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OF RANDOM FOURIER-STIELTJES SERIES
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Abstract

We show that the random Fourier-Stieltjes (RFS) series associated with a stochastic

process of independent and symmetric increments whose laws belong to the domain of

symmetric stable distribution converges in the mean to a stochastic integral. We also

show that the conjugate RFS series converges in the mean to a stochastic integral.

Both the series are also shown to be Abel summable.

1. Introduction

Samal [6] considered the question of the convergence of the ‘‘integrated’’

RFS series
Py

n¼�y

An

n
e2pint, where An ¼

Ð 1
0 e

�2pint dX ðtÞ and X ðtÞ is a continuous

stochastic process with independent increments. Nayak, Pattanayak and Mishra
[3] considered the RFS series

Py
n¼�y anAne

2pint where An ¼
Ð 1
0 e

�2pint dXðtÞ and
an ¼

Ð 1

0 f ðtÞe�2pint dt for f A La½0; 1�, XðtÞ a stochastic process with independent
increments which are symmetric stable random variables with index a A ð1; 2�. In
this work they showed that it is possible to define stochastic integral

Ð 1
0 gðtÞ dX ðtÞ

for g A La½0; 1�, X ðtÞ a stable process of index a, in the sense of convergence in
probability. They also showed that the RFS series

Py
n¼�y anAne

2pint converges
in probability to ð1

0

f ðt� uÞ dX ðuÞ for f A La½0; 1�:

The proof depends, crucially, on the fact that limn!y

Ð 1
0 jsnðtÞ � f ðtÞja dt ¼ 0 for

f A La½0; 1�; an ¼
ð1

0

f ðtÞe�2pint dt and snðtÞ ¼
Xn

k¼�n

ake
ikt:

Pattanayak and Sahoo [4] were able to prove that this series in fact
converges in the sense of mean. Pattanayak and Sharma [5] studied the question
of convergence in the sense of probability of a RFS series associated with the
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stochastic process of independent and symmetric increments whose laws belong to
the domain of symmetric stable distribution.

Definition 1.1. Lfð½a; b�Þ is the collection of measurable functions f ,
satisfying ð b

a

fj f ðtÞj dt < y

for non-negative convex function fðuÞ with ub 0.

By using similar techniques of Dash and Pattanayak [2] we can easily show
that for f A Lf VLa the stochastic integral

Ð b

a
f ðtÞ dX ðtÞ is well defined in the

sense of mean for a stochastic process X of independent and symmetric incre-
ments whose laws belong to the domain of symmetric stable distribution.

We in this note are able to show the convergence of the RFS series and
conjugate RFS series in the sense of mean and show that they are also Abel
summable.

2. Our main results

Theorem 2.1. Let fðtÞ ¼ jtjahðtÞ, where h is a slowly varying function
satisfying

ðiÞ hðtÞ ¼ OðtdÞ as t ! 0 for all d > 0 and

ðiiÞ hðuvÞa hðuÞ þ hðvÞ for u; vb 0:

Let X ðtÞ be a stochastic process of index a, 1 < aa 2 with independent and
symmetric increments whose laws belong to the domain of symmetric stable distri-
bution such that the increment Xðt1Þ � X ðt2Þ has characteristic function e�jt1�t2jfðtÞ.
For f A Lf VLa, let

an ¼
ð1

0

e�2pintf ðtÞ dt and An ¼
ð1

0

e�2pint dXðtÞ;

then the RFS series

Xy
n¼�y

anAne
2pintð1Þ

converges in the sense of mean to the stochastic integral
Ð 1
0 f ðt� uÞ dX ðuÞ.

Theorem 2.2. If f A Lf VLa with

an ¼
ð1

0

e�2pintf ðtÞ dt and An ¼
ð1

0

e�2pint dXðtÞ;

232 saroj kumar dash, tanaya patel and swadheenananda pattanayak



then the conjugate RFS series

Xy
n¼�y

~aanAne
2pintð2Þ

converges in the sense of mean to the stochastic integral
Ð 1
0
~ff ðt� uÞ dX ðuÞ, where

~aan ¼ �i sgnðnÞan.

Theorem 2.3. Let XðtÞ be a stochastic process of index a, 1 < aa 2 with
independent and symmetric increments whose laws belong to the domain of
symmetric stable distribution. If An ¼

Ð 1

0 e
�2pint dX ðtÞ and an ¼

Ð 1
0 e

�2pintf ðtÞ dt,
then the series

Py
n¼�y anAne

2pint is Abel summable to
Ð 1
0 f ðt� uÞ dX ðuÞ in the

sense of mean.

To prove these results we need the following results:

Lemma 2.4 (cf. Chow and Teicher [1], p. 285)
For a random variable X with characteristic function c the absolute moment

of the random variable X is given by

EjX j ¼ 2

p

ðy
�y

1�RefcðtÞg
t2

dt

Lemma 2.5 (Theorem of M. Riesz) (cf. Zygmund [7], Vol. I, p. 253)
If f A Lp, 1 < p < y and has the Fourier series

Py
n¼�y ane

2pint then the
conjugate series

Py
n¼�y ~aane

2pint is also a Fourier series of a function ~ff A Lp and

for ~ssnðtÞ ¼
Pn

k¼�n ~aake
2pikt,

lim
n!y

ð1

0

j~ssnðtÞ � ~ff ðtÞjp dt ¼ 0:

Proof of Theorem 2.1
Let SnðtÞ be the n-th partial sum of the series

Py
n¼�y anAne

2pint that is

SnðtÞ ¼
Xn

k¼�n

akAke
2pikt and snðtÞ ¼

Xn

k¼�n

ake
2pikt:

We have

SnðtÞ � SmðtÞ ¼
ð1

0

fsnðt� uÞ � smðt� uÞg dXðuÞ

¼
ð1

0

sn;mðt� uÞ dXðuÞ ðsayÞ
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By the Lemma 2.4, we have:

EjSnðtÞ � SmðtÞj ¼
2

p

ðy
�y

1� expð�
Ð 1
0 fðxsn;mðt� uÞÞ duÞ

x2
dx

¼ 2

p

ð
jxja1

1� expð�
Ð 1
0 fðxsn;mðt� uÞÞ duÞ

x2
dx

þ 2

p

ð
jxj>1

1� expð�
Ð 1

0 fðxsn;mðt� uÞÞ duÞ
x2

dx

¼ I1 þ I2 ðsayÞ

where

I1 ¼
2

p

ð
jxja1

1� expð�
Ð 1
0 fðxsn;mðt� uÞÞ duÞ

x2
dx

and

I2 ¼
2

p

ð
jxj>1

1� expð�
Ð 1
0 fðxsn;mðt� uÞÞ duÞ

x2
dx:

It is easy to see that

jI1ja
4

p

ð1

0

Ð 1

0 fðxsn;mðt� uÞÞ duÞ
x2

dx

¼ 4

p

ð1

0

xa�2

ð1

0

jsn;mðt� uÞjahðxsn;mðt� uÞÞ du
� �

dx:

Now by the statement of the theorem, h is a slowly varying function satisfying (i)
and (ii). Therefore for every d > 0, we have hðuÞu�d a 1 for su‰ciently small
u. Hence for every d > 0, we can get a constant Kd such that

hðuÞu�d
aKd for 0a ua 1:ð3Þ

So

hðxsn;mðt� uÞÞa hðxÞ þ hðsn;mðt� uÞÞ

aKdx
d þ hðsn;mðt� uÞÞ ðby ð3Þ and for 0a xa 1Þ:

Therefore

jI1ja
4

p

ð1

0

xa�2

ð1

0

jsn;mðt� uÞjahðxsn;mðt� uÞÞ du
� �

dx

a
4

p

ð1

0

xa�2

ð1

0

jsn;mðt� uÞja½Kdx
d þ hðsn;mðt� uÞÞ� du

� �
dx
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¼ 4

p

ð 1

0

Kdx
aþd�2

ð1

0

jsn;mðt� uÞja du
� �

dx

þ 4

p

ð1

0

xa�2

ð1

0

jsn;mðt� uÞjahðsn;mðt� uÞÞ du
� �

dx

¼ 4

p

Kd

aþ d� 1

� �ð1

0

jsn;mðt� uÞja duþ 1

a� 1

ð1

0

jsn;mðt� uÞjahðsn;mðt� uÞÞ du:

It is now seen that

lim
m;n!y

jI1j ¼ 0:

Now for I2, we observe that

1� expð�
Ð 1
0 fðxfsnðt� uÞ � smðt� uÞgÞ duÞ

x2
a

1

x2
and

ð
jxj>1

1

x2
dx < y:

So by Lebesgue dominated convergence theorem, we have:

lim
m;n!y

jI2j ¼ 0:

Hence

lim
m;n!y

EjSnðtÞ � SmðtÞj ¼ 0:

That is SnðtÞ converges in the sense of mean. It is not hard to show that SnðtÞ
converges to the stochastic integral

Ð 1

0 f ðt� uÞ dXðuÞ. r

Proof of Theorem 2.2

Let ~SSn be the n-th partial sum of the conjugate RFS series
Py

n¼�y anAne
2pint.

That is

~SSnðtÞ ¼
Xn

k¼�n

~aakAke
2pikt and ~ssnðtÞ ¼

Xn

k¼�n

~aake
2pikt:

We see that:

Ej ~SSnðtÞ � ~SSmðtÞj ¼
2

p

ðy
�y

1� expð�
Ð 1
0 fðxf~ssnðt� uÞ � ~ssmðt� uÞgÞ duÞ

x2
dx

¼ 2

p

ð
jxja1

1� expð�
Ð 1
0 fðxf~ssnðt� uÞ � ~ssmðt� uÞgÞ duÞ

x2
dx

þ 2

p

ð
jxj>1

1� expð�
Ð 1

0 fðxf~ssnðt� uÞ � ~ssmðt� uÞgÞ duÞ
x2

dx:
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Using the techniques used in the Theorem 2.1 and by Lemma 2.5 it is easy to see
that

lim
m;n!y

Ej ~SSnðtÞ � ~SSmðtÞj ¼ 0:

So ~SSnðtÞ converges in the sense of mean. It is not hard to show that ~SSnðtÞ
converges to the stochastic integral

Ð 1

0
~ff ðt� uÞ dXðuÞ. r

Proof of Theorem 2.3
We know that for 0a r < 1 the series

Py
n¼�y anr

jnje2pint converges uniformly
to a function f A Lf VLp, pb a. Let us write

frðtÞ ¼
Xy
n¼�y

anr
jnje2pint; 0a r < 1:

Since f A Lf VLp so fr A Lp, pb a. By Theorem 2.1 the series
Py

n¼�y anr
jnje2pint

converges to the stochastic integral
Ð 1
0 frðt� uÞ dX ðuÞ in the sense of mean.

Now

E

ð1

0

frðt� uÞ dXðuÞ �
ð1

0

f ðt� uÞ dXðuÞ
����

����
¼ E

ð1

0

f frðt� uÞ � f ðt� uÞg dXðuÞ
����

����

¼ 2

p

ðy
�y

1� expð�
Ð 1
0 fðxf frðt� uÞ � f ðt� uÞgÞ duÞ

x2
dx:

Because limr!1�
Ð 1

0 j frðt� uÞ � f ðt� uÞjp du ¼ 0 for every pb a, so we get

lim
r!1�

E

ð1

0

f frðt� uÞ � f ðt� uÞg dXðuÞ
����

���� ¼ 0

by the same arguments used in Theorem 2.1. Therefore the RFS seriesPy
n¼�y anr

jnje2pint is Abel summable to
Ð 1
0 f ðt� uÞ dX ðuÞ in the sense of mean.
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