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CONVERGENCE AND SUMMABILITY IN THE MEAN
OF RANDOM FOURIER-STIELTJES SERIES

SArR0J] KUMAR DasH, TANAYA PATEL* AND SWADHEENANANDA PATTANAYAK

Abstract

We show that the random Fourier-Stieltjes (RFS) series associated with a stochastic
process of independent and symmetric increments whose laws belong to the domain of
symmetric stable distribution converges in the mean to a stochastic integral. We also
show that the conjugate RFS series converges in the mean to a stochastic integral.
Both the series are also shown to be Abel summable.

1. Introduction

Samal [6] considered the question of the convergence of the “integrated”

A, o A . .
RFS series 7“2 where 4, = [) e dX (1) and X(7) is a continuous
n

n=—00

stochastic process with mdependent increments. Nayak, Pattanayak and Mishra
3] cons1dered the RFS series Y7 a,4,e”™ where 4, = [} e > dX(7) and
a, = Jo et dt for f e L*]0, 1] X (t) a stochastic process with independent
1ncrements Wthh are symmetrlc stable random variables with index o < (1 2. In
this work they showed that it is possible to define stochastic integral fo 1) dX(t ( )
for g e L*[0,1], X(¢) a stable process of index «, in the sense of convergence in
probablhty They also showed that the RFS series Y. a,4,e*™" converges
in probability to

n=—0o0

Jlf(tu) dX(u) for f e L%0,1].

0
The proof depends, crucially, on the fact that lim,, ., fol s, (1) — f(0)|* dt = 0 for

1 n

felL*0,1], a, :J f(He > dt and  s,(f) = Z are™.

0 k=—n

Pattanayak and Sahoo [4] were able to prove that this series in fact
converges in the sense of mean. Pattanayak and Sharma [5] studied the question
of convergence in the sense of probability of a RFS series associated with the
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stochastic process of independent and symmetric increments whose laws belong to
the domain of symmetric stable distribution.

DEerFINITION 1.1. Ly4([a,b]) is the collection of measurable functions f,
satisfying

b
J P (0)] dt < o0

for non-negative convex function ¢(u) with u > 0.

By using similar techniques of Dash and Pattanayak [2] we can easily show
that for /e LyNL* the stochastic integral j: f(r) dX(t) is well defined in the
sense of mean for a stochastic process X of independent and symmetric incre-
ments whose laws belong to the domain of symmetric stable distribution.

We in this note are able to show the convergence of the RFS series and
conjugate RFS series in the sense of mean and show that they are also Abel
summable.

2. Our main results

THEOREM 2.1. Let ¢(t) = |t|*h(t), where h is a slowly varying function
satisfying
(i) h(t)=0(t°) as t— 0 for all >0 and
(it) h(uv) < h(u) + h(v) for u,v > 0.
Let X(t) be a stochastic process of index o, 1 <a <2 with independent and
symmetric increments whose laws belong to the domain of symmetric stable distri-

bution such that the increment X (t;) — X (t,) has characteristic function e~ 1"~2l4(),
For feLyNL* let

1 1

a, = J e~ E () dt and A, = J e 2 gx (1),
0 0

then the RFS series

)
(1) Z anAneant

n=—0oo

converges in the sense of mean to the stochastic integral fol f(t—u) dX(u).

THEOREM 2.2. If fe LyNL* with

1 1
a, = J e mmf() dt and A, = J e dX (1),
0 0
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then the conjugate RFS series

0

(2) Z dnAneZ"im

n=—00

converges in the sense of mean to the stochastic integral fo f(t—u) dX (u), where
a, = —isgn(n)a,

THEOREM 2.3. Let X (t) be a stochastic process of index o, 1 < o <2 with
independent and symmetric increments whose laws belong to the domain of
symmetric stable distribution. If A, = [, e dX (1) and ay = [y e 2f (1) d
then the series .7  a,A,e*™ is Abel summable to fo (t—u) dX(u) in the
sense of mean.

n=—0o0

To prove these results we need the following results:

LemmA 2.4 (cf. Chow and Teicher [1], p. 285)
For a random variable X with characteristic function \ the absolute moment
of the random variable X is given by

E|X| = %Jw I-Rey(0)} R;{W)} d

—o0

LemmA 2.5 (Theorem of M. Riesz) (cf. Zygmund [7], Vol. I, p. 253)
If felLl, 1< < p< 0 and has the Fourier series -~ a,,ez’“”’ then the
conjugate series Y - a,e*™" is also a Fourier series of a funclzon feL? and

Jor $u(t) = 325, dk gtk
lim Jl |5,(1) — f(2)|” dt =0

n— oo 0

Proof of Theorem 2.1

Let S,(f) be the n-th partial sum of the series >.° _ a,A,e*™ that is

n=—0o0

n n
t) = Z @A™ and  s,(1) = Z ape* k.
k=—n k=-—n

We have

1
Su(t) — Sy (1) = J {su(t —u) — st — u)} dX (u)

_ J Snom(t — 1) dX(u)  (say)
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By the Lemma 2.4, we have:

2(* 1 —exp(— Jo (Espm(t — u)) du)

EIS,(1) — Su(1)] = EJ, ¢ 2
2 1 —exp(— fo ésn m(t —u)) du)
T d
J|<<1 &2 <
2 1 —exp(— _[0 P(Esn,m(t — u)) du)
7 d
J|<>1 &2 <
=L+0L (say)
where
I = EJ 1 —exp(— J‘o égn m(t —u)) du) dé
<1 &2
and
2 - eXp fo fén m )) du)
h=2 de.
’ J5>1 &2 <

It is easy to see that

fsn m du
n <2 Jfo () d)
f
= ;J <fa2j |Vn m( )| h(fS‘n m(l — u)) du) déE.
0
Now by the statement of the theorem, / is a slowly varying function satisfying (i)

and (ii). Therefore for every 6 >0, we have h(u)u <1 for sufficiently small
u. Hence for every 6 > 0, we can get a constant K; such that

(3) hwu® <Ks for 0<u<1l.
So
h(Esp,m(t —u)) < h(E) + h(sy,m(t —u))
< Ks&° + h(sym(t —u)) (by (3) and for 0 < & < 1).
Therefore

| < 4j1 (é“ jl nm (£ — 1) *h(E (£ — 1) du) dé

T Jo

< ir <§°‘_2 J; IS, m (1 — u)|“[K5§(5 + h(Sp,m(t — u))] du) dé

T Jo
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4 1 . 1
:_J (K(;é“‘)_zj |sn7m(t—u)|°‘du> dé
T Jo 0

+ %Jl (5“2 Jl IS, (8 — )| R (Sp,m (1 — 1)) du) dé

0 0

4 Ky ! L ’
= (m> Jo |Sn.m (1 — u)|* du +_1J0 S, m (8 — )| P Sp,m(t — 1)) du.

It is now seen that

lim |11| =0.

m,n— oo

Now for I, we observe that

1 —exp(— fo (E{su(t — u) — su(t — w)}) du) - 1
& &

So by Lebesgue dominated convergence theorem, we have:

1
and J — d¢ < .
[€]>1

lim |12| =0.

m,n— o0
Hence
lim E|S,(t) — S, (t)] = 0.

m,n— o0

That is S,(#) converges in the sense of mean. It is not hard to show that S,(¢)
converges to the stochastic integral jol ft—u) dX (u). O

Proof of Theorem 2.2

Let S, be the n-th partial sum of the conjugate RFS series .7 a,4,e".
That is
Sn(l) _ Z &kAkeZm'kt and fn(l) — Z &keZmTkt.
k=-—n k=—n
We see that:
~ 1 - n(f — — Sm(l — di
I e
n ¢
2 1 —exp(— IO (E{8u(t — u) — Spu(t —u)}) du)
It 5 d¢
7 ¢
2 1 —exp(— fo (E{sn(t — u) = St — u)}) du)
< 5 dé.
T )¢5 ¢
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Using the techniques used in the Theorem 2.1 and by Lemma 2.5 it is easy to see
that

lim E‘Sn([) - m( )| =0.

m,n— oo

So S,(7) converges in the sense of mean. It is not hard to show that S,(r)
converges to the stochastic integral Jo f(t—u) dX(u). O

Proof of Theorem 2.3 '
We know that for 0 < r < 1 the series >..° _ a,r""le?™ converges uniformly
to a function fe Ls;NLP, p>oa Let us write

0
)= Z a0 <r < 1.

n=—0oo

Since f e LyNL? so f,eL?, p>a. By Theorem 2.1 the series Y7 a,ri"le?mint
converges to the StOChdSth integral fo fr(t—u)dX(u) in the sense of mean.
Now

1

1
EJ f,(t—u)dX(u)—J f(t—u) dX(u)
0

0

1
—E j Uit — ) — £t~ w)} dX(u)
0

:zr 1 —exp(— Jy #E{S (1 —u) = f(t—w)}) du)

) o &2

Because lim,_,- j()l |fi(t —u) — f(t —u)|” du=0 for every p >a, so we get

dé.

lim E

r—1-

1
L {filt—u)—f(t—u)} dX(u)| =0

by the same arguments used in Theorem 2.1. Therefore the RFS series
S are? M is Abel summable to jo f(t—u) dX(u) in the sense of mean.
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