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ON PROPERTIES OF MEROMORPHIC SOLUTIONS FOR SOME

DIFFERENCE EQUATIONS*

Zong-Xuan Chen

Abstract

In this paper, we investigate properties of finite order transcendental meromorphic

solutions and rational solutions of di¤erence Painlevé I and II equations.

1. Introduction and results

Painlevé and his colleagues [19] classified all equations of the Painlevé type
of the form

d 2y

dz2
¼ F z; y;

dy

dz

� �

where F is rational in y and dy=dz and (locally) analytic in z. The first two of
these are PI and PII :

d 2y

dz2
¼ 6y2 þ z and

d 2y

dz2
¼ 2y2 þ zyþ a

where a is a constant. The di¤erential Painlevé equations, discovered since the
beginning of last century, have been an important research subject in the field of
the mathematics and physics.

In the past 15 years, the discrete Painlevé equations became important
research problems (see [1, 8]). For example, discrete Painlevé I equations

ynþ1 þ yn�1 ¼
anþ b

yn
þ g;

ynþ1 þ yn�1 ¼
anþ b

yn
þ g

y2n
;
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and discrete Painlevé II equation

ynþ1 þ yn�1 ¼
ðanþ bÞyn þ g

1� y2n
;

where a, b and g are constants, n A N.
Recently, a number of papers (including [1–7, 9–12, 14–17]) focused on

complex di¤erence equations and di¤erence analogues of Nevanlinna’s theory.
As the di¤erence analogues of Nevanlinna’s theory are being investigated, many
results on the complex di¤erence equations are rapidly obtained.

Some results on existence of meromorphic solutions for certain di¤erence
equations were obtained by Shimomura [20] and Yanagihara [22].

Ablowitz et al [1] looked at di¤erence equations of the type

wðzþ 1Þ þ wðz� 1Þ ¼ Rðz;wÞð1:1Þ

where R is rational in both of its arguments, and showed the following theorem.

Theorem A ([1]). If the second-order di¤erence equation

yðzþ 1Þ þ yðz� 1Þ ¼ a0ðzÞ þ a1ðzÞyþ � � � þ apðzÞyp

b0ðzÞ þ b1ðzÞyþ � � � þ bqðzÞyq

where ai and bi are polynomials, admits a non-rational meromorphic solution of
finite order, then maxðp; qÞa 2.

Halburd and Korhonen [10–12] used value distribution theory and a rea-
soning related to the singularity confinement to single out the di¤erence Painlevé
I and II equations from di¤erence equation (1.1).

They obtained that if (1.1) has an admissible meromorphic solutions of finite
order, then either w satisfies a di¤erence Riccati equation, or (1.1) can be trans-
formed by a linear change in w to some classical di¤erence equations, which
include di¤erence Painlevé I equations

wðzþ 1Þ þ wðz� 1Þ ¼ azþ b

wðzÞ þ c;ð1:2Þ

wðzþ 1Þ þ wðz� 1Þ ¼ azþ b

wðzÞ þ c

wðzÞ2
ð1:3Þ

and di¤erence Painlevé II equation

wðzþ 1Þ þ wðz� 1Þ ¼ ðazþ bÞwþ c

1� w2
:ð1:4Þ

From the above, we see that di¤erence Painlevé I and II equations are the
development of the di¤erential and discrete Painlevé I and II equations. So they
are an important class of di¤erence equations.
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Chen and Shon [5] investigated some properties of meromorphic solutions
of di¤erence Painlevé I and II equations, and proved the following Theorems B
and C.

In this paper, we assume the reader is familiar with basic notions of
Nevanlinna’s value distribution theory (see e.g. [13, 18, 21]). In addition, we
use the notation sð f Þ to denote the order of growth of the meromorphic function

f ðzÞ, and lð f Þ and l
1

f

� �
to denote, respectively, the exponents of convergence

of zeros and poles of f ðzÞ.

Theorem B ([5]). Let a, b, c be constants with a0 0. If f ðzÞ is a finite
order transcendental meromorphic solution of the di¤erence Painlevé I equation
(1.2), then

(i) f has at most one non-zero finite Borel exceptional value;

(ii) l
1

f

� �
¼ lð f Þ ¼ sð f Þ;

(iii) f ðzÞ has infinitely many fixed points and satisfies tð f Þ ¼ sð f Þ.

Theorem C ([5]). Let a, b, c be constants with ac0 0. If f ðzÞ is a finite
order transcendental meromorphic solution of the di¤erence Painlevé II equation
(1.4), then

(i) f has at most one non-zero finite Borel exceptional value;

(ii) l
1

f

� �
¼ lð f Þ ¼ sð f Þ;

(iii) f ðzÞ has infinitely many fixed points and satisfies tð f Þ ¼ sð f Þ.

In [5], they also consider properties of rational solutions of (1.2) and (1.4).
In this paper, we consider the other form of the di¤erence Painlevé I

equation, i.e. equation (1.3), and prove the following Theorems 1 and 3. For the
di¤erence Painlevé II equation (1.4), in [5], we consider the case c0 0, in this
paper, we consider the case c ¼ 0, i.e. equation

wðzþ 1Þ þ wðz� 1Þ ¼ ðazþ bÞw
1� w2

;ð1:5Þ

and prove the following Theorems 2 and 4.

Theorem 1. Let a, b, c be constants such that ac0 0. Suppose that wðzÞ
is a finite order transcendental meromorphic solution of the di¤erence Painlevé I
equation (1.3). Then

(i) wðzÞ has no any Borel exceptional value;
(ii) if pðzÞ is a non-constant polynomial, then wðzÞ � pðzÞ has infinitely many

zeros and lðw� pÞ ¼ sðwÞ.
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Theorem 2. Let a, b be constants such that jaj þ jbj0 0. Suppose that wðzÞ
is a finite order transcendental meromorphic solution of the di¤erence Painlevé II
equation (1.5). Then

(i) wðzÞ has infinitely many poles, and satisfies l
1

w

� �
¼ sðwÞ;

(ii) if pðzÞ is a non-constant polynomial, then wðzÞ � pðzÞ has infinitely many
zeros and lðw� pÞ ¼ sðwÞ;

(iii) if a0 0, then wðzÞ assumes every non-zero value d A C infinitely often,
and satisfies lðw� dÞ ¼ sðwÞ;
if a ¼ 0, then the Borel exceptional value of wðzÞ can only come from a set

E ¼ 0; 1� b

2

� �1=2( )
.

Theorem 3. Let a, b, c be constants such that c0 0 and jaj þ jbj0 0. Then
(i) if a ¼ 0, then equation (1.3) has nonzero constant solution wðzÞ ¼ B where

B satisfies

2B3 � bB� c ¼ 0;

the other rational solutions wðzÞ satisfy wðzÞ ¼ Bþ SðzÞ
HðzÞ where SðzÞ and HðzÞ are

relatively prime polynomials satisfying deg SðzÞ < deg HðzÞ;

(ii) if a0 0 and wðzÞ ¼ SðzÞ
HðzÞ is a rational solution of (1.3), where

SðzÞ ¼ szk þ sk�1z
k�1 þ � � � þ s0; HðzÞ ¼ hzt þ ht�1z

t�1 þ � � � þ h0

where s; sk�1; . . . ; s0 and h; ht�1; . . . ; h0 are constants such that sh0 0, then

t ¼ k þ 1 and s ¼ � ch

a
:

Theorem 4. Consider rational solutions of di¤erence Painlevé II equation
(1.5) with a, b are constants.

(i) If a0 0, then (1.5) has no non-zero rational solution.
(ii) If a ¼ 0 and b ¼ 2, then a non-zero rational solution of (1.5) is of the

form wðzÞ ¼ SðzÞ
HðzÞ , where SðzÞ and HðzÞ are relatively prime polynomials satisfying

deg SðzÞ < deg HðzÞ.
(iii) If a ¼ 0 and b0 2 (and b0 0), then a non-zero rational solution of (1.5)

is of the form

wðzÞ ¼ 1� b

2

� �1=2
þ S1ðzÞ
H1ðzÞ

;

where S1ðzÞ and H1ðzÞ are relatively prime polynomials satisfying deg S1ðzÞ <

deg H1ðzÞ. 1� b

2

� �1=2
are nonzero constant solutions of (1.5).
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Example 1. The constant solution wðzÞ ¼ B ¼ 1
2 satisfies the di¤erence Pain-

levé I equation

wðzþ 1Þ þ wðz� 1Þ ¼ 1

wðzÞ þ
� 1

4

wðzÞ2

and

2B3 � bB� c ¼ 0:

Example 2. The meromorphic function wðzÞ ¼ tan
p

4
z

� �
satisfies the dif-

ference Painlevé II equation

wðzþ 1Þ þ wðz� 1Þ ¼ 4w

1� w2
;

where sðwÞ ¼ lðw� pÞ ¼ l
1

w

� �
¼ 1, and where pðzÞ is non-constant polynomial.

Example 3. The rational function f ðzÞ ¼ 1

zþ 1
and the transcendental

meromorphic function f1ðzÞ ¼
1

e2piz þ zþ 1
satisfy the di¤erence Painlevé II equa-

tion

f ðzþ 1Þ þ f ðz� 1Þ ¼ 2f

1� f 2
:

The solution f1 has infinitely many poles, but has no zero, and satisfies

l
1

f1

� �
¼ sð f1Þ ¼ 1 and lð f1Þ ¼ 0. This shows the Borel exceptional value of f1

is in E.

2. Proof of Theorem 1

We need the following lemmas for the proof of Theorem 1.

Lemma 2.1 ([9, 17]). Let f be a transcendental meromorphic solution of finite
order s of a di¤erence equation of the form

Hðz; f ÞPðz; f Þ ¼ Qðz; f Þ

where Hðz; f Þ is a di¤erence product of total degree n in f ðzÞ and its shifts, and
where Pðz; f Þ, Qðz; f Þ are di¤erence polynomials so that the total degree of Qðz; f Þ
is a n. Then, for each e > 0,

mðr;Pðz; f ÞÞ ¼ Oðrs�1þeÞ þ Sðr; f Þ;

possibly outside of an exceptional set of finite logarithmic measure.
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In the remark of [10, P.15], it is pointed out that the following Lemma 2.2
holds. Or using the same reasoning as in the proof of Lemma 2.1 in [11], we
can prove the following Lemma 2.2.

Lemma 2.2. Let f be a non-constant finite order meromorphic function.
Then

Nðrþ 1; f Þ ¼ Nðr; f Þ þ Sðr; f Þ
outside of a possible exceptional set of finite logarithmic measure.

Remark 2.1. In [7], Chiang and Feng prove that let f be a meromorphic
function with exponent of convergence of poles lð1=f Þ ¼ l < y, h0 0 be fixed,
then for each e > 0,

Nðr; f ðzþ hÞÞ ¼ Nðr; f Þ þOðrl�1þeÞ þOðlog rÞ:

Lemma 2.3 ([9, 17]). Let wðzÞ be a non-constant finite order meromorphic
solution of

Pðz;wÞ ¼ 0

where Pðz;wÞ is a di¤erence polynomial in wðzÞ. If Pðz; aÞ2 0 for a meromorphic

function a satisfying limr!y
Tðr; aÞ
Tðr;wÞ ¼ 0, then

m r;
1

w� a

� �
¼ Sðr;wÞ

outside of a possible exceptional set of finite logarithmic measure.

Proof of Theorem 1. Assume that wðzÞ is a finite order transcendental
meromorphic solution of (1.3).

(i) First, we prove l
1

w

� �
¼ sðwÞ. By (1.3), we obtain that

wðzÞ ½wðzþ 1Þ þ wðz� 1Þ�wðzÞf g¼ ðazþ bÞwðzÞ þ c:ð2:1Þ
Applying Lemma 2.1 to (2.1), we see that for any given e > 0, there is a subset
EH ð1;yÞ having finite logarithmic measure such that for jzj ¼ r B ½0; 1�UE,

mðr; ½wðzþ 1Þ þ wðz� 1Þ�wðzÞÞ ¼ Oðrs�1þeÞ þ Sðr;wÞ;ð2:2Þ

where s ¼ sðwÞ. On the other hand, by (1.3), we have

½wðzþ 1Þ þ wðz� 1Þ�wðzÞ ¼ wðzÞ azþ b

wðzÞ þ c

wðzÞ2

" #
ð2:3Þ

¼ ðazþ bÞ þ c

wðzÞ :
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By Valiron-Mohon’ko lemma (see [18]) and (2.3), we see that

Tðr; ½wðzþ 1Þ þ wðz� 1Þ�wðzÞÞ ¼ Tðr;wÞ þ Sðr;wÞ:ð2:4Þ

Hence, by (2.2) and (2.4), we have that

Nðr; ½wðzþ 1Þ þ wðz� 1Þ�wðzÞÞ ¼ Tðr;wÞ þ Sðr;wÞ þOðrs�1þeÞ:ð2:5Þ

If wðzÞ has a pole of multiplicity k at z0 and jz0ja r� 1, then wðzþ 1Þ and
wðz� 1Þ have poles at z0 � 1, z0 þ 1 of multiplicity k respectively. Hence

Nðr; ½wðzþ 1Þ þ wðz� 1Þ�wðzÞÞa 3Nðrþ 1;wðzÞÞ:ð2:6Þ

By Lemma 2.2, we have

Nðrþ 1;wðzÞÞ ¼ Nðr;wðzÞÞ þ Sðr;wÞ:ð2:7Þ

Thus, by (2.5)–(2.7) we obtain that

l
1

w

� �
¼ sðwÞ:ð2:8Þ

Secondly, we show that for any finite value a, we have lðw� aÞ ¼ sðwÞ. Set
gðzÞ ¼ wðzÞ � a. Substituting wðzÞ ¼ gðzÞ þ a into (1.3), we obtain that

gðzþ 1Þ þ gðz� 1Þ þ 2a ¼ azþ b

gðzÞ þ a
þ c

ðgðzÞ þ aÞ2
:ð2:9Þ

It follows from (2.9) that

Pðz; gÞ :¼ ½gðzþ 1Þ þ gðz� 1Þ þ 2a�ðgðzÞ þ aÞ2ð2:10Þ
� ðazþ bÞðgðzÞ þ aÞ � c ¼ 0:

By (2.10), we have

Pðz; 0Þ ¼ 2a3 þ aðazþ bÞ � c:ð2:11Þ

If a ¼ 0, then Pðz; 0Þ ¼ �c2 0 since c0 0; if a0 0, then

Pðz; 0Þ ¼ 2a3 þ aðazþ bÞ � c2 0

since a0 0. Thus by Lemma (2.3), we see that

m r;
1

g

� �
¼ Sðr; gÞ

outside of a possible exceptional set of finite logarithmic measure. Thus

N r;
1

w� a

� �
¼ N r;

1

g

� �
ð2:12Þ

¼ Tðr; gÞ þ Sðr; gÞ ¼ Tðr;wÞ þ Sðr;wÞ
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outside of a possible exceptional set of finite logarithmic measure. Hence, by
(2.12) we have lðw� aÞ ¼ sðwÞ. Combing with (2.8), we see that wðzÞ has no
any Borel exceptional value.

(ii) Suppose that pðzÞ is a non-constant polynomial. We use a similar
method as above to prove lðw� pÞ ¼ sðwÞ. Set pðzÞ ¼ dkz

k þ � � � þ d0 where
dk; . . . ; d0 are constants, dk 0 0 and kb 1, and g1ðzÞ ¼ wðzÞ � pðzÞ. Substituting
wðzÞ ¼ g1ðzÞ þ pðzÞ into (1.3), we obtain that

P1ðz; g1Þ ¼ ½g1ðzþ 1Þ þ g1ðz� 1Þ þ pðzþ 1Þ þ pðz� 1Þ�ðg1ðzÞ þ pðzÞÞ2ð2:13Þ
� ðazþ bÞðg1ðzÞ þ pðzÞÞ � c ¼ 0:

Thus, since dk 0 0 and kb 1, it follows from (2.13) that

P1ðz; 0Þ ¼ ðpðzþ 1Þ þ pðz� 1ÞÞpðzÞ2 � ðazþ bÞpðzÞ � c

¼ 2d 3
k z

3k þ � � �2 0:

Continuing to use the same method as above, we obtain that lðw� pÞ ¼ sðwÞ.
Thus Theorem 1 is proved.

3. Proof of Theorem 2

Assume that wðzÞ is a transcendental solution of (1.5) with sðwÞ < y. We
use a similar method as in the proof of Theorem 1.

(i) By (1.5), we obtain that

wðzÞ wðzÞ½wðzþ 1Þ þ wðz� 1Þ�f g¼ wðzþ 1Þ þ wðz� 1Þ � ðazþ bÞwðzÞ:ð3:1Þ

Applying Lemma 2.1 to (3.1), we see that for any given e > 0, there is a subset
EH ð1;yÞ having finite logarithmic measure such that for jzj ¼ r B ½0; 1�UE,

mðr;wðzÞðwðzþ 1Þ þ wðz� 1ÞÞÞ ¼ Oðrs�1þeÞ þ Sðr;wÞ;ð3:2Þ

where s ¼ sðwÞ. By Valiron-Mohon’ko lemma (see [18]) and (1.5), obtain that

Tðr;wðzÞðwðzþ 1Þ þ wðz� 1ÞÞÞ ¼ T r;wðzÞ ðazþ bÞw
1� w2

� �
ð3:3Þ

¼ 2Tðr;wÞ þ Sðr;wÞ:

Thus, by (3.2) and (3.3), we have

Nðr;wðzÞðwðzþ 1Þ þ wðz� 1ÞÞÞ ¼ 2Tðr;wÞ þ Sðr;wÞ þOðrs�1þeÞ:ð3:4Þ

On the other hand, if wðzÞ has a pole of multiplicity m at z0 and jz0ja r� 1,
then wðzþ 1Þ and wðz� 1Þ have poles at z0 � 1, z0 þ 1 of multiplicity m respec-
tively. Thus, by Lemma 2.2 and (3.4), we obtain that
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3Nðr;wðzÞÞ ¼ 3Nðrþ 1;wðzÞÞ þ Sðr;wÞ
bN r;wðzÞðwðzþ 1Þ þ wðz� 1Þð Þþ Sðr;wÞ

¼ 2Tðr;wðzÞÞ þ Sðr;wÞ þOðrs�1þeÞ:

Hence l
1

w

� �
¼ sðwÞ.

(ii) Use the same method as the proof of Theorem 1(ii), we get lðw� pÞ ¼
sðwÞ.

(iii) By (1.5), we derive that

P2ðz;wÞ :¼ �wðzÞ2 wðzþ 1Þ þ wðz� 1Þð Þð3:5Þ
� ðazþ bÞwðzÞ þ wðzþ 1Þ þ wðz� 1Þð Þ ¼ 0:

For a non-zero value d A C, by (3.5), we have that

P2ðz; dÞ ¼ �2d 3 � azd þ ð2� bÞd:ð3:6Þ

We divide it into two cases to prove.
(a) If a0 0, then by d0 0 we have

P2ðz; dÞ ¼ �2d 3 � azd þ ð2� bÞd2 0:

Using a similar method as above, we obtain that lðw� dÞ ¼ sðwÞ.
(b) If a ¼ 0 and d B E, then we obtain that

P2ðz; dÞ ¼ �2d 3 þ ð2� bÞd2 0:

Using a similar method as above we obtain lðw� dÞ ¼ sðwÞ. Hence, the Borel

exceptional of wðzÞ can only come from a set E ¼ 0; 1� b

2

� �1=2( )
.

Thus Theorem 2 is proved.

4. Proof of Theorem 3

Assume that wðzÞ is a rational solution of (1.3), and has poles t1; . . . ; tk.
Consequently, we suppose that

djsj
ðz� tjÞsj

þ � � � þ dj1

z� tj
ð j ¼ 1; . . . ; kÞ

are the principal parts of w at tj respectively, where djsj ; . . . ; dj1 are constants,
djsj 0 0. Thus, wðzÞ can be represented as

wðzÞ ¼
Xk

j¼1

djsj
ðz� tjÞsj

þ � � � þ dj1

z� tj

� �
þ a0 þ a1zþ � � � þ amz

m;ð4:1Þ

where a0; . . . ; am are constants.
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We a‰rm that am ¼ � � � ¼ a1 ¼ 0. Assume am 0 0 ðmb 1Þ. For su‰-
ciently large z, by (4.1), we have

wðzÞ ¼ amz
mð1þ oð1ÞÞ

wðzG 1Þ ¼ amðzG 1Þmð1þ oð1ÞÞ ¼ amz
mð1þ oð1ÞÞ

�
ð4:2Þ

By (1.3), we obtain that

ðwðzþ 1Þ þ wðz� 1ÞÞwðzÞ2 ¼ ðazþ bÞwðzÞ þ cð4:3Þ

Substituting (4.2) into (4.3), we obtain that

2a3mz
3mð1þ oð1ÞÞ ¼ ðazþ bÞamzmð1þ oð1ÞÞ þ c:ð4:4Þ

Clearly, (4.4) is a contradiction since am 0 0. Hence am ¼ 0 ðmb 1Þ.
(i) Suppose that a ¼ 0. By observation for (1.3), we see that wðzÞ ¼ B,

where B satisfies 2B3 � bB� c ¼ 0, is a nonzero constant solution of (1.3). Since
am ¼ 0 ðmb 1Þ, wðzÞ can be rewritten by (4.1) as

wðzÞ ¼ SðzÞ
HðzÞð4:5Þ

where

SðzÞ ¼ szk þ sk�1z
k�1 þ � � � þ s0 and HðzÞ ¼ hzt þ ht�1z

t�1 þ � � � þ h0;ð4:6Þ

where s; sk�1; . . . ; s0 and h; ht�1; . . . ; t0 are constants, sh0 0 and ka t. Suppose
that k < t. Then substituting (4.5) into (1.3), we obtain that

Sðzþ 1ÞHðz� 1ÞSðzÞ2 þ Sðz� 1ÞHðzþ 1ÞSðzÞ2ð4:7Þ

¼ bSðzÞHðzÞHðzþ 1ÞHðz� 1Þ þ cHðzÞ2Hðzþ 1ÞHðz� 1Þ:

Thus, in (4.7) there only exists one term cHðzÞ2Hðzþ 1ÞHðz� 1Þ such that it’s
degree is highest. This contradiction show k ¼ t. Thus, by (4.6) and (4.7), we
obtain that

sðzþ 1Þk þ sk�1ðzþ 1Þk�1 þ � � � þ s0

hðzþ 1Þ t þ ht�1ðzþ 1Þ t�1 þ � � � þ h0
þ sðz� 1Þk þ sk�1ðz� 1Þk�1 þ � � � þ s0

hðz� 1Þ t þ ht�1ðz� 1Þ t�1 þ � � � þ h0
ð4:8Þ

¼ bðhzt þ ht�1z
t�1 þ � � � þ h0Þ

szk þ sk�1zk�1 þ � � � þ s0
þ cðhzt þ ht�1z

t�1 þ � � � þ h0Þ2

ðszk þ sk�1zk�1 þ � � � þ s0Þ2
:

By (4.8), we obtain that as z ! y

2B3 � bB� c ¼ 0

where B ¼ s

h
. Hence, wðzÞ can be rewritten as

wðzÞ ¼ Bþ S1ðzÞ
H1ðzÞ
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where S1ðzÞ and H1ðzÞ are polynomials with deg S1ðzÞ < deg H1ðzÞ, B is a con-
stant satisfying 2B3 � bB� c ¼ 0.

(ii) Suppose that a0 0. Above we have got am ¼ 0 ðmb 1Þ. Now assume
a0 0 0. Then for su‰ciently large z, by (4.1), we see that

wðzÞ ¼ a0 þ oð1Þ; wðzþ 1Þ ¼ a0 þ oð1Þ; wðz� 1Þ ¼ a0 þ oð1Þ:ð4:9Þ
By (4.3) and (4.9), we obtain that

ð2a0 þ oð1ÞÞða0 þ oð1ÞÞ2 ¼ ðazþ bÞða0 þ oð1ÞÞ þ c:ð4:10Þ
This is a contradiction since a0 0. Hence a0 ¼ 0. Thus, f ðzÞ can be rewritten
as (4.5) with deg SðzÞ ¼ k < deg HðzÞ ¼ t. Substituting (4.5) into (1.3), we obtain
that

Sðzþ 1ÞHðz� 1ÞSðzÞ2 þ Sðz� 1ÞHðzþ 1ÞSðzÞ2ð4:7Þ0

¼ ðazþ bÞSðzÞHðzÞHðzþ 1ÞHðz� 1Þ þ cHðzÞ2Hðzþ 1ÞHðz� 1Þ:

By observation for (4.7) 0, we get

t ¼ k þ 1 and s ¼ � ch

a
:

Thus Theorem 3 is proved.

5. Proof of Theorem 4

We use a similar method as in the proof of Theorem 2 in the proof.
(i) Assume that wðzÞ is a rational solution of (1.5), and has poles t1; . . . ; tk.

Thus, wðzÞ can be represented as (4.1). Using the same method as in the proof
of Theorem 2, we obtain that am ¼ 0 ðmb 1Þ.

Now we prove a0 ¼ 0. If a0 0 0, then for su‰ciently large z, (4.9) holds.
Substituting (4.9) into (1.5), we get

ðazþ bÞða0 þ oð1ÞÞ ¼ �ða20 þ oð1ÞÞð2a0 þ oð1ÞÞ þ ð2a0 þ oð1ÞÞ:ð5:1Þ
Since a0 0 and a0 0 0, we see that (5.1) is a contradiction. Hence a0 ¼ 0.
Thus, wðzÞ can be rewritten by (4.1) as the form (4.5), and SðzÞ, HðzÞ satisfy (4.6)
with k < t. Substituting (4.5) into (1.5), we obtain that

ðazþ bÞHðzþ 1ÞHðz� 1ÞHðzÞSðzÞð5:2Þ

¼ Sðzþ 1ÞHðz� 1ÞHðzÞ2 � Sðzþ 1ÞHðz� 1ÞSðzÞ2

þ Sðz� 1ÞHðzþ 1ÞHðzÞ2 � Sðz� 1ÞHðzþ 1ÞSðzÞ2:

Thus, since k < t and a0 0, we see that the degree of the right side of (5.2)
a 3tþ k; but the degree of the left side of (5.2) is equal to 3tþ k þ 1. This is a
contradiction. Hence, if a0 0, then (1.5) has no non-zero rational solution.

(ii) Suppose that a ¼ 0, b ¼ 2 and wðzÞ is a non-zero rational solution of
(1.5) and wðzÞ can be represented as (4.1). Using the same method as above,

254 zong-xuan chen



we get that am ¼ 0 ðmb 1Þ and a0 ¼ 0. Hence wðzÞ ¼ SðzÞ
HðzÞ with deg S <

deg H.

(iii) Suppose that a ¼ 0, b0 2, 0 and wðzÞ is a non-zero rational solution of
(1.5) and wðzÞ can be represented as (4.1). Using the same method as above, we
obtain that am ¼ 0 ðmb 1Þ.

By observation for (1.5), we easily see 1� b

2

� �1=2
are nonzero constant

solutions of (1.5). Since am ¼ 0 ðmb 1Þ, wðzÞ can be rewritten by (4.1) as the
form (4.5), where SðzÞ and HðzÞ satisfy (4.6) with ka t.

We a‰rm k ¼ t ¼ m in (4.6). Suppose that k < t. By (4.5), we obtain that

bHðzþ 1ÞHðz� 1ÞHðzÞSðzÞð5:2Þ0

¼ Sðzþ 1ÞHðz� 1ÞHðzÞ2 � Sðzþ 1ÞHðz� 1ÞSðzÞ2

þ Sðz� 1ÞHðzþ 1ÞHðzÞ2 � Sðz� 1ÞHðzþ 1ÞSðzÞ2:

Comparing coe‰cients and degrees of all terms of (5.2) 0, by k < t, (4.6) and
(5.2) 0, we obtain that

bsh3 ¼ 2sh3:

Sine hs0 0, we have b ¼ 2. This contradicts the fact that b0 2. Hence
k ¼ t ¼ m.

When k ¼ t ¼ m, again comparing coe‰cients of the highest degree terms
(i.e. containing z4m) of (5.2) 0, we obtain that

ð2� bÞh3s� 2s3h ¼ 0;

i.e.

s

h
¼ 1� b

2

� �1=2
:

Hence wðzÞ is of the form

wðzÞ ¼ 1� b

2

� �1=2
þH1ðzÞ

G1ðzÞ
where H1ðzÞ, G1ðzÞ are polynomials satisfying deg H1 < deg G1. Thus Theorem
4 is proved.
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