ¼ u, where F : ð�e; eÞ �M ! N is a
smooth map. The first variational formula is given by

d

dt
EF ðutÞ ¼ �

ð
M

dF

dt
; tF ðutÞ

� �
:

Please note that
dF

dt
¼ F�

q

qt

� �
A GðF�1TNÞ and that tF ðutÞ is the F -tension

of ut : M ! N, not of F : ð�e; eÞ �M ! N. Let aðx; tÞ ¼ tF ðutÞðxÞ, then a is a
cross section of F�1TN, although tF ðutÞ A Gðu�1

t TNÞ for any fixed t. In the
following, we don’t distinguish tF ðutÞ from a.

By a straight-forward calculation, we have (We denote the connection of
F�1TN also by ‘)

d2

dt2
EF ðutÞ ¼ � d

dt

ð
M

dF

dt
; tF ðutÞ

� �
ð19Þ

¼ �
ð
M

d2F

dt2
; tF ðutÞ

* +
�
ð
M

dF

dt
;‘q=qttF ðutÞ

� �
;

where
d2F

dt2
¼ ‘q=qt

dF

dt
. Now, we calculate ‘q=qttF ðutÞ.

‘q=qttF ðutÞ ¼
X

‘q=qt‘ei F 0 jdutj2

2

 !
dutei

 !
ð20Þ

¼ �
X

R ei;
q

qt

� �
F 0 jdutj2

2

 !
dutei

 !

þ
X

‘ei‘q=qt F 0 jdutj2

2

 !
dutei

 !
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¼ �
X

RN dutei;
dF

dt

� �
F 0 jdutj2

2

 !
dutei

 !

þ
X

‘ei ‘q=qt F 0 jdutj2

2

 !
dutei

 !" #

¼ �
X

F 0 jdutj2

2

 !
RN dutei;

dF

dt

� �
dutei

þ
X

‘ei ‘q=qt F 0 jdFj2

2

 !
dutei

 !" #
;

where, R is the curvature tensor of F�1TN and RN is the Riemannian curvature
tensor of N. Because N is torsion-free, we have

‘q=qtðdutejÞ ¼ ‘N
dFðq=qtÞðdFðejÞÞ

¼ ‘N
dFðejÞ dF

q

qt

� �� �
þ dF

q

qt
; ej

� 	

¼ ‘N
dFðejÞ dF

q

qt

� �� �
¼ ‘ej

dF

dt
:

Hence, the second term of the last line of (20) becomes as

X
‘ei ‘q=qt F 0 jdutj2

2

 !
dutei

 !" #
ð21Þ

¼
X

‘ei F 00 jdutj2

2

 !
h‘q=qt dutej; duteji dutei þ F 0 jdutj2

2

 !
‘q=qt dutei

" #

¼
X

‘ei F 00 jdutj2

2

 !
‘ej

dF

dt
; dutej

� �
dutei þ F 0 jdutj2

2

 !
‘ei

dF

dt

" #
:

Substituting (21) into (20), and then making an inner product with
dF

dt
yield:

dF

dt
;‘q=qttF ðutÞ

� �
¼ �F 0 jdutj2

2

 !
dF

dt
;
X

RN dutei;
dF

dt

� �
dutei

� �
ð22Þ

þ dF

dt
;
X

‘ei F 00 jdutj2

2

 !
‘ej

dF

dt
; dutej

� �
dutei

" #* +

þ dF

dt
;
X

‘ei F 0 jdutj2

2

 !
‘ei

dF

dt

" #* +
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¼ �F 0 jdutj2

2

 !
dF

dt
;
X

RN dutei;
dF

dt

� �
dutei

� �

þ
X

‘ei

dF

dt
; F 00 jdutj2

2

 !
‘ej

dF

dt
; dutej

� �
dutei

" #* +

�
X

‘ei

dF

dt
;F 00 jdutj2

2

 !
‘ej

dF

dt
; dutej

� �
dutei

* +

þ
X

‘ei

dF

dt
;F 0 jdutj2

2

 !
‘ei

dF

dt

* +

�
X

‘ei

dF

dt
;F 0 jdutj2

2

 !
‘ei

dF

dt

* +

¼ � dF

dt
;F 0 jdutj2

2

 !X
RN dutei;

dF

dt

� �
dutei

* +

� F 00 jdutj2

2

 !X
‘ei

dF

dt
; dutei

� �2

� F 0 jdutj2

2

 !X
‘ei

dF

dt
;‘ei

dF

dt

� �
þ � � � ;

where, ‘‘� � �’’ is a divergence. Inserting (22) into (19), and taking use of
the divergence theorem, we obtain a second variational formula of the F -
energy:

d2

dt2
EF ðutÞ ¼ �

ð
M

d2F

dt2
; tF ðutÞ

* +
ð23Þ

þ
ð
M

"
dF

dt
;F 0 jdutj2

2

 !X
RN dutei;

dF

dt

� �
dutei

* +

þ F 00 jdutj2

2

 !X
‘ei

dF

dt
; dutei

� �2

þ F 0 jdutj2

2

 !X
‘ei

dF

dt
;‘ei

dF

dt

� �#

¼
ð
M

"
� d2F

dt2
; tF ðutÞ

* +
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þ F 0 jdutj2

2

 !
dF

dt
;
X

RN dutei;
dF

dt

� �
dutei

� �

þ F 00 jdutj2

2

 !X
‘ei

dF

dt
; dutei

� �2

þ F 0 jdutj2

2

 !X
‘ei

dF

dt
;‘ei

dF

dt

� �#
:

For any fixed X A GðTMÞ, we take a variation ut ¼ Fðt; �Þ of u as follows:

d2F

dt2
¼ dF

dt
;

dF

dt

����
t¼0

¼ duðXÞ;
u0 ¼ u:

8>>>><
>>>>:

Becauseð
M

d2F

dt2
; tF ðutÞ

* +�����
t¼0

¼
ð
M

dF

dt
; tF ðutÞ

� �����
t¼0

¼
ð
M

h duðXÞ; tF ðuÞi ¼ 0

for an F -stationary map u, we have

d2

dt2
EF ðutÞjt¼0ð24Þ

¼
Xð

M

"
F 00 jdu0j2

2

 !
h‘eic; du0eii

2

þ F 0 jdu0j2

2

 !
ðh‘eic;‘eiciþ hc;RNðdu0ei;cÞ du0eiiÞ

#
;

where c ¼ dF

dt

����
t¼0

¼ duðX Þ. Let

IF ðV ;VÞ ¼
ð
M

F 00 jduj2

2

 !
h‘V ; dui2ð25Þ

þ
ð
M

F 0 jduj2

2

 !
½j‘V j2 þ

X
hRNðduei;VÞ duei;Vi�;

where V A G0ðu�1TNÞ.

Definition 5. If for any X A G0ðTMÞ we have IF ðduX ; duXÞb 0, then the
F -stationary map u is called to be stable; Otherwise, it is called to be unstable.
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Then we have

Theorem 6. Let M be a compact m-submanifold of Rmþk0 , which satisfies
the condition (16, 17 or 18) for some function b. If u : M ! N is a stable
F-stationary map with F 00 a 0 and F 0 b 0, thenð

M

bF 0 jduj2

2

 !
jduj2 þ

ð
M

htðuÞ; tF ðuÞib 0:

Especially, if u is a stable F-harmonic map with F 00 a 0, F 0ðtÞ > 0 for t > 0 and
b < 0, then it must be constant.

In Theorem 6, we assume that F 00 a 0. In the following theorem, we
suppose that F satisfies another condition.

Theorem 7. Let M be a compact m-submanifold of Rmþk0 , which satisfies
the condition (16, 17 or 18) for some function b. If u : M ! N is a stable
F-stationary map with 2tF 00ðtÞa pF 0ðtÞ for a number p and F 0 b 0, thenð

M

F 0 jduj2

2

 !
ðpjBj2 þ bÞjduj2 þ

ð
M

htðuÞ; tF ðuÞib 0;

where B is the second fundamental form. Especially, if M ¼ Sm, and u is a stable

F-harmonic map with 2tF 00ðtÞa pF 0ðtÞ with p <
m� 2

m
and F 0ðtÞ > 0 for t > 0,

then it must be constant.

For expnential stationary maps, we have

Theorem 8. If u : Sm ! N is a stable expnential stationary map, thenð
M

exp
jduj2

2

 !X
ðjduj2 þ 2�mÞjduj2 þ

ð
M

htðuÞ; teðuÞib 0;

where, teðuÞ is the exponential tension of u. Especially, when jduj2 < m� 2, and u
is an exponential harmonic map, then u must be constant.

3.2. Lemmas
Let Mm and Nn be Riemannian manifolds, u : M ! N a smooth map.

Denote ‘M , ‘N and ‘Rmþk0
are Riemannian connections of M, N and Rmþk0

respectively. Assume that M is a submanifold of Rmþk0 . Let ‘? be the
connection of the normal bundle of M in Rmþk0 , and ‘ the induced connection
of u�1TN by ‘N . In the following, the ranges of indices are given by

1aA;B;C; . . .amþ k0;

1a i; j; k; . . .am;

mþ 1a m; p; sam;

1a a; ba n:
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Let fXAg be the canonical orthonormal base of Rmþk0 , fei; emg a local field of
orthonormal frames of M, such that feig are tangent to M and that femg are

normal to M. At any fixed point we considered, we can suppose that ‘M
ei
ej ¼ 0.

Denote the tangent part of XA by X T
A and the normal part by X N

A . Then we
have

X T
A ¼

X
hXA; eiiei ¼:

X
viAei;

X N
A ¼

X
hXA; emiem ¼:

X
v
m
Aem;

XA ¼ X T
A þ X N

A ¼
X

vBAeB ¼
X

hXA; eBieB;

eA ¼
X

heA;XBiXB:

Lemma 9. We haveX
vBAv

C
A ¼ dBC :

‘M
ei
X T

A ¼
X

h
m
ij v

m
Aej:

‘M
ek
‘M
ej
X T

A ¼
X

ðvmAh
m
ijk � vlAh

m
klh

m
ij Þei:

Proof. It is not di‰cult to seeX
vBAv

C
A ¼

X
heB;XAiheC ;XAið26Þ

¼
X

heB;XAiheD;XAiheD; eCi

¼
X

heB;XAihXA; eCi ¼ heB; eCi ¼ dBC :

By Weingarten’s equations, we have

‘M
ei
X T

A ¼ ð‘Rmþk0

ei
X T

A ÞT ¼ ð‘Rmþk0

ei
ðXA � X N

A ÞÞTð27Þ

¼ �ð‘Rmþk0

ei
X N

A ÞT ¼ AX N
A ðeiÞ

¼
X

v
m
AA

emðeiÞ ¼
X

h
m
ij v

m
Aej:

where, AemðeiÞ ¼
P

h
m
ij ej. By Gaussian equations and Weigarten’s equations, we

have

‘Rmþk0

ek
X N

A ¼
X

ðekvmAÞem þ
X

v
m
A‘

Rmþk0

ek
em

¼
X

ðekvmAÞem þ
X

v
m
Að�AemðekÞ þ ‘?

ek
emÞ

¼
X

ðekvmAÞem �
X

v
m
Ah

m
kjej þ

X
v
m
A‘

?
ek
em

and
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‘Rmþk0

ek
X T

A ¼
X

ðekv j
AÞej þ

X
v
j
A‘

Rmþk0

ek
ej

¼
X

ðekv j
AÞej þ

X
v
j
Að‘M

ek
ej þ Bðek; ejÞÞ

¼
X

ðekv j
AÞej þ

X
v
j
A‘

M
ek
ej þ

X
v
j
Ah

m
kjem:

Therefore, we have

0 ¼ ‘Rmþk0

ek
XA ¼ ‘Rmþk0

ek
X T

A þ ‘Rmþk0

ek
X N

A

¼
X

ðekvmAÞem �
X

v
m
Ah

m
kjej þ

X
v
m
A‘

?
ek
em

þ
X

ðekv j
AÞej þ

X
v
j
A‘

M
ek
ej þ

X
v
j
Ah

m
kjem:

This implies that

X
ðekvmAÞem ¼ �

X
v
j
Ah

m
kjem �

X
v
m
A‘

?
ek
em:

Taking dot product of both sides of this equation by em yields

ekv
m
A ¼ �

X
v
j
Ah

m
kj �

X
vnAh‘

?
ek
en; emi:

From h
m
ij ¼ hBðei; ejÞ; emi we have

ekh
m
ij ¼ h‘?

ek
ðBðei; ejÞÞ; emiþ hBðei; ejÞ;‘?

ek
emi

¼ hð‘?
ek
BÞðei; ejÞ; emiþ hn

ijhen;‘
?
ek
emi

¼ h
m
ijk þ hn

ijhen;‘
?
ek
emi:

Hence

‘M
ek
‘M
ej
X T

A ¼ ‘M
ek
ð
X

h
m
ij v

m
AeiÞ

¼
X

ðekhm
ij Þv

m
Aei þ

X
h
m
ij ðekv

m
AÞei þ

X
h
m
ij v

m
A‘

M
ek
ei

¼
X

h
m
ijkv

m
Aei �

X
vlAh

m
ij h

m
klei þ

X
h
m
ij v

m
A‘

M
ek
ei:

At any fixed point, we have

‘M
ek
‘M
ej
X T

A ¼
X

ðvmAh
m
ijk � vlAh

m
klh

m
ij Þei;ð28Þ

since we have required ‘ek ei ¼ 0. r
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Lemma 10. Under the assumptions of Theorem 6, then for any stable
F-stationary map u : M ! N, we have

X
IðduX T

A ; duX T
A Þ ¼

ð
M

X
F 00 jduj2

2

 !
h
m
ij h

m
klaaiaajabkabl

þ
Xð

M

F 0 jduj2

2

 !
ðhm

ij h
m
ik � RM

jk Þaajaak

þ
ð
M

htðuÞ; tF ðuÞi;

where aaj is determined by duej ¼ aajðe 0a � uÞ, fe 0ag is a local field of orthonormal
frame of N, RM

ij is the Ricci tensor of M.

Proof. By the second variational formula of F -stationary map u, we haveX
IðduX T

A ; duX T
A Þð29Þ

¼
Xð

M

F 00 jduj2

2

 !
h‘ðduX T

A Þ; dui2

þ
Xð

M

F 0 jduj2

2

 !
fj‘ðduX T

A Þj2 þh
X

RNðduei; duX T
A Þ duei; duX T

A ig:

By Weitzenbock formula (See [4] 1.34, but the curvature operators there are
di¤erent from those here by a signature.) we have (‘ is the connection of
T �Mn u�1TN and D is the Laplacian acting on T �Mn u�1TN)

ðD duÞX T
A ¼ �ð‘2 duÞX T

A þ
X

RNðduei; duX T
A Þ duei �

X
duRMðei;X T

A Þei:ð30Þ
On the other hand, because ddu ¼ 0, we have

Xð
M

F 0 jduj2

2

 !
hðD duÞX T

A ; duX T
A ið31Þ

¼
Xð

M

F 0 jduj2

2

 !
viAv

j
AhðD duÞei; dueji

¼
Xð

M

F 0 jduj2

2

 !
hðD duÞei; dueii

¼
ð
M

d�du; d� F 0 jduj2

2

 !
du

 !* +
¼
ð
M

htðuÞ; tF ðuÞi:

By (29), (30) and (31) we get
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X
IðduX T

A ; duX T
A Þð32Þ

¼
Xð

M

F 00 jduj2

2

 !
h‘ðduX T

A Þ; dui2 þ
Xð

M

htðuÞ; tF ðuÞi

þ
Xð

M

F 0 jduj2

2

 !
fj‘ðduX T

A Þj2 þ hð‘2 duÞX T
A ; duX T

A i

þ
X

hduRMðei;X T
A Þei; duX T

A ig:

On the other hand, we have

ð‘2 duÞX T
A ¼

X
ð‘ei‘ei duÞX T

Að33Þ

¼
X

‘eiðð‘ei duÞX T
A Þ �

X
ð‘ei duÞð‘M

ei
X T

A Þ

¼
X

‘ei ½‘eiðduX T
A Þ � duð‘M

ei
X T

A Þ�

�
X

‘ei ½duð‘M
ei
X T

A Þ� þ
X

duð‘M
ei
‘M
ei
X T

A Þ

¼
X

‘ei‘eiðduX T
A Þ � 2

X
‘ei ½duð‘M

ei
X T

A Þ�

þ
X

duð‘M
ei
‘M
ei
X T

A Þ

and

Xð
M

F 0 jduj2

2

 !
h‘ei‘eiðduX T

A Þ; duX T
A ið34Þ

¼ �
Xð

M

‘eiðduX T
A Þ; ei F 0 jduj2

2

 !" #
duX T

A

* +

�
Xð

M

F 0 jduj2

2

 !
j‘ðduX T

A Þj2:

From (33) and (34) we have

Xð
M

F 0 jduj2

2

 !
fj‘ðduX T

A Þj2 þ hð‘2 duÞðX T
A Þ; duX T

A igð35Þ

¼
Xð

M

F 0 jduj2

2

 !
fj‘ðduX T

A Þj2 þ h‘ei‘eiðduX T
A Þ; duX T

A i

� 2h‘eiðduð‘M
ei
X T

A ÞÞ; duX T
A iþ hduð‘ei‘eiX

T
A Þ; duX T

A ig
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¼
Xð

M

F 0 jduj2

2

 !
h�2‘eiðduð‘M

ei
X T

A ÞÞ þ du‘M
ei
‘M
ei
X T

A ; duX T
A i

�
Xð

M

‘eiðduX T
A Þ; ei F 0 jduj2

2

 !" #
duX T

A

* +
:

Let duej ¼ aajðe 0a � uÞ and ð‘ei duÞej ¼ aajiðe 0a � uÞ. Then we have

�2
X

‘eiðduð‘M
ei
X T

A ÞÞð36Þ

¼ �2
X

du‘M
ei
‘M
ei
X T

A � 2
X

ð‘ei duÞ‘M
ei
X T

A

¼ �2
X

h‘M
ei
‘M
ei
X T

A ; eji duej � 2
X

h‘M
ei
X T

A ; ejið‘ei duÞej

¼ �2
X

h‘M
ei
‘M
ei
X T

A ; ejiaajðe 0a � uÞ � 2
X

h‘M
ei
X T

A ; ejiaajiðe 0a � uÞ:

Applying (26), (27) and (28) to (36) we can get

X
F 0 jduj2

2

 !
h�2‘eiðduð‘M

ei
X T

A ÞÞ; duX T
A ið37Þ

¼
X

F 0 jduj2

2

 !
½�2h‘M

ei
‘M
ei
X T

A ; ejiaajaakv
k
A � 2h‘M

ei
X T

A ; ejiaajiaakv
k
A�

¼
X

F 0 jduj2

2

 !
½�2aajaakh

m
iijv

m
Av

k
A þ 2hm

il h
m
ij aajaakv

l
Av

k
A � 2hm

ij aajiaakv
m
Av

k
A�

¼ 2
X

h
m
ij h

m
ikaajaakF

0 jduj2

2

 !
:

Again by (26), (27) and (28) we get

Xð
M

F 0 jduj2

2

 !
hduð‘M

ei
‘M
ei
X T

A ; duX T
A Þi ¼ �

X
h
m
kih

m
ij aajaakF

0 jduj2

2

 !
ð38Þ

and

�
X

‘eiðduX T
A Þ; ei F 0 jduj2

2

 !" #
duX T

A

* +
ð39Þ

¼ �
X

ð‘ei duÞX T
A þ du‘eiX

T
A ;F 00 jduj2

2

 !
abliabl duX

T
A

* +
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¼ �
X

v
j
Aaajiðe 0a � uÞ;F 00 jduj2

2

 !
abliablv

k
Aagkðe 0g � uÞ

* +

�
X

h
m
ij v

m
Aaajðe 0a � uÞ;F 00 jduj2

2

 !
abliablv

k
Aagkðe 0g � uÞ

* +

¼ �
X

aajiaajabliablF
00 jduj2

2

 !
:

Substituting (37), (38) and (39) into (35), we have

Xð
M

F 0 jduj2

2

 !
fj‘ðduX T

A Þj2 þ hð‘2 duÞðX T
A Þ; duX T

A igð40Þ

¼
Xð

M

h
m
ij h

m
ikaajaakF

0 jduj2

2

 !
�
Xð

M

aajiaajabliablF
00 jduj2

2

 !
:

By a calculation, we have

X
F 00 jduj2

2

 !
h‘ðduX T

A Þ; dui2ð41Þ

¼
X

F 00 jduj2

2

 !
hð‘ei duÞX T

A þ du‘eiX
T
A ; dueii

2

¼
X

F 00 jduj2

2

 !
haajiv

j
Aðe 0a � uÞ þ v

m
Ah

m
ij aajðe 0a � uÞ; abiðe 0b � uÞi2

¼
X

F 00 jduj2

2

 !
½aajiaaiabjlabl þ h

m
ij h

m
klaajaaiablabk�

and

X
hduRMðei;X T

A Þei; duX T
A i ¼

X
vkAv

j
AhduR

Mðei; ekÞei; duejið42Þ

¼
X

hduRMðei; ejÞei; dueji

¼ �
X

RM
jk hduek; dueji

¼ �
X

RM
jk aakaaj:

Taking use of (40), (41), (42) and (32), we have
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X
IðduX T

A ; duX T
A Þ ¼

ð
M

X
F 00 jduj2

2

 !
h
m
ij h

m
klaaiaajabkablð43Þ

þ
Xð

M

F 0 jduj2

2

 !
ðhm

ij h
m
ikaajaak � RM

ij aaiaajÞ

þ
ð
M

htðuÞ; tF ðuÞi

which is desired. r

3.3. Proof of Theorem 6
By Lemma 10, we get

X
IðduX T

A ; duX T
A Þ ¼

ð
M

X
F 00 jduj2

2

 !
h
m
ij h

m
klaaiaajabkablð44Þ

þ
Xð

M

F 0 jduj2

2

 !
ðhm

ij h
m
ik � RM

jk Þaajaak

þ
ð
M

htðuÞ; tF ðuÞi:

Because F 00 a 0, we have

X
IðduX T

A ; duX T
A Þa

Xð
M

F 0 jduj2

2

 !
ðhm

ij h
m
ik � RM

jk Þaajaakð45Þ

þ
ð
M

htðuÞ; tF ðuÞi:

By the assumption on the curvatures of M, we get

X
IðduX T

A ; duX T
A Þa

ð
M

F 0 jduj2

2

 !
bjduj2 þ

ð
M

htðuÞ; tF ðuÞi:

By the stabilities of u, we have

0a
X

IðduX T
A ; duX T

A Þ

a

ð
M

bF 0 jduj2

2

 !
jduj2 þ

ð
M

htðuÞ; tF ðuÞi:

3.4. Proof of Theorem 7
If 2tF 00ðtÞa pF 0ðtÞ, then by Lemma 10 we have
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X
IðduX T

A ; duX T
A Þ ¼

ð
M

F 00 jduj2

2

 !
jBj2jduj4 þ

ð
M

htðuÞ; tF ðuÞi

þ
Xð

M

F 0 jduj2

2

 !
ðhm

ij h
m
ik � RM

jk Þaajaak

a p

ð
M

F 0 jduj2

2

 !
jBj2jduj2 þ

ð
M

htðuÞ; tF ðuÞi

þ
ð
M

bF 0 jduj2

2

 !
jduj2

¼
ð
M

F 0 jduj2

2

 !
ðpjBj2 þ bÞjduj2 þ

ð
M

htðuÞ; tF ðuÞi:

Therefore, from the stability of u, we haveð
M

F 0 jduj2

2

 !
ðpjBj2 þ bÞjduj2 þ

ð
M

htðuÞ; tF ðuÞib 0:

Especially, if M ¼ Sm, then b ¼ 2�m and jBj2 ¼ m. Hence, when p <
m� 2

m
,

and u is a stable F -harmonic map, we have
Ð
M
F 0 jduj2

2

 !
jduj2 ¼ 0, and hence

du ¼ 0.

3.5. Proof of Theorem 8
If FðtÞ ¼ et, then by Lemma 10 we have

X
IðduX T

A ; duX T
A Þ ¼

ð
M

X
exp

jduj2

2

 !
h
m
ij h

m
klaaiaajabkabl

þ
Xð

M

exp
jduj2

2

 !
ðhm

ij h
m
ik � RM

jk Þaajaak þ
ð
M

htðuÞ; tF ðuÞi

¼
ð
M

exp
jduj2

2

 !X
ðhm

jkh
m
il abiabl þ h

m
ij h

m
ik � RM

jk Þaajaak

þ
ð
M

htðuÞ; tF ðuÞi

If M ¼ Sm JRmþ1, then h
m
ij ¼: hij ¼ dij. Hence

X
IðduX T

A ; duX T
A Þ ¼

ð
M

exp
jduj2

2

 !X
ðjduj2 þ 2�mÞjduj2 þ

ð
M

htðuÞ; tF ðuÞi:
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If u is a stable expnential stationary map, thenð
M

exp
jduj2

2

 !X
ðjduj2 þ 2�mÞjduj2 þ

ð
M

htðuÞ; tF ðuÞib 0:

When jduj2 < m� 2, and u is an exponential harmonic map, then u must be
constant.
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