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INVARIANTS OF AMPLE LINE BUNDLES ON PROJECTIVE

VARIETIES AND THEIR APPLICATIONS, II*yz

Yoshiaki Fukuma

Abstract

Let X be a smooth complex projective variety of dimension n and let L1; . . . ;Ln�i

be ample line bundles on X , where i is an integer with 0a ia n� 1. In the previous

paper, we defined the i-th sectional geometric genus giðX ;L1; . . . ;Ln�iÞ of ðX ;L1; . . . ;

Ln�iÞ. In this part II, we will investigate a lower bound for giðX ;L1; . . . ;Ln�iÞ. More-

over we will study the first sectional geometric genus of ðX ;L1; . . . ;Ln�1Þ.

Introduction

This is the continuation of [13]. This paper (Part II) consists of section 3, 4,
5 and 6. Let X be a smooth complex projective variety of dimension n and let
L1; . . . ;Ln�i be ample line bundles on X , where i is an integer with 0a ia n� 1.
In [13], we defined the ith sectional geometric genus giðX ;L1; . . . ;Ln�iÞ. This
invariant is thought to be a generalization of the ith sectional geometric genus
giðX ;LÞ of polarized varieties ðX ;LÞ. Furthermore in [13], we showed some
fundamental properties of this invariant. In this paper and [14], we will study
projective varieties more deeply by using some properties of the ith sectional
geometric genus of multi-polarized varieties which have been proved in [13]. In
this paper, we will mainly study a lower bound of giðX ;L1; . . . ;Ln�iÞ and some
properties of the case where i ¼ 1. The content of this paper is the following.

In section 3 we will give some results and definitions which will be used in
this paper.

In section 4, we will investigate a lower bound for the ith sectional geometric
genus of multi-polarized variety ðX ;L1; . . . ;Ln�iÞ. In particular, we will study a
relation between giðX ;L1; . . . ;Ln�iÞ and hiðOX Þ.
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In section 5, we will study the nefness of KX þ L1 þ � � � þ Lt for tb n� 2.
This investigation will make us possible to study a lower bound for
g1ðX ;L1; . . . ;Ln�1Þ (see section 6) and some properties of g2ðX ;L1; . . . ;Ln�2Þ
(see [14]).

In section 6, we mainly consider the case where ðX ;L1; . . . ;Ln�1Þ is a multi-
polarized manifold of type n� 1 by using results in section 5, and we will make a
study of the following:

(1) The non-negativity of g1ðX ;L1; . . . ;Ln�1Þ.
(2) A classification of ðX ;L1; . . . ;Ln�1Þ with g1ðX ;L1; . . . ;Ln�1Þa 1.
(3) Under the assumption that jLjj is base point free for any j with 1a

ja n� 1, we will prove that g1ðX ;L1; . . . ;Ln�1Þb h1ðOX Þ. Moreover
we will classify ðX ;L1; . . . ;Ln�1Þ with g1ðX ;L1; . . . ;Ln�1Þ ¼ h1ðOX Þ.

(4) Assume that n ¼ 3, h0ðL1Þb 2 and h0ðL2Þb 1. Then we will prove
g1ðX ;L1;L2Þb h1ðOX Þ. Furthermore we will classify multi-polarized 3-
folds ðX ;L1;L2Þ with g1ðX ;L1;L2Þ ¼ h1ðOX Þ, h0ðL1Þb 2 and h0ðL2Þb 3.

In this paper we use the same notation as in [13].

3. Preliminaries for the second part

Notation 3.1. Let X be a projective variety of dimension n, let i be an
integer with 0a ia n� 1, and let L1; . . . ;Ln�i be line bundles on X . Then
wðLt1

1 n � � �nLtn�i

n�iÞ is a polynomial in t1; . . . ; tn�i of total degree at most n. So
we can write wðLt1

1 n � � �nLtn�i

n�iÞ uniquely as follows.

wðLt1
1 n � � �nLtn�i

n�iÞ

¼
Xn
p¼0

X
p1b0;...;pn�ib0
p1þ���þpn�i¼p

wp1;...;pn�i
ðL1; . . . ;Ln�iÞ

t1 þ p1 � 1

p1

� �
� � � tn�i þ pn�i � 1

pn�i

� �
:

Definition 3.1 ([13, Definition 2.1]). Let X be a projective variety of
dimension n, let i be an integer with 0a ia n, and let L1; . . . ;Ln�i be line
bundles on X .

(1) The ith sectional H-arithmetic genus wH
i ðX ;L1; . . . ;Ln�iÞ is defined by the

following:

wH
i ðX ;L1; . . . ;Ln�iÞ ¼

w1; . . . ; 1|fflfflfflffl{zfflfflfflffl}
n�i

ðL1; . . . ;Ln�iÞ if 0a ia n� 1;

wðOX Þ if i ¼ n:

8<:
(2) The ith sectional geometric genus giðX ;L1; . . . ;Ln�iÞ is defined by the

following:

giðX ;L1; . . . ;Ln�iÞ ¼ ð�1Þ iðwH
i ðX ;L1; . . . ;Ln�iÞ � wðOX ÞÞ

þ
Xn�i

j¼0

ð�1Þn�i�j
hn�jðOX Þ:
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(3) The ith sectional arithmetic genus pi
aðX ;L1; . . . ;Ln�iÞ is defined by the

following:

pi
aðX ;L1; . . . ;Ln�iÞ ¼ ð�1Þ iðwH

i ðX ;L1; . . . ;Ln�iÞ � h0ðOX ÞÞ:

Remark 3.1. Let X be a smooth projective variety of dimension n and let
E be an ample vector bundle of rank r on X with 1a ra n. Then in [10,
Definition 2.1], we defined the ith cr-sectional geometric genus giðX ;EÞ of ðX ;EÞ
for every integer i with 0a ia n� r. Let i be an integer with 0a ia n� 1.
Here we note that if i ¼ 1, then g1ðX ;EÞ is the genus defined in [15, Definition
1.1], and moreover if r ¼ n� 1, then g1ðX ;EÞ is the curve genus gðX ;EÞ of
ðX ;EÞ which was defined in [1] and has been studied by many authors (see
[22], [23] and so on). Let L1; . . . ;Ln�i be ample line bundles on X . By setting
E :¼ L1 l � � �lLn�i, we see that giðX ;EÞ ¼ giðX ;L1; . . . ;Ln�iÞ. In particular if
i ¼ 1, then g1ðX ;L1; . . . ;Ln�1Þ is equal to the curve genus of ðX ;EÞ.

Definition 3.2. Let X and Y be smooth projective varieties with dim X >
dim Y b 1. Then a morphism f : X ! Y is called a fiber space if f is surjective
with connected fibers. Let L be a Cartier divisor on X . Then ð f ;X ;Y ;LÞ is
called a polarized (resp. quasi-polarized ) fiber space if f : X ! Y is a fiber space
and L is ample (resp. nef and big).

Definition 3.3. Let ðX ;L1; . . . ;LkÞ be an n-dimensional polarized manifold
of type k, where k is a positive integer. Then ðX ;L1; . . . ;LkÞ is called a scroll
(resp. quadric fibration, Del Pezzo fibration) over a normal variety W if there
exists a fiber space f : X ! W such that dim W ¼ n� k þ 1 (resp. n� k,
n� k � 1) and KX þ L1 þ � � � þ Lk ¼ f �ðAÞ for an ample line bundle A on W .
We say that a polarized manifold ðX ;LÞ is a scroll (resp. quadric fibration, Del
Pezzo fibration) over a normal variety Y with dim Y ¼ m if there exists a fiber
space f : X ! Y such that KX þ ðn�mþ 1ÞL ¼ f �ðAÞ (resp. KX þ ðn�mÞL ¼
f �ðAÞ, KX þ ðn�m� 1ÞL ¼ f �ðAÞ) for an ample line bundle A on Y .

Theorem 3.1. Let ðX ;LÞ be a polarized manifold with n ¼ dim X b 3.
Then ðX ;LÞ is one of the following types:

(1) ðPn;OPnð1ÞÞ.
(2) ðQn;OQnð1ÞÞ.
(3) A scroll over a smooth curve.
(4) KX @�ðn� 1ÞL, that is, ðX ;LÞ is a Del Pezzo manifold.
(5) A quadric fibration over a smooth curve.
(6) A scroll over a smooth surface.
(7) Let ðX 0;L 0Þ be a reduction of ðX ;LÞ.

(7-1) n ¼ 4, ðX 0;L 0Þ ¼ ðP4;OP4ð2ÞÞ.
(7-2) n ¼ 3, ðX 0;L 0Þ ¼ ðQ3;OQ3ð2ÞÞ.
(7-3) n ¼ 3, ðX 0;L 0Þ ¼ ðP3;OP3ð3ÞÞ.
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(7-4) n ¼ 3, X 0 is a P2-bundle over a smooth curve and ðF 0;L 0jF 0 Þ is
isomorphic to ðP2;OP2ð2ÞÞ for any fiber F 0 of it.

(7-5) KX 0 þ ðn� 2ÞL 0 is nef.

Proof. See [2, Proposition 7.2.2, Theorem 7.2.4, Theorem 7.3.2 and The-
orem 7.3.4]. r

Notation 3.2. Let X be a projective manifold of dimension n.
� 1 denotes the numerical equivalence.
� Zn�1ðX Þ: the group of Weil divisors.
� N1ðXÞ :¼ ðf1-cyclesg=1ÞnR.
� NEðXÞ: the convex cone in N1ðXÞ generated by the e¤ective 1-cycles.
� NEðXÞ: the closure of NEðXÞ in N1ðXÞ with respect to the Euclidean
topology.

� rðXÞ :¼ dimR N1ðXÞ.
� If C is a 1-dimensional cycle in X , then we denote ½C� its class in N1ðXÞ.
� Let D be an e¤ective divisor on X and D ¼

P
i aiDi its prime decompo-

sition, where ai b 1 for any i. Then we write Dred ¼
P

i Di.
� Sl denotes the symmetric group of order l.

Definition 3.4 ([27, (1.9)]). Let X be a projective manifold of dimension n
and let R be an extremal ray. Then the length lðRÞ is defined by the following:

lðRÞ ¼ minf�KXC jC is a rational curve with ½C� A Rg:

Remark 3.2. By the cone theorem (see [24, Theorem (1.4)], [18] and [20]),
lðRÞa nþ 1 holds.

Proposition 3.1. Let X be a projective manifold of dimension n.
(1) If there exists an extremal ray R with lðRÞ ¼ nþ 1, then Pic X GZ and

�KX is ample.
(2) If there exists an extremal ray R with lðRÞ ¼ n, then Pic X GZ and �KX

is ample, or rðXÞ ¼ 2 and there exists a morphism contR : X ! B onto
a smooth curve B whose general fiber is a smooth ðn� 1Þ-manifold that
satisfies conditions of ð1Þ.

Proof. See [27, Proposition 2.4]. r

Lemma 3.1. Let ð f ;X ;Y ;LÞ be a quasi-polarized fiber space, where X is a
normal projective variety with only Q-factorial canonical singularities and Y is a
smooth projective variety with dim X ¼ n > dim Y b 1. Assume that KX=Y þ tL
is f -nef, where t is a positive integer. Then ðKX=Y þ tLÞLn�1 b 0. Moreover if
dim Y ¼ 1, then KX=Y þ tL is nef.

Proof. For any ample Cartier divisor A on X and any natural number p,
KX=Y þ tLþ ð1=pÞA is f -nef by assumption. Let m be a natural number such

419invariants of ample line bundles



that mðKX=Y þ tLþ ð1=pÞAÞ is a Cartier divisor. Since mðKX=Y þ tLþ ð1=pÞAÞ
�KX is f -ample, by the base point free theorem ([19, Theorem 3-1-1]),

f �f�OX lm KX=Y þ tLþ 1

p
A

� �� �
! OX lm KX=Y þ tLþ 1

p
A

� �� �
is surjective for any lg 0.

Let m : X1 ! X be a resolution of X . We put h ¼ f � m. Since

m�f �f�OX lm KX=Y þ tLþ 1

p
A

� �� �
¼ h�h�OX1

lm KX1=Y þ m� tLþ 1

p
A

� �� �� �
;

we have

h�h�OX1
lm KX1=Y þ m� tLþ 1

p
A

� �� �� �
! m�OX lm KX=Y þ tLþ 1

p
A

� �� �
ð1Þ

is surjective. We note that h�OX1
ðlmðKX1=Y þ m�ðtLþ ð1=pÞAÞÞÞ is weakly posi-

tive by [8, Theorem A 0 in Page 358] because m�OX ðlmðtLþ ð1=pÞAÞÞ is semiample.
(For the definition of weak positivity, see [26].) Hence by [8, Remark 1.3.2 (1)]
and (1) above m�OX ðlmðKX=Y þ tLþ ð1=pÞAÞÞ is pseudo-e¤ective. Since p is any
natural number, we get ðKX=Y þ tLÞLn�1 ¼ m�ðKX=Y þ tLÞðm�LÞn�1

b 0.
If dim Y ¼ 1, then we see that h�OX1

ðlmðKX1=Y þ m�ðtLþ ð1=pÞAÞÞÞ is semi-
positive by [8, Theorem A 0 in page 358] since semi-positivity and weak positivity
are equivalent for torsion free sheaves on nonsingular curves. Hence by (1)
above KX=Y þ tLþ ð1=pÞA is nef for any natural number p. Since p is any
natural number, KX=Y þ tL is nef. r

Lemma 3.2. Let X and Y be smooth projective varieties with dim X >
dim Y b 1 and let f : X ! Y be a surjective morphism with connected fibers.
Then qðXÞa qðFÞ þ qðYÞ, where F is a general fiber of f .

Proof. See [8, Theorem B in Appendix] or [3, Theorem 1.6]. r

Lemma 3.3. Let X be a smooth projective variety, and let D1 and D2 be
e¤ective divisors on X. Then h0ðD1 þD2Þb h0ðD1Þ þ h0ðD2Þ � 1.

Proof. See [11, Lemma 1.12] or [21, 15.6.2 Lemma]. r

Notation 3.3. Let X be a smooth projective variety of dimension n and let
i be an integer with 1a ia n� 1. Let L1; . . . ;Ln�i be nef and big line bundles
on X . Assume that BsjLjj ¼ j for every integer j with 1a ja n� i. Then by
Bertini’s theorem, for every integer j with 1a ja n� i, there exists a general
member Xj A jLj jXj�1

j such that Xj is a smooth projective variety of dimen-
sion n� j. (Here we set X0 :¼ X .) Namely there exists an ðn� iÞ-ladder X I
X1 I � � �IXn�i such that a projective variety Xj is smooth with dim Xj ¼ n� j.
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4. Properties of the sectional geometric genus

In this section we study the relationship between giðX ;L1; . . . ;Ln�iÞ and
hiðOX Þ.

Lemma 4.1. Let X be a projective variety of dimension n, and let s be an
integer with 0a sa n� 1. Let L1; . . . ;Ls be Cartier divisors on X. Assume the
following conditions:

(a) There exists an irreducible and reduced divisor Xkþ1 A jLkþ1jXk
j for any

integer k with 0a ka s� 2. (Here we put X0 :¼ X .)
(b) h jð�

Ps
m¼1 tmLmÞ ¼ 0 for any integer j and tm with 0a ja n� 1, tm b 0

for any m, and
Ps

m¼1 tm > 0.
(c) h0ðLsjXs�1

Þ > 0 and there exists a member Xs A jLsjXs�1
j.

Then
(1) h jð�

Ps
m¼kþ1 umLmjXk

Þ ¼ 0 for any integer k, j and um with 1a ka
s� 1, 0a ja n� k � 1, um b 0 for any m, and

Ps
m¼kþ1 um > 0.

(2) h jðOX Þ ¼ h jðOX1
Þ ¼ � � � ¼ h jðOXs�1

Þ for any integer j with 0a ja n� s.
(3) hn�sðOXs�1

Þa hn�sðOXs
Þ.

Proof. (1) First we study the case where k ¼ 1. By the above (b) and the
exact sequence

0 ! OX �L1 �
Xs
m¼2

umLm

 !
! OX �

Xs
m¼2

umLm

 !
! OX1

�
Xs
m¼2

umLmjX1

 !
! 0;

we have h jð�
Ps

m¼2 umLmjX1
Þ ¼ 0 for any integer j and um with 0a ja n� 2,

um b 0 for any m, and
Ps

m¼2 um > 0.
Assume that (1) is true for any integer k with ka l � 1, where l is an integer

with 2a la s� 1. We consider the case where k ¼ l. By the exact sequence

0 ! OXl�1
�Ll jXl�1

�
Xs

m¼lþ1

umLmjXl�1

 !
! OXl�1

�
Xs

m¼lþ1

umLmjXl�1

 !

! OXl
�
Xs

m¼lþ1

umLmjXl

 !
! 0;

we have h jð�
Ps

m¼lþ1 umLmjXl
Þ ¼ 0 for any integer j and um with 0a ja

n� l � 1, um b 0 for any m, and
Ps

m¼lþ1 um > 0. Hence we get the assertion.
Next we prove (2) and (3). By (1) above, we obtain h jð�Lkþ1jXk

Þ ¼ 0 for
any integer j and k with 0a ka s� 1 and 0a ja n� k � 1. Hence by the
exact sequence

0 ! Oð�Lkþ1jXk
Þ ! OXk

! OXkþ1
! 0;

we get the assertion. r
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Lemma 4.2. Let X be a projective variety of dimension n, and let L be
a Cartier divisor on X. Assume that h0ðLÞ > 0 and hn�1ð�LÞ ¼ 0. Then
gn�1ðX ;LÞ ¼ hn�1ðOX1

Þ, where X1 A jLj.

Proof. We consider the exact sequence

0 ! �L ! OX ! OX1
! 0:

Then

Hn�1ð�LÞ ! Hn�1ðOX Þ ! Hn�1ðOX1
Þ

! Hnð�LÞ ! HnðOX Þ ! 0

is exact. Since hn�1ð�LÞ ¼ 0, we see that hnð�LÞ � hnðOX Þ þ hn�1ðOX Þ ¼
hn�1ðOX1

Þ. By [11, Definition 2.1 and Theorem 2.2] or [13, Corollary 2.2],
we get

gn�1ðX ;LÞ ¼ hnð�LÞ � hnðOX Þ þ hn�1ðOX Þ

¼ hn�1ðOX1
Þ:

Hence we get the assertion. r

Theorem 4.1. Let X be a projective variety of dimension n, and let i be an
integer with 0a ia n� 1. Let L1; . . . ;Ln�i be Cartier divisors on X. Assume
the following conditions:

(a) There exists an irreducible and reduced divisor Xkþ1 A jLkþ1jXk
j for any

integer k with 0a ka n� i � 2. (Here we put X0 :¼ X .)
(b) h jð�

Pn�i
m¼1 tmLmÞ ¼ 0 for any integer j and tm with 0a ja n� 1, tm b 0

for any m, and
Pn�i

m¼1 tm > 0.
(c) h0ðLn�ijXn�i�1

Þ > 0 and there exists a member Xn�i A jLn�ijXn�i�1
j.

Then

giðX ;L1; . . . ;Ln�iÞb hiðOX Þ:

Proof. By Lemma 4.1 (2), we have h jðOX Þ ¼ h jðOXn�i�1
Þ for every j with

0a ja i. Therefore

ð�1Þ iwðOX Þ �
Xn�i

j¼0

ð�1Þn�i�j
hn�jðOX Þ

¼ ð�1Þ iwðOXn�i�1
Þ �

X1
j¼0

ð�1Þ1�j
hiþ1�jðOXn�i�1

Þ:

By [13, Lemma 2.4] we also get

w1;...;1ðL1; . . . ;Ln�iÞ ¼ w1;...;1ðL2jX1
; . . . ;Ln�ijX1

Þ

¼ � � �
¼ w1ðLn�ijXn�i�1

Þ:
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Hence by [11, Definition 2.1] and Definition 3.1 (2) we have

giðX ;L1; . . . ;Ln�iÞ ¼ giðXn�i�1;Ln�ijXn�i�1
Þ:

Here we note that by Lemma 4.1 (1) we have h jð�Ln�ijXn�i�1
Þ ¼ 0 for any integer

j with 0a ja i. By Lemma 4.2 we see that giðXn�i�1;Ln�ijXn�i�1
Þ ¼ hiðOXn�i

Þ.
Hence by Lemma 4.1 (2) and (3) we get

giðX ;L1; . . . ;Ln�iÞ ¼ giðXn�i�1;Ln�ijXn�i�1
Þ

¼ hiðOXn�i
Þ

b hiðOX Þ:

Hence we obtain the assertion. r

Lemma 4.3. Let X be a projective variety of dimension n, and let i be an
integer with 0a ia n� 1. Let L1; . . . ;Ln�i be Cartier divisors on X. Then the
following are equivalent: (Here w iðOX Þ :¼

P i
j¼0ð�1Þ jh jðOX Þ.)

(a) giðX ;L1; . . . ;Ln�iÞb hiðOX Þ.
(b) ð�1Þ iwH

i ðX ;L1; . . . ;Ln�iÞb ð�1Þ iw iðOX Þ.
(c) pi

aðX ;L1; . . . ;Ln�iÞb ð�1Þ iðw iðOX Þ � 1Þ.

Proof. By definition, we get

giðX ;L1; . . . ;Ln�iÞ � hiðOX Þ ¼ ð�1Þ iðw1;...;1ðL1; . . . ;Ln�iÞ � wðOX ÞÞ

þ
Xn�i�1

j¼0

ð�1Þn�i�j
hn�jðOX Þ

¼ ð�1Þ iðwH
i ðX ;L1; . . . ;Ln�iÞ � wðOX ÞÞ

þ
Xn�i�1

j¼0

ð�1Þn�i�j
hn�jðOX Þ

¼ ð�1Þ iwH
i ðX ;L1; . . . ;Ln�iÞ � ð�1Þ iw iðOX Þ;

and

pi
aðX ;L1; . . . ;Ln�iÞ � ð�1Þ iðw iðOX Þ � 1Þ

¼ ð�1Þ iðwH
i ðX ;L1; . . . ;Ln�iÞ � 1Þ � ð�1Þ iðw iðOX Þ � 1Þ

¼ ð�1Þ iwH
i ðX ;L1; . . . ;Ln�iÞ � ð�1Þ iw iðOX Þ:

Hence we get the assertion. r

Corollary 4.1. Let X be a projective variety of dimension n, and let i be
an integer with 0a ia n� 1. Let L1; . . . ;Ln�i be Cartier divisors on X. Assume
the following conditions:
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(a) There exists an irreducible and reduced divisor Xkþ1 A jLkþ1jXk
j for any

integer k with 0a ka n� i � 1. (Here we put X0 :¼ X .)
(b) h jð�

Pn�i
m¼1 tmLmÞ ¼ 0 for any integer j and tm with 0a ja n� 1, tm b 0

for any m, and
Pn�i

m¼1 tm > 0.
(c) h0ðLn�ijXn�i�1

Þ > 0 and there exists a member Xn�i A jLn�ijXn�i�1
j.

Then we get the following: (Here w iðOX Þ :¼
P i

j¼0ð�1Þ jh jðOX Þ.)
(1) ð�1Þ iwH

i ðX ;L1; . . . ;Ln�iÞb ð�1Þ iw iðOX Þ.
(2) pi

aðX ;L1; . . . ;Ln�iÞb ð�1Þ iðw iðOX Þ � 1Þ.

Proof. By Lemma 4.3 and Theorem 4.1, we get the assertion. r

If X is normal, then we get the following.

Corollary 4.2. Let X be a normal projective variety of dimension nb 3.
Let i be an integer with 0a ia n� 1. Let L1;L2; . . . ;Ln�i be ample line bundles
on X such that BsjLjj ¼ j for every integer j with 1a ja n� i. Assume that
h jð�

Pn�i
k¼1 tkLkÞ ¼ 0 for any integer j and tk with 0a ja n� 1, tk b 0 for any k,

and
Pn�i

k¼1 tk > 0. Then

giðX ;L1; . . . ;Ln�iÞb hiðOX Þ:

Proof. If i ¼ n� 1, then by [12, Corollary 2.9] we get gn�1ðX ;L1Þb
hn�1ðOX Þ.

If i ¼ 0, then g0ðX ;L1; . . . ;LnÞ ¼ L1 � � �Ln b 1 ¼ h0ðOX Þ.
So we may assume that 1a ia n� 2. For every integer k with 1a ka

n� i � 1, let Xk A jLkjXk�1
j be a general member. Then since BsjLkjXk�1

j ¼ j, we
see that Xk is a normal projective variety (for example, see [6, (0.2.9) Fact and
(4.3) Theorem] or [2, Theorem 1.7.1]). Since Ln�i is ample with BsjLn�ij ¼ j, we
have h0ðLn�ijXn�i�1

Þ > 0 and jLn�ijXn�i�1
j0j. Hence by Theorem 4.1, we get the

assertion. r

Here we propose the following conjecture, which is a multi-polarized version
on [11, Conjecture 4.1].

Conjecture 4.1. Let n and i be integers with nb 2 and 0a ia n� 1. Let
ðX ;L1; . . . ;Ln�iÞ be an n-dimensional multi-polarized manifold of type ðn� iÞ.
Then giðX ;L1; . . . ;Ln�iÞb hiðOX Þ holds.

Proposition 4.1. Let X be a normal projective variety of dimension nb 2.
Let i be an integer with 0a ia n� 1. Let L1; . . . ;Ln�i�1;A;B be ample Cartier
divisors on X. Assume that h jð�ð

Pn�i�1
p¼1 tpLpÞ � aA� bBÞ ¼ 0 for any integers j,

a, b and tp with 0a ja n� 1, ab 0, bb 0, tp b 0, and aþ bþ
P

tp > 0, and

that BsjLjj ¼ j for 1a ja n� i � 1, BsjAj ¼ j, and BsjBj ¼ j. Then

giðX ;Aþ B;L1; . . . ;Ln�i�1Þb giðX ;A;L1; . . . ;Ln�i�1Þ þ giðX ;B;L1; . . . ;Ln�i�1Þ:
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Proof. We note that by [13, Corollary 2.4]

giðX ;Aþ B;L1; . . . ;Ln�i�1Þ ¼ giðX ;A;L1; . . . ;Ln�i�1Þ þ giðX ;B;L1; . . . ;Ln�i�1Þ

þ gi�1ðX ;A;B;L1; . . . ;Ln�i�1Þ � hi�1ðOX Þ:

By assumption and Corollary 4.2 we have

gi�1ðX ;A;B;L1; . . . ;Ln�i�1Þb hi�1ðOX Þ:

Hence we get the assertion. r

Remark 4.1. If i ¼ 1, then by [13, Corollary 2.4] for any ample Cartier
divisors A;B;L1; . . . ;Ln�2 we have

g1ðX ;Aþ B;L1; . . . ;Ln�2Þb g1ðX ;A;L1; . . . ;Ln�2Þ þ g1ðX ;B;L1; . . . ;Ln�2Þ

because ABL1 � � �Ln�2 b 1 ¼ h0ðOX Þ.

5. Adjunction theory of multi-polarized manifolds

In this section, we are going to investigate the nefness of KX þ L1 þ � � � þ Lk.
Results in this section will be used when we study the ith sectional geometric
genus of multi-polarized manifolds in this paper and the Part III [14].

5.1. The nefness of KX þ L1 þ � � � þ Lt for tb n� 1
By putting E :¼ L1 l � � �lLl for l ¼ nþ 1; n; n� 1, we can get the follow-

ing theorem by using a result of Ye and Zhang [28, Theorems 1, 2 and 3]. Here
Sl denotes the symmetric group of order l (see Notation 3.2).

Theorem 5.1.1. (1) Let ðX ;L1; . . . ;Lnþ1Þ be an n-dimensional multi-
polarized manifold of type nþ 1 with nb 3. Then KX þ L1 þ � � � þ Lnþ1

is nef.
(2) Let ðX ;L1; . . . ;LnÞ be an n-dimensional multi-polarized manifold of type n

with nb 3. Then KX þ L1 þ � � � þ Ln is nef unless

ðX ;L1; . . . ;LnÞG ðPn;OPnð1Þ; . . . ;OPnð1ÞÞ:

(3) Let X be a smooth projective variety of dimension nb 3. Let L1;L2; . . . ;
Ln�1 be ample line bundles on X. If KX þ L1 þ L2 þ � � � þ Ln�1 is not
nef, then there exists s A Sn�1 such that ðX ;Lsð1Þ;Lsð2Þ; . . . ;Lsðn�1ÞÞ is one
of the following:
(A) ðPn;OPnð1Þ;OPnð1Þ; . . . ;OPnð1ÞÞ.
(B) ðPn;OPnð2Þ;OPnð1Þ; . . . ;OPnð1ÞÞ.
(C) ðQn;OQ nð1Þ;OQ nð1Þ; . . . ;OQnð1ÞÞ.
(D) X is a Pn�1-bundle over a smooth projective curve B and LjjF ¼

OPn�1ð1Þ for any fiber F and every integer j with 1a ja n� 1.
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5.2. The nefness of KX þ L1 þ � � � þ Ln�2

Theorem 5.2.1. Let X be a smooth projective variety of dimension nb 4 and
let L1; . . . ;Ln�2 be ample line bundles on X. Assume the following:

(a) KX þ L1 þ � � � þ Ln�2 is not nef.
(b) KX þ ðn� 1ÞLj is nef for every integer j with 1a ja n� 2.

Then ðX ;L1; . . . ;Ln�2Þ is one of the following.
(1) There exists a multi-polarized manifold ðY ;A1; . . . ;An�2Þ of type ðn� 2Þ

such that ðY ;A1; . . . ;An�2Þ is a reduction of ðX ;L1; . . . ;Ln�2Þ (see [13,
Definition 1.5]) and KY þ ðn� 1ÞAj is ample for every integer j.

(2) KX þ ðn� 1ÞLj ¼ OX for every j with 1a ja n� 2. Moreover Lj ¼ Lk

for every pair ð j; kÞ with j0 k.
(3) n ¼ 4 and ðX ;L1;L2ÞG ðP4;OP4ð2Þ;OP4ð2ÞÞ.
(4) There exist a smooth projective curve W and a surjective morphism

f : X ! W with connected fibers such that ðX ;LiÞ is a quadric fibration
over W with respect to f for every integer i with 1a ia n� 2.

(5) There exist a smooth projective surface S and a surjective morphism
f : X ! S with connected fibers such that f is a Pn�2-bundle over S and
ðX ;LjÞ is a scroll over S with respect to f for every integer j with
1a ja n� 2, where F is its fiber.

Proof. By assumption, there exists an extremal ray R such that
ðKX þ L1 þ � � � þ Ln�2ÞR < 0. Here we may assume that L1RaL2Ra � � �a
Ln�2R. Then ðKX þ ðn� 2ÞL1ÞRa ðKX þ L1 þ � � � þ Ln�2ÞR < 0 and KX þ
ðn� 2ÞL1 is not nef. There exists a rational curve C with ½C� A R such that
0 < �KXCa nþ 1, and

0 > ðKX þ L1 þ � � � þ Ln�2ÞCb ðKXCÞ þ ðn� 2Þ:ð5:2:1:aÞ
So we get �KXCb n� 1.

(A) The case where there exists an extremal rational curve C such that
KXC ¼ �n� 1.

In this case 0 > ðKX þ ðn� 2ÞL1ÞC ¼ �n� 1þ ðn� 2ÞL1C.
(A.1) Assume that L1Cb 2. Then �n� 1þ 2n� 4a�n� 1þ ðn� 2ÞL1C

< 0. In particular n ¼ 4 by assumption.
By Proposition 3.1 (1), we get PicðX ÞGZ in this case. Since KX þ

ðn� 1ÞL1 ¼ KX þ 3L1 is nef by assumption and KX þ ðn� 2ÞL1 ¼ KX þ 2L1 is
not nef, we get L1C ¼ 2 and L1 ¼ Oð1Þ or Oð2Þ, where Oð1Þ is the ample gen-
erator of PicðXÞ.

If L1 ¼ Oð1Þ, then Oð1ÞC ¼ 2 and KXC is even because PicðXÞGZ and
Oð1Þ is the ample generator of PicðXÞ. But then KXC ¼ �n� 1 ¼ �5 and this
is impossible. Hence L1 ¼ Oð2Þ and Oð1ÞC ¼ 1. Therefore KX ¼ Oð�n� 1Þ ¼
Oð�5Þ. We set L2 :¼ Oða2Þ. Since KX þ L1 þ L2 ¼ Oða2 � 3Þ is not nef, we
obtain a2 a 2. By assumption, KX þ 3L2 ¼ Oð3a2 � 5Þ is nef. Hence a2 b 2.
Therefore a2 ¼ 2. Since �ðKX þ 4Oð1ÞÞ is ample, by Kobayashi-Ochiai’s theo-
rem (see [6, (1.3) Corollary]), we have X GP4. Therefore we get the type (3).

426 yoshiaki fukuma



(A.2) Assume that L1C ¼ 1. Then ðKX þ ðn� 1ÞL1ÞC ¼ �2 < 0. But this
contradicts the assumption.

(B) The case where there exists an extremal rational curve C such that
KXC ¼ �n.

In this case, 0 > ðKX þ ðn� 2ÞL1ÞC ¼ �nþ ðn� 2ÞL1C.
(B.1) If L1Cb 2, then 0 > ðKX þ ðn� 2ÞL1ÞCb�nþ ðn� 2Þ2 ¼ n� 4b 0

and this is impossible.
(B.2) If L1C ¼ 1, then ðKX þ ðn� 1ÞL1ÞC ¼ �nþ ðn� 1Þ ¼ �1 < 0 and this

is a contradiction.
(C) The case where ðX ;L1; . . . ;Ln�2Þ satisfies neither the case (A) nor the

case (B) above.
We set H :¼ L1 þ � � � þ Ln�2. In this case by (5.2.1.a) for every extremal

rational curve B, KXB ¼ �nþ 1 and LiB ¼ 1 for every integer i with 1a ia
n� 2. In particular HB ¼ ðn� 2ÞLiB for every i. Let tH (resp. ti) be the nef
value of ðX ;HÞ (resp. ðX ;LiÞ).

Claim 5.2.1. tH ¼ ðn� 1Þ=ðn� 2Þ and ti ¼ n� 1 for every integer i with
1a ia n� 2.

Proof. Assume that there exists C A NEðXÞ such that

KX þ n� 1

n� 2
H

� �
C < 0:

Then by the cone theorem (see also [2, Remark 4.2.6]) C can be written asP
j ljCj þ g, where Cj is an extremal rational curve and g is a 1-cycle such that

the following holds:

KX þ n� 1

n� 2
H

� �
g ¼ 0:

Hence

KX þ n� 1

n� 2
H

� �
Cj < 0

for some j. But this is impossible because KXB ¼ �nþ 1 and LiB ¼ 1 for
any extremal rational curve B. Therefore tH a ðn� 1Þ=ðn� 2Þ. Furthermore
ðKX þ aHÞB < 0 for every rational number a < ðn� 1Þ=ðn� 2Þ and every ex-
tremal rational curve B. Therefore tH ¼ ðn� 1Þ=ðn� 2Þ. By the same argue-
ment as above, we see that ti ¼ n� 1. r

Let fH and fi be the nef value morphism of ðX ;HÞ and ðX ;LiÞ respectively.
Let FH and Fi be the corresponding extremal face.

Claim 5.2.2. fH ¼ fi for every integer i with 1a ia n� 2.
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Proof. Let CHX be an irreducible curve with ½C� A FH . Then

KX þ n� 1

n� 2
H

� �
C ¼ 0:

Then by the cone theorem there exist extremal rational curves Cj such that
C ¼

P
j ljCj (see [2, Lemma 4.2.14]). Hence

0 ¼ KX þ n� 1

n� 2
H

� �
C

¼
X
j

lj KX þ n� 1

n� 2
H

� �
Cj

¼
X
j

ljðKX þ ðn� 1ÞLiÞCj

¼ ðKX þ ðn� 1ÞLiÞC:

Therefore ½C� A FLi
. By the same argument as above, ½C� A FH if C is a curve

in X with ½C� A FLi
. Hence fH ¼ fi because fH (resp. fi) is the contraction

morphism of FH (resp. Fi). r

In particular fi ¼ fj . By Claim 5.2.1 ti ¼ n� 1 for every integer i with
1a ia n� 2. Hence by [2, Theorem 7.3.2], ðX ;L1; . . . ;Ln�2Þ is either of the
type (1), (2), (4), or (5) in the statement of Theorem 5.2.1. Here we note that
in the type (1) KY þ ðn� 1ÞAj is ample for every j. Next we consider the type
(2). Then KX þ ðn� 1ÞLj ¼ OX for any j. Hence ðn� 1ÞLj ¼ ðn� 1ÞLk for
j0 k. Therefore Lj 1Lk. But since h1ðOX Þ ¼ 0 and H 2ðX ;ZÞ is torsion free
in this case, we see that Lj ¼ Lk.

This completes the proof of Theorem 5.2.1. r

Remark 5.2.1. In (1) of Theorem 5.2.1, we see that

KY þ n� 1

n� 2
ðA1 þ � � � þ An�2Þ

is ample. Therefore by Theorem 5.2.1 we get the following:
Let X be a smooth projective variety of dimension nb 4 and let L1; . . . ;Ln�2

be ample line bundles on X . Assume that KX þ L1 þ � � � þ Ln�2 is not nef and
KX þ ðn� 1ÞLj is nef for any j. Then ðX ;L1; . . . ;Ln�2Þ is one of the following:

(I) KX þ ðn� 1ÞLj ¼ OX for any j. Moreover Lj ¼ Lk for any ð j; kÞ with
j0 k.

(II) There exist a smooth projective curve W and a surjective morphism
f : X ! W with connected fibers such that ðX ;LiÞ is a quadric fibra-
tion over W with respect to f for every integer i with 1a ia n� 2.

(III) There exist a smooth projective surface S and a surjective morphism
f : X ! S with connected fibers such that f is a Pn�2-bundle over S
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and ðX ;LjÞ is a scroll over S with respect to f for every integer j with
1a ja n� 2.

(IV) There exists a reduction ðY ;A1; . . . ;An�2Þ of ðX ;L1; . . . ;Ln�2Þ such that
ðY ;A1; . . . ;An�2Þ satisfies one of the following.
(IV.1) n ¼ 4 and ðY ;A1;A2ÞG ðP4;OP4ð2Þ;OP4ð2ÞÞ.
(IV.2) KY þ A1 þ � � � þ An�2 is nef.

Remark 5.2.2. Let ðY ;A1; . . . ;An�2Þ be a reduction of ðX ;L1; . . . ;Ln�2Þ. If
Y is not isomorphic to X , then KY þ A1 þ � � � þ An�2 þ Aj is ample for every
integer j with 1a ja n� 2.

Theorem 5.2.2. Let X be a smooth projective variety of dimension nb 4 and
let L1; . . . ;Ln�2 be ample line bundles on X. Assume the following:

(a) KX þ L1 þ � � � þ Ln�2 is not nef.
(b) KX þ ðn� 1ÞLj is not nef for some j.

Then there exists s A Sn�2 such that ðX ;Lsð1Þ; . . . ;Lsðn�2ÞÞ is one of the following:
(1) ðPn;OPnð1Þ; . . . ;OPnð1Þ;OPnð3ÞÞ.
(2) nb 5 and ðPn;OPnð1Þ; . . . ;OP nð1Þ;OP nð2Þ;OPnð2ÞÞ.
(3) ðPn;OPnð1Þ; . . . ;OPnð1Þ;OPnð2ÞÞ.
(4) ðPn;OPnð1Þ; . . . ;OPnð1ÞÞ.
(5) ðQn;OQnð1Þ; . . . ;OQnð1Þ;OQ nð2ÞÞ.
(6) ðQn;OQnð1Þ; . . . ;OQnð1ÞÞ.
(7) X is a Pn�1-bundle over a smooth curve C and one of the following

holds. (Here F denotes its fiber.)
(7.1) Lsð jÞjF ¼ OP n�1ð1Þ for every integer j with 1a ja n� 2.
(7.2) Lsð jÞjF ¼ OP n�1ð1Þ for every integer j with 1a ja n� 3 and

Lsðn�2ÞjF ¼ OPn�1ð2Þ.

Proof. We may assume that j ¼ 1 in (b). Since KX þ ðn� 1ÞL1 is not nef,
by [4, Theorem 1 and Theorem 2] or [16, Theorem] we see that X is isomorphic
to one of the following types:

(A) Pn.
(B) Qn.
(C) A Pn�1-bundle over a smooth curve C.
Next we study each case.
(A) If X GPn, then we set Lj :¼ OPnðajÞ for 1a ja n� 2. Since KX þ

ðn� 1ÞL1 is not nef, we have a1 ¼ 1. Here we may assume that a2 a � � �a an�2.
Since KX þ L1 þ � � � þ Ln�2 is not nef, we get ða1; . . . ; an�4; an�3; an�2Þ ¼
ð1; . . . ; 1; 1; 1Þ, ð1; . . . ; 1; 1; 2Þ, ð1; . . . ; 1; 2; 2Þ or ð1; . . . ; 1; 1; 3Þ. We note that if
n ¼ 4, then ða1; a2Þ ¼ ð2; 2Þ cannot occur.

(B) If X GQn with nb 4, then PicðXÞGZ and we set Lj :¼ OQnðajÞ for
1a ja n� 2. Since KX þ ðn� 1ÞL1 is not nef, we have a1 ¼ 1. Here we
may assume that a2 a � � �a an�2. Then we note that KX ¼ OQnð�nÞ. Since
KX þ L1 þ � � � þ Ln�2 is not nef, we get ða1; . . . ; an�3; an�2Þ ¼ ð1; . . . ; 1; 1Þ or
ð1; . . . ; 1; 2Þ.
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(C) The case where X is a Pn�1-bundle over a smooth curve C.
(C.1) The case where gðCÞb 1.
Since KX þ ðn� 1ÞL1 is not nef, there exists a vector bundle E on C

with rankðEÞ ¼ n such that X ¼ PCðEÞ and L1 ¼ HðEÞ, where HðEÞ denotes
the tautological line bundle on X . Then we note that E is ample. Let
p : PCðEÞ ! C be its projection. Let Lj :¼ ajHðEÞ þ p�ðBjÞ for every integer
j with 2a ja n� 2. Here we may assume that a2 a � � �a an�2. Since KX þ
L1 þ � � � þ Ln�2 is not nef, there exists an extremal rational curve B on X such
that ðKX þ L1 þ � � � þ Ln�2ÞB < 0. We note that B is contained in a fiber of
p. Hence

0 > ðKX þ L1 þ � � � þ Ln�2ÞB ¼ OP n�1 �nþ 1þ
Xn�2

j¼2

aj

 !
B:

Hence we obtain ða2; . . . ; an�3; an�2Þ ¼ ð1; . . . ; 1; 1Þ or ð1; . . . ; 1; 2Þ.
(C.2) The case where gðCÞ ¼ 0.
There exists a vector bundle E on P1 such that X ¼ PCðEÞ and EGOC l

OCðd1Þl � � �lOCðdn�1Þ, where dj is a non-negative integer for 1a ja n� 1.
In this case we set Lj :¼ ~aajHðEÞ þ p�ð eBjBjÞ for 1a ja n� 2. By [2, Lemma

3.2.4] ~aaj > 0 and ~bbj > 0 for any integer j with 1a ja n� 2, where ~bbj :¼ deg eBjBj.
Since KX þ ðn� 1ÞL1 is not nef, we have ~aa1 ¼ 1. We may assume that
~aa2 a � � �a ~aan�2.

Since KX 1�nHðEÞ þ ðc1ðEÞ � 2ÞF , we have

KX þ L1 þ � � � þ Ln�2 1 �nþ
Xn�2

j¼1

~aaj

 !
HðEÞ þ c1ðEÞ � 2þ

Xn�2

j¼1

~bbj

 !
F :

We note that c1ðEÞ � 2þ
Pn�2

j¼1
~bbj b 0� 2þ ðn� 2Þb 0. Hence KX þ L1 þ � � � þ

Ln�2 is not nef if and only if �nþ
Pn�2

j¼1 ~aaj < 0 because HðEÞ is nef. So we get

ð~aa1; . . . ; ~aan�3; ~aan�2Þ ¼ ð1; . . . ; 1; 1Þ or ð1; . . . ; 1; 2Þ.
This completes the proof. r

Remark 5.2.3. Assume that ðX ;L1; . . . ;LkÞ is either the type (3) (D) in
Theorem 5.1.1 (k ¼ n� 1 in this case) or (7.1) in Theorem 5.2.2 (k ¼ n� 2 in
this case). Let f : X ! C be its projection. Then for every j with 1a ja k
there exists an ample line bundle Bj A PicðCÞ such that KX þ nLj ¼ f �ðBjÞ.
Hence nðKX þ Lb1 þ � � � þ LbnÞ ¼ f �ðBb1 þ � � � þ BbnÞ for any ðb1; . . . ; bnÞ with
fb1; . . . ; bngH f1; . . . ; kg. On the other hand, by assumption, there exists a
line bundle D A PicðCÞ such that KX þ Lb1 þ � � � þ Lbn ¼ f �ðDÞ. Hence D is
ample because deg D ¼ degðBb1 þ � � � þ BbnÞ=n > 0. Therefore we see that
ðX ;Lb1 ; . . . ;LbnÞ is a scroll over C.

Remark 5.2.4. By Theorem 5.2.1, Remark 5.2.1 and Theorem 5.2.2, we get
the following:
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Let X be a smooth projective variety of dimension nb 4 and let
L1; . . . ;Ln�2 be ample line bundles on X . Let ðY ;A1; . . . ;An�2Þ be a reduction
of ðX ;L1; . . . ;Ln�2Þ. Assume that KX þ L1 þ � � � þ Ln�2 is not nef. Then there
exists s A Sn�2 such that ðX ;Lsð1Þ; . . . ;Lsðn�2ÞÞ is one of the following:

(1) ðPn;OPnð1Þ; . . . ;OPnð1ÞÞ.
(2) nb 5 and ðPn;OP nð1Þ; . . . ;OP nð1Þ;OP nð2Þ;OP nð2ÞÞ.
(3) ðPn;OPnð1Þ; . . . ;OPnð1Þ;OPnð2ÞÞ.
(4) ðPn;OPnð1Þ; . . . ;OPnð1Þ;OPnð3ÞÞ.
(5) ðQn;OQnð1Þ; . . . ;OQnð1ÞÞ.
(6) ðQn;OQnð1Þ; . . . ;OQnð1Þ;OQ nð2ÞÞ.
(7) X is a Pn�1-bundle over a smooth curve C and one of the following

holds. (Here F denotes its fiber).
(7.1) Lsð jÞjF ¼ OP n�1ð1Þ for every integer j with 1a ja n� 2.
(7.2) Lsð jÞjF ¼ OP n�1ð1Þ for every integer j with 1a ja n� 3 and

Lsðn�2ÞjF ¼ OPn�1ð2Þ.
(8) KX þ ðn� 1ÞLj ¼ OX for any j. Moreover Lj ¼ Lk for any ð j; kÞ with

j0 k.
(9) There exist a smooth projective curve W and a surjective morphism

f : X ! W with connected fibers such that ðX ;LiÞ is a quadric fibration
over W with respect to f for every integer i with 1a ia n� 2.

(10) There exist a smooth projective surface S and a surjective morphism
f : X ! S with connected fibers such that f is a Pn�2-bundle over S
and ðX ;LjÞ is a scroll over S with respect to f for every integer j with
1a ja n� 2.

(11) n ¼ 4 and ðY ;A1;A2ÞG ðP4;OP4ð2Þ;OP4ð2ÞÞ.
(12) KY þ A1 þ � � � þ An�2 is nef.

Theorem 5.2.3. Let ðX ;L1; . . . ;Ln�2Þ be an n-dimensional multi-polarized
manifold with nb 4. Assume that KX þ L1 þ � � � þ Ln�2 is nef. Then one of the
following holds.

(1) KX þ L1 þ � � � þ Ln�2 ¼ OX .
(2) ðX ;L1; . . . ;Ln�2Þ is a Del Pezzo fibration over a smooth curve.
(3) ðX ;L1; . . . ;Ln�2Þ is a quadric fibration over a normal surface.
(4) ðX ;L1; . . . ;Ln�2Þ is a scroll over a normal 3-fold.
(5) KX þ L1 þ � � � þ Ln�2 is nef and big.

Proof. If KX þ L1 þ � � � þ Ln�2 is ample, then ðX ;L1; . . . ;Ln�2Þ satisfies (5).
So we may assume that KX þ L1 þ � � � þ Ln�2 is not ample. Then we can take
the nef value morphism f : X ! Y of ðX ;L1 þ � � � þ Ln�2Þ, where Y is a normal
projective variety.

Assume that dim Y < dim X . Let F be a general fiber of f. Then
KF þ L1jF þ � � � þ Ln�2jF ¼ OF . Hence dim F b n� 3 by Remark 3.2. Namely,
dim Y a 3. Therefore we get the type (1), (2), (3) and (4).

Assume that dim Y ¼ dim X . Then KX þ L1 þ � � � þ Ln�2 is nef and big.
Therefore we get the assertion. r
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6. The first sectional geometric genus

In this section, we consider the first sectional geometric genus of multi-
polarized manifolds.

6.1. Fundamental results

Proposition 6.1.1. Let X be a smooth projective variety of dimension n, and
let L1; . . . ;Ln�1 be line bundles on X. Then

g1ðX ;L1; . . . ;Ln�1Þ ¼ 1þ 1

2
KX þ

Xn�1

j¼1

Lj

 !
L1 � � �Ln�1:

Proof. We use [13, Corollary 2.7] for i ¼ 1. Here we note the following:
the proof of [13, Theorem 2.4] shows that the equality in [13, Corollary 2.7] holds
for any line bundles L1; . . . ;Ln�i. By [13, Corollary 2.7], there are the following
terms in g1ðX ;L1; . . . ;Ln�1Þ: Xn�1

j¼1

Lj

 !
L1 � � �Ln�1

and

L1 � � �Ln�1T1ðXÞ:

Here T1ðXÞ denotes the Todd polynomial of weight 1 of the tangent bundle
TX (see [13, Definition 1.7]). The coe‰cient of ð

Pn�1
j¼1 LjÞL1 � � �Ln�1 is 1=2

and the coe‰cient of L1 � � �Ln�1T1ðX Þ is ð�1Þ1=ð1! � � � 1!Þ ¼ �1. Since T1ðXÞ ¼
ð1=2Þc1ðXÞ ¼ �ð1=2ÞKX , we obtain

g1ðX ;L1; . . . ;Ln�1Þ ¼ 1þ 1

2

Xn�1

j¼1

Lj

 !
L1 � � �Ln�1 þ

1

2
KXL1 � � �Ln�1

¼ 1þ 1

2
KX þ

Xn�1

j¼1

Lj

 !
L1 � � �Ln�1:

So we get the assertion. r

By setting E :¼ L1 l � � �lLn�1, we can obtain the following theorems by
Remark 3.1 and [23, Theorems 1 and 2].

Theorem 6.1.1. Let X be a smooth projective variety of dimension nb 3.
Let L1; . . . ;Ln�1 be ample line bundles on X. Then g1ðX ;L1; . . . ;Ln�1Þb 0.

If g1ðX ;L1; . . . ;Ln�1Þ ¼ 0, then ðX ;Lsð1Þ; . . . ;Lsðn�1ÞÞ is one of the following:
(Here s A Sn�1.)
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(A) ðPn;OPnð1Þ; . . . ;OPnð1ÞÞ.
(B) ðPn;OPnð2Þ;OPnð1Þ; . . . ;OPnð1ÞÞ.
(C) ðQn;OQ nð1Þ; . . . ;OQnð1ÞÞ.
(D) X is a Pn�1-bundle over a projective line P1 and LjjF ¼ OP n�1ð1Þ for any

fiber F and j with 1a ja n� 1.

Theorem 6.1.2. Let X be a smooth projective variety of dimension nb 3 and
let L1; . . . ;Ln�1 be ample line bundles on X. Assume that g1ðX ;L1; . . . ;Ln�1Þ ¼ 1.
Then ðX ;L1; . . . ;Ln�1Þ is one of the following:

(1) ðX ;L1; . . . ;Ln�1Þ satisfies KX þ L1 þ � � � þ Ln�1 ¼ OX .
(2) X is a Pn�1-bundle over an elliptic curve C and LjjF ¼ OPn�1ð1Þ for any

fiber F and any integer j with 1a ja n� 1.

Here we note that we can characterize ðX ;L1; . . . ;Ln�1Þ in the case (1) in
Theorem 6.1.2.

Theorem 6.1.3. Let X be a smooth projective variety of dimension nb 3.
Let L1;L2; . . . ;Ln�1 be ample line bundles on X. Assume that KX þ L1 þ � � � þ
Ln�1 ¼ OX . Then there exists s A Sn�1 such that ðX ;Lsð1Þ;Lsð2Þ; . . . ;Lsðn�1ÞÞ is
one of the following:

(A) ðX ;LÞ is a Del Pezzo manifold for some ample line bundle L on X and
Lj ¼ L for every integer j with 1a ja n� 1.

(B) ðPn;OPnð3Þ;OPnð1Þ; . . . ;OPnð1ÞÞ.
(C) nb 4 and ðPn;OP nð2Þ;OP nð2Þ;OPnð1Þ; . . . ;OP nð1ÞÞ.
(D) ðQn;OQ nð2Þ;OQnð1Þ; . . . ;OQnð1ÞÞ.
(E) X GP2 � P1, L1 ¼ p�

1 ðOP2ð2ÞÞ þ p�
2 ðOP1ð1ÞÞ and L2 ¼ p�

1 ðOP2ð1ÞÞþ
p�
2 ðOP1ð1ÞÞ, where pi is the ith projection.

Proof. First we note that h1ðOX Þ ¼ 0 by assumption.
(1) Assume that KX þ ðn� 1ÞLj is nef for any j. Then

Xn�1

j¼1

ðKX þ ðn� 1ÞLjÞ ¼ ðn� 1ÞðKX þ L1 þ � � � þ Ln�1Þ

¼ OX :

Therefore ðKX þ ðn� 1ÞLjÞLn�1
j ¼ 0. Since KX þ ðn� 1ÞLj is nef, we have

KX þ ðn� 1ÞLj ¼ OX , that is, ðX ;LjÞ is a Del Pezzo manifold. Moreover since
ðn� 1ÞLj ¼ ðn� 1ÞLk for any j0 k, we have Lj 1Lk. But since h1ðOX Þ ¼ 0
and H 2ðX ;ZÞ is torsion free, we have Lj ¼ Lk. So we get the type (A) above.

(2) Assume that KX þ ðn� 1ÞLj is not nef for some j. Then by the adjunc-
tion theory, we see that X is one of the following type:

(2.1) X GPn.
(2.2) X GQn.
(2.3) X is a Pn�1-bundle over a smooth curve B.
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(2.1) First we consider the case where X GPn. Then by assumption we get
ðL1; . . . ;Ln�1Þ is isomorphic to

ðOPnð3Þ;OPnð1Þ; . . . ;OPnð1ÞÞ or ðOP nð2Þ;OP nð2Þ;OP nð1Þ; . . . ;OP nð1ÞÞ:

Here we note that nb 4 in the latter case because KX þ ðn� 1ÞLj is not nef for
some j.

(2.2) Next we consider the case where X GQn. Then by assumption we get
the type (D) above.

(2.3) Finally we consider the case where X is a Pn�1-bundle over a smooth
curve B. Since h1ðOX Þ ¼ 0, we see that BGP1. Then there exists a vector
bundle E of rank n on X such that EGOP1 lOP1ða1Þl � � �lOP1ðan�1Þ and
X GPP1ðEÞ, where aj b 0 for every j. Then by [2, Lemma 3.2.4], aHðEÞ þ bF
is ample if and only if a > 0 and b > 0. Here we note that by the assumption
that OX ðKX þ L1 þ � � � þ Ln�1Þ ¼ OX , we may assume that L1jF ¼ OP n�1ð2Þ and
LjjF ¼ OP n�1ð1Þ for any fiber F and every integer j with 2a ja n� 1. Hence
we can write L1 ¼ 2HðEÞ þ p�ðB1Þ and Lj ¼ HðEÞ þ p�ðBjÞ for every integer j
with 2a ja n� 1, where Bj A PicðP1Þ. Set bj :¼ deg Bj. Then bj b 1 because
Lj is ample. Since KX ¼ �nHðEÞ þ p�ðKP1 þ det EÞ, we have KX þ L1 þ � � � þ
Ln�1 ¼ p�ðKP1 þ det Eþ B1 þ � � � þ Bn�1Þ. Since deg Eb 0, we see that

degðKP1 þ det Eþ B1 þ � � � þ Bn�1Þ ¼ �2þ deg Eþ b1 þ � � � þ bn�1

b n� 3b 0:

By the assumption that OX ðKX þ L1 þ � � � þ Ln�1Þ ¼ OX , we get degðKP1 þ
det Eþ B1 þ � � � þ Bn�1Þ ¼ 0. Hence n ¼ 3, deg E ¼ 0 and bj ¼ 1 for every j.
In particular EGOP1 lOP1 lOP1 . Therefore we get the type (E). r

Remark 6.1.1. In general, let F be an ample vector bundle of rank n� 1
on a smooth projective variety X of dimension n. Then a classification of
ðX ;FÞ with OX ðKX þ det FÞ ¼ OX has been obtained. See [25].

By Corollary 4.2, we get the following:

Theorem 6.1.4. Let X be a smooth projective variety of dimension nb 3, let
i be an integer with 0a ia n� 1, and let L1; . . . ;Ln�i be ample and spanned line
bundles on X. Then giðX ;L1; . . . ;Ln�iÞb hiðOX Þ.

By considering this theorem, it is natural to classify ðX ;L1; . . . ;Ln�iÞ such
that BsjLj j ¼ j for any j with 1a ja n� i and giðX ;L1; . . . ;Ln�iÞ ¼ hiðOX Þ.
Here we consider the case where i ¼ 1. Set E :¼ L1 l � � �lLn�1. Then E is
an ample vector bundle of rank n� 1 on X . Since, as we said in Remark 3.1,
g1ðX ;L1; . . . ;Ln�1Þ is equal to the curve genus gðX ;EÞ of E, we can get the
following theorem by [22, Theorem].
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Theorem 6.1.5. Let X be a smooth projective variety of dimension nb 3,
and let L1; . . . ;Ln�1 be ample and spanned line bundles on X. If g1ðX ;L1; . . . ;
Ln�1Þ ¼ h1ðOX Þ, then ðX ;L1; . . . ;Ln�1Þ is one of the following:

(1) g1ðX ;L1; . . . ;Ln�1Þ ¼ 0.
(2) X is a Pn�1-bundle over a smooth curve B and Lj ¼ HðEÞ þ f �ðDjÞ for

any j with 1a ja n� 1, where E is a vector bundle of rank n on B such
that X GPBðEÞ, HðEÞ is the tautological line bundle on X , f : X ! B is
its fibration, and Dj A PicðBÞ for any j.

Moreover we can also get the following theorem by Remark 3.1 and [15,
Theorems 5.2 and 5.3].

Theorem 6.1.6. Let X be a smooth projective variety of dimension nb 3.
Assume that there exists a fiber space f : X ! C, where C is a smooth projective
curve. Let L1; . . . ;Ln�1 be ample line bundles on X. Then g1ðX ;L1; . . . ;Ln�1Þ
b gðCÞ. Moreover if g1ðX ;L1; . . . ;Ln�1Þ ¼ gðCÞ, then X is a Pn�1-bundle on C
via f and LjjF GOPn�1ð1Þ for any fiber F of f and every integer j with 1a ja
n� 1.

Next we consider Conjecture 4.1 for the case where i ¼ 1 and kðX Þ ¼ 0 or 1.

Theorem 6.1.7. Let X be a smooth projective variety of dimension nb 3.
Let L1; . . . ;Ln�1 be ample line bundles on X. Assume that L1 � � �Ln�1Lj b 2 for
any j with 1a ja n� 1 and kðX Þ ¼ 0 or 1. Then g1ðX ;L1; . . . ;Ln�1Þb qðX Þ.

Proof. If kðX Þ ¼ 0, then h1ðOX Þa n by the classification theory of mani-
folds (see [17, Corollary 2]). Hence

g1ðX ;L1; . . . ;Ln�1Þ ¼ 1þ 1

2
ðKX þ L1 þ � � � þ Ln�1ÞL1 � � �Ln�1

b 1þ ðn� 1Þ ¼ nb h1ðOX Þ:

Next we consider the case where kðX Þ ¼ 1. By taking the Iitaka fibration of
X , there exists a smooth projective variety X 0, a smooth projective curve C 0,
a birational morphism m : X 0 ! X and a fiber space f 0 : X 0 ! C 0 such that
kðF 0Þ ¼ 0 for any general fiber F 0 of f 0. In this case h1ðOX 0 Þa h1ðOC 0 Þ þ
h1ðOF 0 Þa gðC 0Þ þ n� 1 by Lemma 3.2 and [17, Corollary 2]. Here we note that
by the proof of [8, Theorem 1.3.3] we have KX 0=C 0 ðm�L1Þ � � � ðm�Ln�1Þb 0. We
also note that

g1ðX 0; m�ðL1Þ; . . . ; m�ðLn�1ÞÞ

¼ 1þ 1

2
ðKX 0=C 0 þ m�ðL1Þ þ � � � þ m�ðLn�1ÞÞm�ðL1Þ � � � m�ðLn�1Þ

þ ðgðC 0Þ � 1Þm�ðL1Þ � � � m�ðLn�1ÞF 0:
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If gðC 0Þb 1, then since m�ðL1Þ � � � m�ðLn�1ÞF 0 b 1 we see that

g1ðX ;L1; . . . ;Ln�1Þ ¼ g1ðX 0; m�L1; . . . ; m
�Ln�1Þ

b gðC 0Þ þ 1

2
ðm�L1 þ � � � þ m�Ln�1Þðm�L1Þ � � � ðm�Ln�1Þ

b gðC 0Þ þ n� 1

b h1ðOX 0 Þ ¼ h1ðOX Þ:

If gðC 0Þ ¼ 0, then h1ðOX 0 Þa n� 1 and by assumption here we get

g1ðX ;L1; . . . ;Ln�1Þ ¼ 1þ 1

2
ðKX þ L1 þ � � � þ Ln�1ÞL1 � � �Ln�1

b 1þ ðn� 1Þ ¼ n > h1ðOX 0 Þ ¼ h1ðOX Þ:

This completes the proof of Theorem 6.1.7. r

6.2. The case of 3-folds.
Here we consider the case where X is a 3-fold. The method is similar to

that of [9]. We fix the notation which will be used below.

Notation 6.2.1. Let ðX ;L1Þ be a polarized manifold with dim X ¼ 3 and
h0ðL1Þb 2. Let L be a linear pencil which is contained in jL1j such that
L ¼ LM þ Z, where LM is the movable part of L and Z is the fixed part of
jL1j. We will make a fiber space by using this L. Let j : X aP1 be the
rational map associated with LM , and y : X 0 ! X an elimination of indetermi-
nacy of j. So we obtain a surjective morphism j 0 : X 0 ! P1. By taking the
Stein factorization, if necessary, there exist a smooth projective curve C, a finite
morphism d : C ! P1 and a fiber space f 0 : X 0 ! C such that j 0 ¼ d � f 0. Let
aL :¼ deg d and F 0 a general fiber of f 0.

Theorem 6.2.1. Let X be a smooth projective variety of dimension 3. Let
L1, L2 be ample line bundles on X. Assume that h0ðL1Þb 2 and h0ðL2Þb 1.
Then g1ðX ;L1;L2Þb qðXÞ.

Proof. If KX þ L1 þ L2 is not nef, then by Theorem 5.1.1, Remark 5.2.3
and [13, Example 2.1 (A), (B), (E) and (H)] we get g1ðX ;L1;L2Þb qðXÞ.

So we may assume that KX þ L1 þ L2 is nef. Here we use Notation 6.2.1.
(I) If gðCÞb 1, then y is the identity mapping. By Proposition 6.1.1, we

have

g1ðX ;L1;L2Þ ¼ 1þ 1

2
ðKX þ L1 þ L2ÞL1L2

¼ 1þ 1

2
ðKX=C þ L1 þ L2ÞL1L2 þ ðgðCÞ � 1ÞL1L2F

0:
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Since KX=C þ L1 þ L2 is f 0-nef and dim C ¼ 1, we see that KX=C þ L1 þ L2

is nef by Lemma 3.1. Here we note that aL b 2 because gðCÞb 1. Since
L1 � aLF

0 is e¤ective, we obtain

g1ðX ;L1;L2Þ ¼ 1þ 1

2
ðKX=C þ L1 þ L2ÞL1L2 þ ðgðCÞ � 1ÞL1L2F

0

b 1þ 1

2
ðKX=C þ L1 þ L2ÞðaLF 0ÞL2 þ ðgðCÞ � 1ÞL1L2F

0

b gðCÞ þ ðKF 0 þ L1jF 0 þ L2jF 0 ÞL2jF 0 :

If h1ðOF 0 Þ ¼ 0, then h1ðOX Þ ¼ gðCÞ. Moreover since KF 0 þ L1jF 0 þ L2jF 0 is
nef, we get g1ðX ;L1;L2Þb gðCÞ. Hence g1ðX ;L1;L2Þb gðCÞ ¼ h1ðOX Þ. Hence
we may assume that h1ðOF 0 Þ > 0.

Since h0ðL2jF 0 Þ > 0 and dim F 0 ¼ 2, we have gðL2jF 0 Þb h1ðOF 0 Þ ([7, Lemma
1.2 (2)]). Therefore

g1ðX ;L1;L2Þb gðCÞ þ 2h1ðOF 0 Þ � 2þ ðL1jF 0 ÞðL2jF 0 Þ:

Then by Lemma 3.2

g1ðX ;L1;L2Þb gðCÞ þ h1ðOF 0 Þ þ h1ðOF 0 Þ � 2þ ðL1jF 0 ÞðL2jF 0 Þ

b gðCÞ þ h1ðOF 0 Þ

b h1ðOX Þ:

(II) Assume that gðCÞ ¼ 0. Let D be an irreducible and reduced divisor on
X such that the strict transform of D by y is a general fiber F 0. Then L1 �D
is linearly equivalent to an e¤ective divisor. Here we note that KX þ L1 þ L2 is
nef. So we have

g1ðX ;L1;L2Þ ¼ g1ðX 0; y�L1; y
�L2Þ

¼ 1þ 1

2
ðKX 0 þ y�L1 þ y�L2Þðy�L1Þðy�L2Þ

¼ 1þ 1

2
y�ðKX þ L1 þ L2Þðy�L1Þðy�L2Þ

b 1þ 1

2
y�ðKX þ L1 þ L2Þðy�L2ÞF 0

¼ 1þ 1

2
ðy�ðKX þDÞ þ y�ðL1 �DÞ þ y�L2Þðy�L2ÞF 0:

Since y�ðL1 �DÞðy�L2ÞF 0 b 0, we have

gðX ;L1;L2Þb 1þ 1

2
ðy�ðKX þDÞ þ y�L2Þðy�L2ÞF 0:
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By the same argument as in the proof of [9, Claim 2.4], we can prove

y�ðKX þDÞðy�L2ÞF 0
b ðKX 0 þ F 0Þðy�L2ÞF 0:

Hence

g1ðX ;L1;L2Þb 1þ 1

2
ðKX 0 þ F 0 þ y�L2Þðy�L2ÞF 0

¼ gðy�L2jF 0 Þ:

Since h0ðy�ðL2ÞjF 0 Þ > 0, we get gðy�ðL2ÞjF 0 Þb h1ðOF 0 Þ by [7, Lemma 1.2 (2)].
Therefore by Lemma 3.2

g1ðX ;L1;L2Þb gðy�ðL2ÞjF 0 Þb h1ðOF 0 Þb h1ðOX 0 Þ ¼ h1ðOX Þ:
This completes the proof. r

Theorem 6.2.2. Let X be a smooth projective variety of dimension 3 and let
L1 and L2 be ample line bundles on X with h0ðL1Þb 2 and h0ðL2Þb 1. Let
LH jL1j be a linear pencil, and we use Notation 6.2.1. Assume that for some
s A S2 ðX ;Lsð1Þ;Lsð2ÞÞ is neither of the following:

(A) ðP3;OP3ð1Þ;OP3ð1ÞÞ.
(B) ðP3;OP3ð2Þ;OP3ð1ÞÞ.
(C) ðQ3;OQ3ð1Þ;OQ3ð1ÞÞ.
(D) X is a P2-bundle over a smooth projective curve and Lj jF ¼ OP2ð1Þ for

any fiber F and j ¼ 1; 2.
Then

(1) g1ðX ;L1;L2Þb aLqðX Þ if gðCÞ ¼ 0.
(2) g1ðX ;L1;L2Þb qðX Þ þ ðaL � 1ÞqðF 0Þ if gðCÞb 1.

Proof. If KX þ L1 þ L2 is not nef, then ðX ;L1;L2Þ is one of the types from
(A) to (D) above by Theorem 5.1.1 (3). So we may assume that KX þ L1 þ L2 is
nef. Let Z, y, f 0 and C be as in Notation 6.2.1. Let Z ¼

Pm
i¼1 biZi, and let Z 0

i

be the strict transform of Zi by y. Let y 0 : X 00 ! X 0 be a birational morphism
such that Z 00

i is a smooth surface, where Z 00
i is the strict transform of Z 0

i by
y 0. We can take a general element B A jL1j such that B ¼ G1 þ � � � þ GaL þ Z,
where each Gi is the image of a general fiber of f 0 by y. Let h :¼ f 0 � y 0 and
p :¼ y � y 0. Then the strict transform of Gi by p is a general fiber of h. Let
F 00
i be the strict transform of Gi by p. We note that Z 00

i is the strict transform of
Zi by p. Then we have

g1ðX ;L1;L2Þ ¼ gðX 00; p�L1; p
�L2Þ ¼ 1þ 1

2
ðKX 00 þ p�L1 þ p�L2Þðp�L1Þðp�L2Þ

¼ 1þ 1

2
p�ðKX þ L1 þ L2Þðp�L2Þðp�BÞ

b 1þ 1

2
p�ðKX þ L1 þ L2Þðp�L2Þðp�ðBredÞÞ:
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Put Bnr :¼ B� Bred. Then by the same argument as in [9, Claim 2.9] we
have BnrBredL2 b 0. Hence

g1ðX ;L1;L2Þb 1þ 1

2
p�ðKX þ L1 þ L2Þðp�L2Þðp�ðBredÞÞ

b 1þ 1

2
ðp�ðKX þ BredÞ þ p�L2Þðp�L2Þðp�ðBredÞÞ:

Moreover since p�ðBredÞ �
PaL

i¼1 F
00
i �

Pm
i¼1 Z

00
i is a p-exceptional e¤ective divisor,

we get

g1ðX ;L1;L2Þb 1þ 1

2
ðp�ðKX þ BredÞ þ p�L2Þðp�L2Þðp�ðBredÞÞ

¼ 1þ 1

2

XaL
i¼1

ðp�ðKX þ GiÞ þ p�L2Þðp�L2ÞF 00
i

þ 1

2

XaL
i¼1

p�ðBred � GiÞðp�L2ÞF 00
i

þ 1

2

Xm
i¼1

ðp�ðKX þ ZiÞ þ p�L2Þðp�L2ÞZ 00
i

þ 1

2

Xm
i¼1

p�ðBred � ZiÞðp�L2ÞZ 00
i :

Because L2 is ample and B is connected, we have

1

2

XaL
i¼1

p�ðBred � GiÞðp�L2ÞF 00
i þ

Xm
i¼1

p�ðBred � ZiÞðp�L2ÞZ 00
i

 !
b aL þm� 1:

Therefore

g1ðX ;L1;L2Þb 1þ 1

2

XaL
i¼1

ðp�ðKX þ GiÞ þ p�L2Þðp�L2ÞF 00
i

þ 1

2

Xm
i¼1

ðp�ðKX þ ZiÞ þ p�L2Þðp�L2ÞZ 00
i þ ðaL þm� 1Þ

¼
XaL
i¼1

1þ 1

2
ðp�ðKX þ GiÞ þ p�L2Þðp�L2ÞF 00

i

� �

þ
Xm
i¼1

1þ 1

2
ðp�ðKX þ ZiÞ þ p�L2Þðp�L2ÞZ 00

i

� �
:

By the same argument as in the proof of [9, Claim 2.4], we can prove that

ðp�ðKX þ GiÞ þ p�L2Þðp�L2ÞF 00
i b ðKX 00 þ F 00

i þ p�L2Þðp�L2ÞF 00
i
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and

ðp�ðKX þ ZiÞ þ p�L2Þðp�L2ÞZ 00
i b ðKX 00 þ Z 00

i þ p�L2Þðp�L2ÞZ 00
i :

So we obtain

g1ðX ;L1;L2Þb
XaL
i¼1

1þ 1

2
ðKX 00 þ F 00

i þ p�L2Þðp�L2ÞF 00
i

� �

þ
Xm
i¼1

1þ 1

2
ðKX 00 þ Z 00

i þ p�L2Þðp�L2ÞZ 00
i

� �

¼
XaL
i¼1

gððp�L2ÞjF 00
i
Þ þ

Xm
i¼1

gððp�L2ÞjZ 00
i
Þ:

We note that gðp�L2jZ 00
i
Þb 0 for any i since dim Z 00

i ¼ 2 (for example, see [5,
(4.8) Corollary]).

(I) The case where gðCÞ ¼ 0.
Because h0ððp�L2ÞjF 00

i
Þb 1 and dim F 00

i ¼ 2, we have gððp�L2ÞjF 00
i
Þb qðF 00

i Þ
for every i. Since qðF 00

i Þb qðX 00Þ ¼ qðX 0Þ ¼ qðXÞ for every i by Lemma 3.2, we
get g1ðX ;L1;L2Þb aLqðXÞ.

(II) The case where gðCÞb 1.
Then y is the identity mapping and Zi ¼ Z 0

i for every i. Since L2 is ample
and Gi is a fiber of f 0, there exists a Zi such that f 0jZi

: Zi ! C is surjective.
We consider the fiber space hjZ 00

i
: Z 00

i ! C. By [7, Theorem 2.1 and Theorem

5.5], we have gððp�L2ÞjZ 00
i
Þb gðCÞ. On the other hand, gððp�L2ÞjF 00

i
Þb qðF 00

i Þ
holds because h0ððp�L2ÞjF 00

i
Þb 1 and dim F 00

i ¼ 2. Therefore we get g1ðX ;L1;L2Þ
b gðCÞ þ aLqðF 00

i Þ. Since gðCÞ þ qðF 00
i Þb qðX 00Þ ¼ qðX 0Þ ¼ qðXÞ by Lemma 3.2

and qðF 00
i Þ ¼ qðF 0Þ for every i, we get g1ðX ;L1;L2Þb qðXÞ þ ðaL � 1ÞqðF 0Þ.

(Here we note that aL b 2 in this case.)
This completes the proof of Theorem 6.2.2. r

Theorem 6.2.3. Let X be a smooth projective variety of dimension 3 and let
L1 and L2 be ample line bundles on X such that h0ðL1Þb 2 and h0ðL2Þb 1. Let
LH jL1j be a linear pencil and we use Notation 6.2.1.

If aL ¼ 1, then g1ðX ;L1;L2Þb qðX Þ þ 1
2GZL2, where G is a general element

of LM and Z is the fixed part of jL1j, unless ðX ;Lsð1Þ;Lsð2ÞÞ is one of the following
for some s A S2:

(A) ðP3;OP3ð1Þ;OP3ð1ÞÞ.
(B) ðP3;OP3ð2Þ;OP3ð1ÞÞ.
(C) ðQ3;OQ3ð1Þ;OQ3ð1ÞÞ.
(D) X is a P2-bundle over a smooth projective curve and Lj jF ¼ OP2ð1Þ for

any fiber F and j ¼ 1; 2.
In particular, g1ðX ;L1;L2Þb qðX Þ þ 1 if Z0 0.
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Proof. If KX þ L1 þ L2 is not nef, then ðX ;L1;L2Þ is one of the types from
(A) to (D) above by Theorem 5.1.1 (3). So we may assume that KX þ L1 þ L2 is
nef. We note that the strict transform of G by y is F 0. So we have

g1ðX ;L1;L2Þ ¼ 1þ 1

2
ðKX 0 þ y�ðL1 þ L2ÞÞðy�L1Þðy�L2Þ

¼ 1þ 1

2
y�ðKX þ L1 þ L2Þðy�L1Þðy�L2Þ

b 1þ 1

2
y�ðKX þ L1 þ L2Þðy�L2ÞF 0

¼ 1þ 1

2
ðy�ðKX þ GÞ þ y�ðL1 � GÞ þ y�L2Þðy�L2ÞF 0:

By the same argument as in the proof of [9, Claim 2.4], we can prove

y�ðKX þ GÞðy�L2ÞF 0
b ðKX 0 þ F 0Þðy�L2ÞF 0:

On the other hand, y�ðL1 � GÞðy�L2ÞF 0 ¼ ZGL2. Hence

g1ðX ;L1;L2Þb 1þ 1

2
ðKX 0 þ F 0 þ y�L2Þðy�L2ÞF 0 þ 1

2
ZGL2

¼ gððy�L2ÞjF 0 Þ þ
1

2
ZGL2:

Because h0ððy�L2ÞjF 0 Þb 1 and dim F 0 ¼ 2, we obtain gððy�L2ÞjF 0 Þb qðF 0Þ
by [7, Lemma 1.2 (2)]. Since gðCÞ ¼ 0 in this case, we have qðF 0Þb qðX 0Þ ¼
qðX Þ. Therefore

g1ðX ;L1;L2Þb qðF 0Þ þ 1

2
ZGL2 b qðX Þ þ 1

2
ZGL2:

If Z0 0, then ZVG0 f since G þ Z is connected. Since L2 is ample and
G is a general element of LM , we have ZGL2 > 0. Because g1ðX ;L1;L2Þ is an
integer, we have g1ðX ;L1;L2Þb qðXÞ þ 1. This completes the proof. r

Theorem 6.2.4. Let X be a smooth projective variety with dim X ¼ 3 and
let L1 and L2 be ample line bundles on X with h0ðL1Þb 2 and h0ðL2Þb 3. If
g1ðX ;L1;L2Þ ¼ qðXÞ, then ðX ;Lsð1Þ;Lsð2ÞÞ is one of the following types for some
s A S2.

(A) ðP3;OP3ð1Þ;OP3ð1ÞÞ.
(B) ðP3;OP3ð2Þ;OP3ð1ÞÞ.
(C) ðQ3;OQ3ð1Þ;OQ3ð1ÞÞ.
(D) X is a P2-bundle over a smooth projective curve and Lj jF ¼ OP2ð1Þ for

any fiber F and j ¼ 1; 2.

Proof. We use Notation 6.2.1.
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If KX þ L1 þ L2 is not nef, then by Theorem 5.1.1 (3) we see that ðX ;LÞ is
one of the types from (A) to (D) above. So we may assume that KX þ L1 þ L2

is nef. In particular we note that g1ðX ;L1;L2Þb 1.
(1) The case in which gðCÞb 1.
We note that y is the identity mapping and aL b 2 in this case. By

Theorem 6.2.2 (2), we have qðX Þ ¼ g1ðX ;L1;L2Þb qðX Þ þ ðaL � 1ÞqðF 0Þ. Be-
cause aL b 2, we obtain qðF 0Þ ¼ 0. Hence qðX Þa gðCÞ þ qðF 0Þ ¼ gðCÞ by
Lemma 3.2. But since gðCÞa qðXÞ, we get qðXÞ ¼ gðCÞ, and g1ðX ;L1;L2Þ ¼
qðX Þ ¼ gðCÞ. Then ðX ;L1;L2Þ is the type (D) above by Theorem 6.1.6. This
is a contradiction by assumption.

(2) The case in which gðCÞ ¼ 0.
If aL b 2, then qðXÞ ¼ g1ðX ;L1;L2Þb 2qðXÞ by Theorem 6.2.2 (1). Hence

qðX Þ ¼ 0, and gðX ;L1;L2Þ ¼ qðX Þ ¼ 0. But this is a contradiction.
So we consider the case where aL ¼ 1. By Theorem 6.2.3, we see

Z ¼ 0;ð6:2:4:1Þ

that is, jL1j has no fixed component. By the proof of Theorem 6.2.3, we see that
gððy�L2ÞjF 0 Þ ¼ qðF 0Þ. Here we note that

gððy�L2ÞjF 0 Þ � qðF 0Þ ¼ h0ðKF 0 þ ðy�L2ÞjF 0 Þ � h0ðKF 0 Þ

by the Riemann-Roch theorem and the Kawamata-Viehweg vanishing theorem.
Since h0ððy�L2ÞjF 0 Þb 2, we have h0ðKF 0 Þ ¼ 0 by Lemma 3.3. Assume that
kðF 0Þb0. Then qðF 0Þa1 because wðOF 0 Þb0. Hence gððy�L2ÞjF 0 Þ ¼ qðF 0Þa1.
But since kðF 0Þb 0, we have gððy�L2ÞjF 0 Þb 2 and this is a contradiction. Hence
we have

kðF 0Þ ¼ �y:ð6:2:4:2Þ

Because gððy�L2ÞjF 0 Þ ¼ qðF 0Þ, we can prove the following claim.

Claim 6.2.1. kðKF 0 þ ðy�L2ÞjF 0 Þ ¼ �y.

Proof. Assume that kðKF 0 þ ðy�L2ÞjF 0 Þb 0: Then gððy�L2ÞjF 0 Þb 1.
Since 0 < gððy�L2ÞjF 0 Þ ¼ qðF 0Þ, a ððy�L2ÞjF 0 Þ-minimalization of ðF 0; ðy�L2ÞjF 0 Þ

(see [7, Definition 1.9]) is a scroll over a smooth curve B by [7, Theorem 3.1].
Hence there is a surjective morphism h : F 0 ! B such that a general fiber Fh of
h is P1. Hence ðKF 0 þ ðy�L2ÞjF 0 ÞFh ¼ �1. But this is a contradiction because
Fh is nef. This completes the proof of Claim 6.2.1. r

On the other hand,

KF 0 þ ðy�L2ÞjF 0 ¼ ðKX 0 þ F 0 þ y�L2ÞF 0

¼ ðy�ðKX þ L2Þ þ Ey þ F 0ÞF 0 ;

where Ey is a y-exceptional e¤ective divisor.
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Let ðM;AÞ be a reduction of ðX ;L2Þ and let p : X ! M be its reduc-
tion map. Assume that KM þ A is nef. Then h0ðmðKM þ AÞÞ > 0 for any
large mg 0 by the nonvanishing theorem. Here we note that KX þ L2 ¼
p�ðKM þ AÞ þ E for an e¤ective p-exceptional divisor E. Hence for any large
m, we have

h0ðmðKX þ L2ÞÞ ¼ h0ðmp�ðKM þ AÞ þmEÞ > 0:

Therefore h0ðmðy�ðKX þ L2ÞÞF 0 Þb 1. Since F 0 is a general fiber of f 0, we have
h0ððEy þ F 0ÞjF 0 Þb 1. Hence h0ðmðy�ðKX þ L2Þ þ Ey þ F 0ÞjF 0 Þb 1 for any large
mg 0. But this is a contradiction by Claim 6.2.1. Hence KM þ A is not nef,
and by Theorem 3.1 we see that ðM;AÞ is one of the following types. (Here we
note that dim M ¼ 3 in this case.)

(a) ðP3;OP3ð1ÞÞ.
(b) ðQ3;OQ3ð1ÞÞ.
(c) A scroll over a smooth curve C.
(d) KM @�2A, that is, ðM;AÞ is a Del Pezzo manifold.
(e) A quadric fibration over a smooth curve C.
(f ) A scroll over a smooth surface S.
(g) ðQ3;OQ3ð2ÞÞ.
(h) ðP3;OP3ð3ÞÞ.
(i) M is a P2-bundle over a smooth curve C with ðF ;AjF Þ ¼ ðP2;OP2ð2ÞÞ

for any fiber F of it.
If ðM;AÞ is either of the cases (a), (b), (d), (g), and (h), then qðX Þ ¼ 0.

Hence by assumption g1ðX ;L1;L2Þ ¼ qðX Þ ¼ 0. But this is a contradiction.
If ðM;AÞ is either of the cases (c), (e), and (i), then qðXÞ ¼ gðCÞ. Hence

by assumption gðX ;L1;L2Þ ¼ qðX Þ ¼ gðCÞ. So by Theorem 6.1.6, ðX ;L1;L2Þ is
the type (D) above. But in this case KX þ L1 þ L2 is not nef and this is a
contradiction.

So we consider the case in which ðM;AÞ is the case (f ). Let j : M ! S be
its P1-bundle, where S is a smooth surface.

Claim 6.2.2. kðSÞ ¼ �y.

Proof. We note that Z ¼ 0 by (6.2.4.1). We take a general element
G A jAj. Then G is irreducible and reduced, and the strict transform of G
by y is F 0. Since A is ample, jjG : G ! S is surjective. Hence we obtain
kðSÞ ¼ �y since kðF 0Þ ¼ �y by (6.2.4.2). This completes the proof of this
claim. r

If qðSÞ ¼ 0, then qðX Þ ¼ qðSÞ ¼ 0. Hence by assumption g1ðX ;L1;L2Þ ¼
qðX Þ ¼ qðSÞ ¼ 0. Hence ðX ;L1;L2Þ is one of the types from (A) to (D) above
by Theorem 6.1.1. But this is a contradiction by assumption.

If qðSÞb 1, we take the Albanese map of S, a : S ! B, where B is a
smooth curve. Then by assumption g1ðX ;L1;L2Þ ¼ qðXÞ ¼ qðSÞ ¼ gðBÞ. Hence
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ðX ;L1;L2Þ is the type (D) above by Theorem 6.1.6. But this is a contradiction
by the same reason as above. This completes the proof of Theorem 6.2.4. r
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