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TOPOLOGY OF POLAR WEIGHTED HOMOGENEOUS

HYPERSURFACES

Mutsuo Oka

Abstract

Polar weighted homogeneous polynomials are special polynomials of real variables

xi , yi, i ¼ 1; . . . ; n with zi ¼ xi þ
ffiffiffiffiffiffiffi
�1

p
yi which enjoy a ‘‘polar action’’. In many

aspects, their behavior looks like that of complex weighted homogeneous polyno-

mials. We study basic properties of hypersurfaces which are defined by polar weighted

homogeneous polynomials.

1. Introduction

We consider a polynomial f ðz; zÞ ¼
P

n;m cnmz
nzm where z ¼ ðz1; . . . ; znÞ, z ¼

ðz1; . . . ; znÞ, zn ¼ zn11 � � � znnn for n ¼ ðn1; . . . ; nnÞ (respectively zm ¼ z
m1
1 � � � zmnn for

m ¼ ðm1; . . . ; mnÞ) as usual. Here zi is the complex conjugate of zi. Writing

zi ¼ xi þ
ffiffiffiffiffiffiffi
�1

p
yi, it is easy to see that f is a polynomial of 2n-variables

x1; y1; . . . ; xn; yn. Thus f can be understood as a real analytic function
f : Cn ! C. We call f a mixed polynomial of z1; . . . ; zn.

A mixed polynomial f ðz; zÞ is called polar weighted homogeneous if there
exist integers q1; . . . ; qn and p1; . . . ; pn and positive integers mr, mp such that

gcdðq1; . . . ; qnÞ ¼ 1; gcdðp1; . . . ; pnÞ ¼ 1;

Xn
j¼1

qjðnj þ mjÞ ¼ mr;
Xn
j¼1

pjðnj � mjÞ ¼ mp; if cn;m 0 0

We say f ðz; zÞ is a polar weighted homogeneous of radial weight type
ðq1; . . . ; qn;mrÞ and of polar weight type ðp1; . . . ; pn;mpÞ. We define vectors of
rational numbers ðu1; . . . ; unÞ and ðv1; . . . ; vnÞ by ui ¼ qi=mr, vi ¼ pi=mp and we
call them the normalized radial (respectively polar) weights. Using a polar coor-
dinate ðr; hÞ of C� where r > 0 and h A S1 with S1 ¼ fh A C j jhj ¼ 1g, we define
a polar C�-action on Cn by
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ðr; hÞ � z ¼ ðrq1hp1z1; . . . ; r
qnhpnznÞ; ðr; hÞ A Rþ � S1

ðr; hÞ � z ¼ ðr; hÞ � z ¼ ðrq1h�p1z1; . . . ; r
qnh�pnznÞ:

Then f satisfies the functional equality

f ððr; hÞ � ðz; zÞÞ ¼ rmrhmpf ðz; zÞ:ð1Þ
This notion was introduced by Ruas-Seade-Verjovsky [12] implicitly and then by
Cisneros-Molina [2].

It is easy to see that such a polynomial defines a global fibration

f : Cn � f �1ð0Þ ! C�:

The purpose of this paper is to study the topology of the hypersurface F ¼ f �1ð1Þ
for a given polar weighted homogeneous polynomial, which is a fiber of the
above fibration. Note that F has a canonical stratification

F ¼ qIHf1;2;...;ngF
�I ; F �I ¼ F VC�I

Our main result is Theorem 10, which describes the topology of F �I for a
simplicial polar weighted polynomial.

2. Polar weighted homogeneous hypersurface

This section is the preparation for the later sections. Proposition 2 and
Proposition 3 are added for consistency but they are essentially known from the
series of works by J. Seade and coauthors [12, 13, 10, 11, 14].

2.1. Smoothness of a mixed hypersurface. Let f ðz; zÞ be a mixed polynomial
and we consider a hypersurface V ¼ fz A Cn; f ðz; zÞ ¼ 0g. Put zj ¼ xj þ iyj .
Then f ðz; zÞ is a real analytic function of 2n variables ðx; yÞ with x ¼ ðx1; . . . ; xnÞ
and y ¼ ðy1; . . . ; ynÞ. Put f ðz; zÞ ¼ gðx; yÞ þ ihðx; yÞ where g, h are real analytic
functions. Recall that

q

qzj
¼ 1

2

q

qxj
� i

q

qyj

� �
;

q

qzj
¼ 1

2

q

qxj
þ i

q

qyj

� �
Thus

qk

qzj
¼ 1

2

qk

qxj
� i

qk

qyj

� �
;

qk

qzj
¼ 1

2

qk

qxj
þ i

qk

qyj

� �
for any analytic function kðx; yÞ. Thus for a complex valued function f , we
define

qf

qzj
¼ qg

qzj
þ i

qh

qzj
;

qf

qzj
¼ qg

qzj
þ i

qg

qzj

We assume that g, h are non-constant polynomials. Then V is a real
codimension two subvariety. Put
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dRgðx; yÞ ¼
qg

qx1
; . . . ;

qg

qxn
;
qg

qy1
; . . . ;

qg

qyn

� �
A R2n

dRhðx; yÞ ¼
qh

qx1
; . . . ;

qh

qxn
;
qh

qy1
; . . . ;

qh

qyn

� �
A R2n

For a complex valued mixed polynomial, we use the notation:

df ðz; zÞ ¼ qf

qz1
; . . . ;

qf

qzn

� �
A Cn; df ðz; zÞ ¼ qf

qz1
; . . . ;

qf

qzn

� �
A Cn

Recall that a point z A V is a singular point of V if and only if the two vectors
dgðx; yÞ, dhðx; yÞ are linearly dependent over R (see Milnor [4]). This condition
is not so easy to be checked, as the calculation of gðx; yÞ, hðx; yÞ from a given
f ðz; zÞ is not immediate. However we have

Proposition 1. The following two conditions are equivalent.
(1) z A V is a singular point of V and dimRðV ; zÞ ¼ 2n� 2.
(2) There exists a complex number a, jaj ¼ 1 such that df ðz; zÞ ¼ a df ðz; zÞ.

Proof. First assume that dRg, dRh are linearly dependent at z. Suppose for
example that dgðx; yÞ0 0 and write dhðx; yÞ ¼ t dgðx; yÞ for some t A R. This
implies that

qf

qxj
¼ ð1þ tiÞ qg

qxj
;

qf

qyj
¼ ð1þ tiÞ qg

qyj
; thus

qf

qzj
¼ ð1þ tiÞ qg

qxj
� i

qg

qyj

� �
;

qf

qzj
¼ ð1þ tiÞ qg

qxj
þ i

qg

qyj

� �
:

Thus

df ðz; zÞ ¼ ð1þ tiÞ qg

qx1
� i

qg

qy1
; . . . ;

qg

qxn
� i

qg

qyn

� �
¼ 2ð1þ tiÞ dzgðz; zÞ

df ðz; zÞ ¼ ð1þ tiÞ qg

qx1
þ i

qg

qy1
; . . . ;

qg

qxn
þ i

qg

qyn

� �
¼ 2ð1þ tiÞ dzgðz; zÞ

Here dzg ¼ qg

qz1
; . . . ;

qg

qzn

� �
and dzg ¼ qg

qz1
; . . . ;

qg

qzn

� �
. As g is a real valued

polynomial, using the equality dzgðx; yÞ ¼ dzgðx; yÞ we get

df ðz; zÞ ¼ 1� ti

1þ ti
df ðz; zÞ:

Thus it is enough to take a ¼ 1� ti

1þ ti
.

Conversely assume that df ðz; zÞ ¼ a df ðz; zÞ for some a ¼ aþ bi with
a2 þ b2 ¼ 1. Using the notations
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dxg ¼ qg

qx1
; . . . ;

qg

qxn

� �
; dyg ¼ qg

qy1
; . . . ;

qg

qyn

� �
; etc;

we get

ð1� aÞ dxgþ b dyg ¼ �b dxh� ð1þ aÞ dyh
�b dxgþ ð1� aÞ dyg ¼ ðaþ 1Þ dxh� b dyh:

Solving these equations assuming a0 1, we get

dRg ¼ ðdxg; dygÞ ¼
�2b

ð1� aÞ2 þ b2
dRh

which proves the assertion. If a ¼ 1, the above equations implies that dhR ¼ 0
and the linear dependence is obvious. r

2.2. Polar weighted homogeneous hypersurfaces. Let f be a polar weighted ho-
mogeneous polynomial of radial weight type ðq1; . . . ; qn;mrÞ and of polar weight
type ðp1; . . . ; pn;mpÞ. By di¤erentiating (1) in §1, we get

mr f ðz; zÞ ¼
Xn
i¼1

qi
qf

qzi
zi þ

qf

qzi
zi

� �
ð2Þ

mp f ðz; zÞ ¼
Xn
i¼1

pi
qf

qzi
zi �

qf

qzi
zi

� �
:ð3Þ

We call these equalities Euler equalities. Recall that Cn has the canonical
hermitian inner product defined by

ðz;wÞ ¼ z1w1 þ � � � þ znwn:

Identifying Cn with R2n by z $ ðx; yÞ, the Euclidean inner product of R2n is given
as ðz;wÞR ¼ <ðz;wÞ. Or we can also write as

ðz;wÞR ¼ 1

2
ðz;wÞ þ ðz;wÞð Þ:

Proposition 2. For any a0 0, the fiber Fa :¼ f �1ðaÞ is a smooth 2ðn� 1Þ
real-dimensional manifold and it is canonically di¤eomorphic to F1 ¼ f �1ð1Þ.

Proof. Take a point z A Fa. We consider two particular vectors
vr; vy A TzC

n which are the tangent vectors of the respective orbits of R and S1:

vr ¼
dðr � zÞ

dr

����
r¼1

¼ ðq1z1; . . . ; qnznÞ;

vy ¼
dðeiy � zÞ

dy

����
y¼0

¼ ðip1z1; . . . ; ipnznÞ:
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Taking the di¤erential of the equality

f ððr; expðiyÞÞ � zÞÞ ¼ rmr expðmpyiÞ f ðz; zÞ;
we see that dfz : TzC

n ! TaC
� satisfies

dfzðvrÞ ¼ mrjaj
q

qr
; dfzðvyÞ ¼ mp

q

qy

where ðr; yÞ is the polar coordinate of C�. This implies that f : Cn ! C is
a submersion at z. Thus Fa is a smooth codimension 2 submanifold. A
di¤eomorphism ja : F1 ! Fa is simply given as jðzÞ ¼ ðr1=mr ; exp iy=mpÞ � z where
a ¼ r expðiyÞ. r

The above proof does not work for a ¼ 0. Recall that the polar Rþ-action
along the radial direction is written in real coordinates as

r � ðx; yÞ ¼ ðrq1x1; . . . ; rqnxn; rq1y1; . . . ; rqnynÞ; r A Rþ:

Proposition 3. Let V ¼ f �1ð0Þ. Assume that qj > 0 for any j. Then V is
contractible to the origin O. If further O is an isolated singularity of V , VnfOg is
smooth.

Proof. A canonical deformation retract bt : V ! V is given as btðzÞ ¼ t � z,
0a ta 1. (More precisely b0ðzÞ ¼ limt!0 btðzÞ.) Then b1 ¼ idV and b0 is the
contraction to O. Assume that z A VnfOg is a singular point. Consider
the decomposition into real analytic functions f ðzÞ ¼ gðx; yÞ þ ihðx; yÞ. Using
the radial Rþ-action, we see that

gðr � ðx; yÞÞ ¼ rmrgðx; yÞ; hðr � ðx; yÞÞ ¼ rmrhðx; yÞ:ð4Þ
This implies that gðx; yÞ, hðx; yÞ are weighted homogeneous polynomials of ðx; yÞ
and the Euler equality can be restated as

mrgðx; yÞ ¼
Xn
j¼1

pj xj
qg

qxj
ðx; yÞ þ yj

qg

qyj
ðx; yÞ

� �

mrhðx; yÞ ¼
Xn
j¼1

pj xj
qh

qxj
ðx; yÞ þ yj

qh

qyj
ðx; yÞ

� �
:

Di¤erentiating the equalities (4) in r, we get

qg

qxj
ðr � ðx; yÞÞ ¼ rmr�qj

qg

qxj
ðx; yÞ; qh

qxj
ðr � ðx; yÞÞ ¼ rmr�qj

qh

qxj
ðx; yÞ:

This implies that these di¤erentials are also weighted homogeneous polynomials
of degree mr � qj. Thus the jacobian matrix

qðg; hÞ
qðxi; yiÞ

ðr � ðx; yÞÞ
� �
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is the same with the jacobian matrix at z ¼ ðx; yÞ up to scalar multiplications
in the column vectors by rmr�q1 ; . . . ; rmr�qn , rmr�q1 ; . . . ; rmr�qn respectively. Thus
any points of the orbit r � ðx; yÞ, r > 0 are singular points of V . This is a
contradiction to the assumption that O is an isolated singular point of V , as
limr!0 r � ðx; yÞ ¼ O. r

Proposition 4. (Transversality) Under the same assumption as in Proposition
3, the sphere St ¼ fz A Cn; jzj ¼ tg intersects transversely with V for any t > 0.

Proof. Let fðx; yÞ ¼ kzk2 ¼
Pn

j¼1ðx2
j þ y2j Þ. Then St intersects transversely

with V if and only if the gradient vectors dRg, dRh, dRf are linearly independent
over R. Note that dRfðx; yÞ ¼ 2ðx; yÞ. Suppose that the sphere Skzk is tangent
to V at z ¼ ðx; yÞ A V . Then we have for example, a linear relation dgðx; yÞ ¼
a dhðx; yÞ þ b dfðx; yÞ with some a; b A R. Note that the tangent vector vr to the
Rþ-oribit is tangent to V and it is written vr ¼ ðq1x1; . . . ; qnxn; q1y1; . . . ; qn ynÞ as a
real vector. Then we have

0 ¼ dgðr � ðx; yÞ
dr

����
r¼1

¼
Xn
j¼1

qj xj
qg

qxj
ðx; yÞ þ yj

qg

qyj
ðx; yÞ

� �
¼ ðvrðx; yÞ; dgðx; yÞÞR

¼ ðvrðx; yÞ; a dhðx; yÞÞR þ ðvrðx; yÞ; b dfðx; yÞÞR

¼ 2b
Xn
j¼1

qjðx2
j þ y2j Þ

as ðvrðx; yÞ; dhðx; yÞÞR ¼ 0 by the same reason. This is the case only if b ¼ 0
which is impossible as VnfOg is non-singular by Proposition 3. r

2.2.1. Remark. Let f ðz; zÞ be a polar weighted homogeneous polynomial with
respective weights ðq1; . . . ; qn;mrÞ and ðp1; . . . ; pn;mpÞ. Proposition 3 does not
hold if the radial weights contain some negative qj . Assume that qj b 0 for any
j and I0 :¼ f j j qj ¼ 0g is not empty. Then it is easy to see that f does not have
monomial which does not contain any zi with i B I0, as if such monomial exists,
its radial degree is 0. This implies that V ¼ f �1ð0Þ contains the coordinate
subspace CI0 ¼ fz j zi ¼ 0; i B I0g. We call CI0 the canonical retract coordinate
subspace. Then Proposition 3 can be modified as CI0 is a deformation retract of
V . Of course, CI0 can be contracted to O but this contraction is not through the
action and not related to the geometry of V .

2.2.2. Example. Consider the following examples.

g1ðz; zÞ ¼ za11 z2 þ � � � þ zann z1; ai b 1; j ¼ 1; . . . ; n

and there exists j such that aj b 2

g2ðz; zÞ ¼ za11 z2 þ � � � þ zan�1

n�1 zn þ zann ; aj b 1; j ¼ 1; . . . ; n:
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Proposition 5. (1) The radial weight vector ðq1; . . . ; qnÞ of g1ðz; zÞ is semi-
positive, i.e. qj b 0 for any j if ai b 1 for any i. (bj, aj b 2 by the
existence of polar action.) It is not strictly positive if and only if n ¼ 2m
is even and either (a) a1 ¼ a3 ¼ � � � ¼ a2m�1 ¼ 1 or (b) a2 ¼ a4 ¼ � � � ¼
a2m ¼ 1.

In case (a) (respectively (b)), we have q2 ¼ q4 ¼ � � � ¼ q2m ¼ 0 and
q2jþ1 b 1, 0a jam� 1 (resp. q1 ¼ q3 ¼ � � � ¼ q2m�1 ¼ 0 and q2j b 1,
1a jam).

(2) The radial weight vector ðq1; . . . ; qnÞ of g2ðz; zÞ is semi-positive. It is
not strictly positive if and only if an ¼ 1. Let s be the integer such
that an ¼ an�2 ¼ � � � ¼ an�2s ¼ 1 and an�2s�2 b 2. Then qn�1 ¼ � � � ¼
qn�2sþ1 ¼ 0 and qj b 1 otherwise.

Proof. We first consider g1ðz; zÞ ¼ za11 z2 þ � � � þ zann z1. By an easy calcu-
lation, using the notation aiþn ¼ ai the normalized radial weigts ðu1; . . . ; unÞ are
given as

uj ¼
1

a1 � � � an � 1

Xm�1

i¼0

ðajþ2iþ1 � 1Þajþ2iþ2 � � � ajþn�1; if n ¼ 2m

uj ¼
1

a1 � � � an þ 1
1þ

Xm�1

i¼0

ðajþ2iþ1 � 1Þajþ2iþ2 � � � ajþn�1

 !
; if n ¼ 2mþ 1

and the assertion follows immediately from this expression.
Next we consider g2ðz; zÞ ¼ za11 z2 þ � � � þ zan�1

n zn þ zann . Then the normalized
radial weigts ðu1; . . . ; unÞ are given as

uj ¼
1

aj
� 1

ajajþ1
þ � � � þ ð�1Þn�j 1

ajajþ1 � � � an

¼

ajþ1 � 1

ajajþ1
þ � � � þ an � 1

ajajþ1 � � � an
; n� j : odd

ajþ1 � 1

ajajþ1
þ � � � þ an�1 � 1

ajajþ1 � � � an�1
þ 1

ajajþ1 � � � an
n� j : even

8>>><>>>:
As ai b 1, the assertion follows from the above expression. r

2.3. Simplicial mixed polynomial. Let f ðz; zÞ ¼
Ps

j¼1 cjz
njzmj be a mixed poly-

nomial. Here we assume that c1; . . . ; cs 0 0. Put

f̂f ðwÞ :¼
Xs
j¼1

cjw
nj�mj :

We call f̂f the the associated Laurent polynomial. This polynomial plays an
important role for the determination of the topology of the hypersurface
F ¼ f �1ð1Þ. Note that
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Proposition 6. If f ðz; zÞ is a polar weighted homogeneous polynomial of
polar weight type ðp1; . . . ; pn;mpÞ, f̂f ðwÞ is also a weighted homogeneous Laurent
polynomial of type ðp1; . . . ; pn;mpÞ in the complex variables w1; . . . ;wn.

A mixed polynomial f ðz; zÞ is called simplicial if the exponent vectors
fnj Gmj j j ¼ 1; . . . ; sg are linearly independent in Zn respectively. In particular,
simplicity implies that sa n. When s ¼ n, we say that f is full. Put nj ¼
ðnj;1; . . . ; nj;nÞ, mj ¼ ðmj;1; . . . ;mj;nÞ in Nn. Assume that sa n. Consider two
integral matrix N ¼ ðni; jÞ and M ¼ ðmi; jÞ where the k-th row vectors are nk, mk

respectively.

Lemma 7. Let f ðz; zÞ be a mixed polynomial as above. If f ðz; zÞ is simpli-
cial, then f ðz; zÞ is a polar weighted homogeneous polynomial. In the case s ¼ n,
f ðz; zÞ is simplicial if and only if detðNGMÞ0 0.

Proof. First we assume that s ¼ n and consider the system of linear
equations

ðn1;1 þm1;1Þu1 þ � � � þ ðn1;n þm1;nÞun ¼ 1

� � �
ðnn;1 þmn;1Þu1 þ � � � þ ðnn;n þmn;nÞun ¼ 1

8><>:ð5Þ

ðn1;1 �m1;1Þv1 þ � � � þ ðn1;n �m1;nÞvn ¼ 1

� � �
ðnn;1 �mn;1Þv1 þ � � � þ ðnn;n �mn;nÞvn ¼ 1

8><>:ð6Þ

It is easy to see that equations (5) and (6) have solutions if det NGM0 0
which is equivalent for f to be simplicial by definition. Note that the solutions
ðu1; . . . ; unÞ and ðv1; . . . ; vnÞ are rational numbers. We call them the normalized
radial (respectively polar) weights. Now let mr, mp be the least common multiple
of the denominators of u1; . . . ; un and v1; . . . ; vn respectively. Then the weights
are given as qj ¼ ujmr, pj ¼ vjmp, j ¼ 1; . . . ; n respectively.

Now suppose that s < n. It is easy to choose positive integral vectors nj,
j ¼ sþ 1; . . . ; n (and put mj ¼ 0, j ¼ sþ 1; . . . ; n) such that detð ~NNG ~MMÞ0 0,
where ~NN and ~MM are n� n-matrices adding ðn� sÞ row vectors nsþ1; . . . ; nn. Then
the assertion follows from the case s ¼ n. r

This corresponds to considering the mixed polynomial:

f ðz; zÞ ¼
Xs
j¼1

cjz
njz

mj

j þ 0�
Xn
j¼sþ1

znj :

2.3.1. Example. Let

fa;bðz; zÞ ¼ za11 zb12 þ � � � þ zann zbn1 ; ai; bi b 1; i ¼ 1; . . . ; n

kðz; zÞ ¼ zd1 ðz1 þ z2Þ þ � � � þ zdn ðzn þ z1Þ; db 2:
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The associated Laurent polynomials arecfa;bfa;bðwÞ ¼ wa1
1 w�b1

2 þ � � � þ wan
n w�bn

1

k̂kðwÞ ¼ wd
1 ð1=w1 þ 1=w2Þ þ � � � þ wd

n ð1=wn þ 1=w1Þ:

Corollary 8. For the polynomial fa;b, the following conditions are equiv-
alent.

(1) fa;b is simplicial.
(2) fa;b is a polar weighted homogeneous polynomial.
(3) (SC) a1 � � � an 0 b1 � � � bn.

Proof. The assertion follows from the equality:

detðnGmÞ ¼ det

a1 0 � � � Gbn

Gb1 a2 � � � 0

..

. . .
. . .

. ..
.

0 � � � Gbn�1 an

0BBBB@
1CCCCA

¼ a1a2 � � � an þ ð�1Þn�1
b1b2 � � � bn for nþm

a1a2 � � � an � b1b2 � � � bn for n�m:

�
r

The polynomial kðz; zÞ is a polar weighted homogeneous polynomial with
respective weight types ð1; . . . ; 1; d þ 1Þ and ð1; . . . ; 1; d � 1Þ. However it is not
simplicial.

Now we consider an example which does not satisfy the simplicial condition
(SC) of Corollary 8: fa :¼ za1z

a
1 þ � � � þ zan z

a
n . This does not have any polar

action as they are polynomials of jz1j2; . . . ; jznj2 and it takes only non-negative
values. Note also that f�1

a ð1Þ is real codimension 1 as faðx; yÞ ¼
Pn

j¼1ðx2
j þ y2Þa.

As typical simplicial polar weighted polynomials, we consider again the
following two polar weighted polynomials.

g1ðz; zÞ ¼ za11 z2 þ � � � þ zann z1; ai b 1; j ¼ 1; . . . ; n

and there exists j such that aj b 2

g2ðz; zÞ ¼ za11 z2 þ � � � þ zan�1

n�1 zn þ zann ; ai b 1; j ¼ 1; . . . ; n:

The polynomial g1ðz; zÞ with ai b 2, ði ¼ 1; . . . ; nÞ is a special case of s-twisted
Brieskorn polynomial and has been studied intensively ([12]). In our case, we
only assume ai b 2 for some i. The existence of i with ai b 2 is the condition for
the existence of polar action. We consider the two hypersurfaces defined by
Vi ¼ g�1

i ð0Þ for i ¼ 1; 2. The condition for a hypersurface defined by a polar
weighted homogeneous polynomial to have an isolated singularity is more
complicated than that of the singularity defined by a complex anaytic hyper-
surface. For the above examples, we assert the following.
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Proposition 9. For V1, V2, we have the following criterion.
(1) Vi VC�n, i ¼ 1; 2 are non-singular.
(2) V1 ¼ g�1

1 ð0Þ has no singularity outside of the origin if and only if one of
the following conditions is satisfied.
(a) n is odd.
(b) n is even and there are (at least) two indices i, j ði < jÞ such that

ai; aj b 2 and j � i is odd.
(3) V2 ¼ g�1

2 ð0Þ has no singularity outside of the origin if and only if one of
the following conditions is satisfied.
(a) an b 2.
(b) an ¼ 1, n ¼ 2mþ 1 is odd and a2j�1 ¼ 1 for any 1a jamþ 1.

Proof. We use Proposition 1. So assume that

ðaÞ: df ðz; zÞ ¼ a df ðz; zÞ; jaj ¼ 1:

(1) We consider V1. Suppose z A V1 VC�n is a singular point. Note that

df ðz; zÞ ¼ ða1za1�1
1 z2; . . . ; anz

an�1
n z1Þ; df ðz; zÞ ¼ ðzann ; za11 ; . . . ; zan�1

n�1 Þ
ðaÞ implies that

ajz
aj�1
j zjþ1 ¼ az

aj�1

j�1 ; j ¼ 1; . . . ; n; jaj ¼ 1:ð7Þ
In this case, indices should be understood to be integers modulo n. So znþ1 ¼ z1,
and so on. If z A C�n, the multiplication of the absolute values of the both sides
gives a contradiction:

Qn
i¼1 aijzij

ai ¼
Qn

i¼1 jzij
ai .

Now we consider the smoothness on V1nfOg. Assume that z is a singular
point of V1nfOg. For simplicity, we may assume that an b 2 as g1 is symmetric
with the permutation i ! i þ 1.

Assume that zi 0 0. Then the ðiþ 1Þ-th component of df ðz; zÞ is non-
zero. Thus by ðaÞ, ðiþ 1Þ-th component of df ðz; zÞ is also non-zero. That is,
zai�1
iþ1 ziþ2 0 0. In particular, ziþ2 0 0. We repeat the same argument and get a
sequence of non-zero components zi; ziþ2; . . . . Thus we arrive to the conclusion
that either zn�1 0 0 (if n� i is odd) or zn 0 0 (if n� i is even).

– If n� i is odd and zn�1 0 0, the last component of df ðz; zÞ is non-zero
and we have zn; z1 0 0 as we have assumed that an b 2. This creates two non-
zero sequences zn; z2; z4; . . . and z1; z3; . . . . Thus we conclude that z A C�n, which
is impossible by the first argument.

– If n� i is even, zi; ziþ2; . . . ; zn 0 0. Thus we see that the first component
of df ðz; zÞ is non-zero. By the same argument, we get a non-zero sequence
z2; z4; . . . .

Thus to show that z A C�n, it is enough to show that zn�1 0 0.
(a) Assume first n is odd. If i is even, then we see that zi; ziþ2; . . . ; zn�1 0 0

and we are done.
If i is odd, we get zn 0 0, which implies the first component of df ðz; zÞ is

non-zero. Thus as the second round, we have non-zero a sequence z2; z4; . . .
which contains zn�1. Thus we are done.
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(b) Now we assume that n is even but there is another integer 1a i < n such
that ai b 2 and an b 2 and i is odd. If i is odd, we have shown that z A C�n.

If i is even, we get zn 0 0 and thus z2 0 0. Then the sequence z2; z4; . . .
contains zi�1. As ai b 2, looking at the i-th component of df ðz; zÞ, we get
zi � ziþ1 0 0. Thus we get a non-zero sequence zi; ziþ2; . . . which contains zn�1,
and we are done.

Now to show that one of the conditions (a) or (b) is necessary, we assume
that n is even and an ¼ 1 for any odd n and an b 2. Thus putting n ¼ 2m,

f ¼ ðz1z2 þ za22 z3Þ þ � � � þ ðz2m�1z2m þ za2m2m z1Þ:
Consider the subvariety z1 ¼ z3 ¼ � � � ¼ zn�1 ¼ 0. Then

df ðz; zÞ ¼ ðz2; 0; z4; 0; . . . ; z2m; 0Þ; df ðz; zÞ ¼ ðzann ; 0; . . . ; za2m�2

2m�2; 0Þ
the condition ðaÞ is written as

ðaÞ z2 ¼ azann ; z4 ¼ aza22 ; . . . ; z2m ¼ aza2m�2

2m�2

which has real one-dimensional solution

z2j ¼ abj ugj ð j ¼ 1; . . . ;mÞ; abmugma2m�1 ¼ 1

bj ¼ 1þ
Xj�1

i¼1

a2ð j�1Þa2ð j�2Þ � � � a2ð j�iÞ; gj ¼ a2a4 � � � a2ð j�1Þ

(2) We consider the case V2. We will see first V2 VC�n is non-singular. Take a
singular point of V2. Then we have some a A S1 so that

ðaÞ: df ðz; zÞ ¼ a df ðz; zÞ:
As we have

df ðz; zÞ ¼ ða1za1�1
1 z2; . . . ; an�1z

an�1�1
n�1 zn; anz

an�1
n Þ;

df ðz; zÞ ¼ ð0; za11 ; . . . ; zan�1

n�1 Þ
we see that ðaÞ implies that za1�1

1 z2 ¼ 0. Thus there are no singularities on
V2 VC�n. Suppose that zi 0 0 for some i. If i < n� 1, this implies ðiþ 1Þ-th
component of df ðz; zÞ is non-zero. Thus ðaÞ implies that ðiþ 1Þ-th component
of df is non-zero. In particular, ziþ2 is non-zero. (Of course, ziþ1 0 0 if
aiþ1 > 1.) Repeating this argument, we arrive to the conclusion: either zn�1

or zn is non zero.
First assume that an b 2. Comparing the last components of df ðz; zÞ and

df ðz; zÞ, we observe that zn�1 and zn are both non-zero. Now we go in
the reverse direction. As the ðn� 1Þ-th component of df ðz; zÞ is non-zero, the
corresponding ðn� 1Þ-th component zan�2

n�2 of df ðz; zÞ is non-zero. Then the
ðn� 2Þ-th component of df ðz; zÞ is non-zero. Going downwords, we see that
z A C�n. However this is impossible, as we have already seen above.

Next we assume that an ¼ 1 and n is odd and a2j�1 ¼ 1 for any j. Note
that the last component of df ðz; zÞ is 1. Thus zn�1 0 0. If zn 0 0, we get a
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contradiction as above z A C�n. Thus we may assume that zn ¼ 0. Comparing
ð2jÞ-components of df ðz; zÞ and a df ðz; zÞ, we get

z2 ¼ 0; z4 ¼ aza22 ; . . . ; zn�1 ¼ zan�3

n�3

which has no solution with zn�1 0 0.
Now we show that the condition ðaÞ or ðbÞ in (3) is necessary.
(i) Assume that an ¼ 1 and n is even ans put n ¼ 2m. Let s be the maximal

integer such that a2s b 2. If there does not exists such s, we put s ¼ 0. Non-
isolated singularities are given by the solutions of

z2 ¼ z4 ¼ � � � ¼ z2m ¼ 0; z2j�1 ¼ 0; ja s

z2sþ3 ¼ az
a2sþ1

2sþ1 ; . . . ; z2m�1 ¼ aza2m�3

2m�3; 1 ¼ aza2m�1

2m�1:

(ii) Assume that an ¼ 1, n ¼ 2mþ 1 is odd, and there exists odd index such
that a2jþ1 b 2. Put s be the maximum integer of such j. Non-isolated singular-
ities are given by the solutions of

z1 ¼ z3 ¼ � � � ¼ z2mþ1 ¼ 0; z2j ¼ 0; ja s

z2sþ4 ¼ az
a2sþ2

2sþ2 ; . . . ; z2m ¼ aza2m2m�2; 1 ¼ aza2m2m : r

2.3.2. Remark. 1. The polynomial g1ðz; zÞ ¼ za11 z2 þ � � � þ zann z1 is an example
of so-called s-twisted Brieskorn polynomial if ai b 2, i ¼ 1; . . . ; n. Let s be a
permutation of f1; 2; . . . ; ng. Then s-twisted Brieskorn polynomial is defined as

fsðz; zÞ ¼ za11 zsð1Þ þ � � � þ zann zsðnÞ; a1; . . . ; an b 2:

and the corresponding assertions in Proposition 3 and 4 are proved in [13]. See
also [14] for more systematical treatment for real analytic polynomials which
define Milnor fibrations. In [3], similar conditions for the isolatedness condition
as Proposition 9 are considered. For our purpose, we call fsðz; zÞ a weak s-
twisted Brieskorn polynomial if s A Sn and ai b 1 for any i ¼ 1; . . . ; n.

2. Consider a product Cn ¼ Cs � Cn�s and use variables v A Cs and
w A Cn�s. Assume that there exist mixed polynomials hðv; vÞ and kðw;wÞ so
that f ðz; zÞ ¼ hðv; vÞ þ kðw;wÞ. f ðz; zÞ is a polar weighted polynomial if and
only if hðv; vÞ, kðw;wÞ are polar weighted polynomial and it is known that
f �1ð1Þ is homotopic to the join h�1ð1Þ ? k�1ð1Þ if f is polar weighted. Such a
polynomial is called a polynomial of join type ([2], see also [6]).

Now consider a weak s-twisted Brieskorn polynomial fsðz; zÞ. If s has
order n, it is (up to a change of ordering) equal to the cyclic permutation
s ¼ ð1; 2; . . . ; nÞ and fs ¼ g1. In general, s can be written as a product of
mutually commuting cyclic permutations s ¼ t1t2 � � � tn. Put jtij ¼ f j j tið jÞ0 jg
and put fti be the partial sum of monomials in f ðz; zÞ written in variables
fzj j j A jtijg. Thus fs is a join type polynomial of n weak ti-twisted Brieskorn
polynomial fti . Thus fsðz; zÞ has an isolated singularity if and only if each
polynomial fti has an isolated singularity. A similar assertion is also proved in
[3].
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3. Observe that the singularities of V1, V2 are on the canonical retract
coordinate subspaces CI0 . Note also that the polar action is trivial on CI0 .

2.4. Milnor fibration. Let f ðz; zÞ be a polar weighted homogeneous polynomial
of radial weight type ðq1; . . . ; qn;mrÞ and of polar weight type ðp1; . . . ; pn;mpÞ.
Then

f : Cn � f �1ð0Þ ! C�

is a locally trivial fibration. The local triviality is given by the action. In
particular, the monodromy map h : F ! F is given by hðzÞ ¼ expð2pi=mpÞ � z ¼
ðz1 expð2p1pi=mpÞ; . . . ; zn expð2pnpi=mpÞÞ where F ¼ f �1ð1Þ ([12, 2]).

3. Topology of simplicial polar weighted homogeneous hypersurfaces

Let f ðz; zÞ ¼
Ps

j¼1 cjz
njzmj be a polar weighted homogeneous polynomial of

radial weight type ðq1; . . . ; qn;mrÞ and of polar weight type ðp1; . . . ; pn;mpÞ. Let
F ¼ f �1ð1Þ be the fiber.

3.1. Canonical stratification of F and the topology of each stratum. For any
subset I H f1; 2; . . . ; ng, we define

CI ¼ fz j zj ¼ 0; j B Ig; C�I ¼ fz j zi 0 0 i¤ i A Ig; C�n ¼ C�f1;...;ng

and we define mixed polynomials f I by the restriction: f I ¼ f jC I . For sim-
plicity, we write a point of CI as zI . Put F �I ¼ C�I VF . Note that F �I is a
non-empty subset of C�I if and only if f I ðzI ; zI Þ is not constantly zero. Now we
observe that the hypersurface F ¼ f �1ð1Þ has the canonical stratification

F ¼ qIF
�I :

Thus it is essential to determine the topology of each stratum F �I . Put
F � :¼ F VC�n, the open dense stratum and put F̂F � :¼ f̂f �1ð1ÞVC�n where
f̂f ðwÞ is the associated Laurent weighted homogeneous polynomial.

Theorem 10. Assume that f ðz; zÞ is a simplicial polar weighted homogeneous
polynomial and let f̂f ðwÞ be the associated Laurent weighted homogeneous poly-
nomial. Then there exists a canonical di¤eomorphism j : C�n ! C�n which gives
an isomorphism of the two Milnor fibrations defined by f ðz; zÞ and f̂f ðwÞ:

C�n � f �1ð0Þ ���!f C�???yj

???yid

C�n � f̂f �1ð0Þ ���!f̂f C�

and it satisfies jðF �nÞ ¼ F̂F �n and j is compatible with the respective canonical
monodromy maps.
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Proof. Assume first that s ¼ n for simplicity. Recall that

f̂f ðwÞ ¼
Xn
j¼1

cjw
nj�mj :

Let w ¼ ðw1; . . . ;wnÞ be the complex coordinates of Cn which is the ambient
space of F̂F . We construct j : C�n ! C�n so that jðzÞ ¼ w satisfies

wðjðzÞÞnj�mj ¼ znjzmj ; thus f̂f ðjðzÞÞ ¼ f ðzÞ:

For the construction of j, we use the polar coordinates ðrj ; yjÞ for zj A C� and
the polar coordinates ðxj; hjÞ for wj. Thus zj ¼ rj expðiyjÞ and wj ¼ xj expðihjÞ.
First we take hj ¼ yj. Put nj ¼ ðnj;1; . . . ; nj;nÞ, mj ¼ ðmj;1; . . . ;mj;nÞ in Nn.
Consider two integral matrix N ¼ ðni; jÞ and M ¼ ðmi; jÞ where the k-th row
vector are nk, mk respectively. Now taking the logarithm of the equality
znjzmj ¼ wnj�mj , we get an equivalent equality:

ðnj1 þmj1Þ log r1 þ � � � þ ðnjn þmjnÞ log rn

¼ ðnj1 �mj1Þ log x1 þ � � � þ ðnjn �mjnÞ log xn; j ¼ 1; . . . ; n:

This can be written as

ðN þMÞ
log r1

..

.

log rn

0BB@
1CCA¼ ðN �MÞ

log x1

..

.

log xn

0BB@
1CCAð8Þ

Put ðN �MÞ�1ðN þMÞ ¼ ðlijÞ A GLðn;QÞ. Now we define j as follows.

j : C�n ! C�n; z ¼ ðr1 expðiy1Þ; . . . ; rn expðiynÞÞ
7! w ¼ ðx1 expðiy1Þ; . . . ; xn expðiynÞÞ

where xj is given by xj ¼ expð
Pn

i¼1 lji log riÞ for j ¼ 1; . . . ; n. It is obvious that
j is a real analytic isomorphism of C�n to C�n. Let us consider the Milnor
fibrations of f ðz; zÞ and f̂f ðwÞ in the respective ambient tori C�n.

f : C�nn f �1ð0Þ ! C�; f̂f : C�nn f̂f �1ð0Þ ! C�:

Recall that the monodromy maps h�, ĥh� are given as

h� : F � ! F �; z 7! expð2pi=mpÞ � z
ĥh� : F̂F � ! F̂F �; w 7! expð2pi=mpÞ � w:

Note that the C�-action associated with f̂f ðwÞ is the polar action of f ðz; zÞ.
Namely exp iy � w ¼ ðexpðip1yÞw1; . . . ; expðipnyÞwnÞ. Thus we have the commu-
tative diagram:
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F �
a ���!h �

F �
a???yj

???yj

F̂F �
a ���!ĥh �

F̂F �
a

where F �
a ¼ f �1ðaÞVC�n and F̂F �

a ¼ f̂f �1ðaÞVC�n for a A C�. r

3.1.1. Remark. The case f ðz; zÞ ¼ za11 z1 þ � � � þ zann zn is studied in [12].

3.2. Zeta-functions. Now we know that by [7, 8], the inclusion map F̂F � ,! C�n

is ðs� 1Þ-equivalence and wðF̂F �Þ ¼ ð�1Þn�1 detðN �MÞ for s ¼ n and 0 other-

wise. Note also the monodromy map ĥh : F̂F � ! F̂F � has a period mp. The fixed
point locus of ðĥhÞk is F � if mpjk and j otherwise. Thus using the formula of the
zeta function (see, for example [4]),

zĥh � ðtÞ ¼ exp
Xy
j¼0

ð�1Þn�1
dt jmp=ð jmpÞ

 !
¼ ð1� tmpÞð�1Þnd=mp

where d ¼ detðN �MÞ if s ¼ n and d ¼ 0 for s < n. Translating this in the
monodromy h� : F � ! F �, we obtain

Corollary 11. F � has a homotopy type of CW-complex of dimension n� 1
and the inclusion map F � ,! C�n is an ðs� 1Þ-equivalence. The zeta function

zh� ðtÞ of h� : F � ! F � is given as ð1� tmpÞð�1Þnd=mp with d ¼ detðN �MÞ if s ¼ n
and zh� ðtÞ ¼ 1 for s < n.

3.2.1. Remark. In general, the restriction of the polar action on Cn to C�I may
not e¤ective and to make the action e¤ective, we need to define polar weights
as pI ; i ¼ pi=rI and mI ;P ¼ mp=rI where rI is the gratest common divisor of
fpi j i A Ig. However the monodromy map hI : F

�I ! F �I is equal to the restric-
tion of h : F ! F .

4. Connectivity of F

Now we are ready to patch together the information of the strata F �I for
the topology of F . First we introduce the notion of k-convenience which is
introduced for holomorphic functions ([8]). We say f ðz; zÞ is k-convenient if
f I Z 0 for any I H f1; 2; . . . ; ng with jI jb n� k. The following is obvious by
the definition.

Proposition 12. Assume that f ðz; zÞ is a simplicial polar weighted homo-
geneous polynomial with s monomials and assume that f is k-convenient. Then
ka s� 1.

Now we have the following result about the connectivity of F .
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Theorem 13. Assume that f ðz; zÞ is a simplicial polar weighted homogeneous
polynomial with s monomials and assume that f is k-convenient. Then F is
minðk; n� 2Þ-connected.

For the proof, we show the following stronger assertion. Let I H f1; 2; . . . ; ng
and put

Cnð�IÞ ¼ fz ¼ ðz1; . . . ; znÞ A Cn j zj 0 0; j A Ig; Fð�IÞ ¼ F VCnð�IÞ:
C�I ¼ fz A Cn j zj 0 0 i¤ j A Ig; F �I ¼ F VC�I :

Lemma 14. Under the assumption as in Theorem 13, the inclusion
Fð�IÞ ,! Cnð�IÞ is minðk þ 1; n� 1Þ-equivalence.

We prove the assertion by double induction on ðn; kÞ. Put

Ij ¼ f j; . . . ; ng; Kj ¼ f1; . . . ; j
4
; . . . ; ng

Cn�1
j ¼ CKj ¼ Cn V fzj ¼ 0g; Fj ¼ F \ Cn�1

j :

Note that Fj is the Milnor fiber of f Kj . Theorem 13 follows from Lemma 14
by taking I ¼ j. Changing the ordering if necessary, we may assume that I ¼ It
for some t. We consider the filtration of F :

F � ¼ F ð�I1ÞHF ð�I2ÞHFð�I3ÞH � � �HF ð�InÞHF ¼ F ð�jÞ:
A key lemma is

Lemma 15. The inclusion map ðF ð�IjÞ;Fð�Ij�1ÞÞ ,! ðCnð�IjÞ;Cnð�Ij�1ÞÞ is
minðk þ 1; n� 1Þ-equivalence.

Proof. Let Tj be a tubular neighborhood of fzj ¼ 0g in Cnð�Ijþ1Þ such that
Tj VF ð�Ijþ1Þ is a tubular neighborhood of Fjð�Ijþ1Þ ¼ fzj ¼ 0gVFð�Ijþ1Þ in
Fð�Ijþ1Þ. Consider the following diagrams by the excision isomorphisms and
by the Thom isomorphisms c for D2-bundle:

Hlþ1ðFð�Ijþ1Þ;Fð�IjÞÞ ���!G
Hlþ1ðF ð�Ijþ1ÞVTj;Fð�IjÞVTjÞ???ytj

???yt 0j

Hlþ1ðCnð�Ijþ1Þ;Cnð�IjÞÞ ���!G
Hlþ1ðTj;C

nð�IjÞVTjÞ���!c Hl�1ðFjð�Ijþ1ÞÞ???yt 00j

���!c Hl�1ðCn�1
j ð�Ijþ1ÞÞ

Now note that f Kj is ðk � 1Þ-convenient. Thus by the induction assumption
on Lemma 15, t 00j is isomorphism for l� 1a k � 1. This implies that t 0j , tj is
isomorphism for lþ 1a k þ 1. r
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Proof of Lemma 14. Now we can prove Lemma 14 by the induction on j
and Five Lemma, assuming I ¼ Ij for some j, applied to two exact sequences for
the pairs ðFð�Ijþ1Þ;Fð�IjÞÞ and ðCnð�Ijþ1Þ;Fð�IjÞÞ and commutative diagrams:

Hlþ1ðF ð�Ijþ1Þ;F ð�IjÞÞ ���! HlðF ð�IjÞÞ ���! HlðFð�Ijþ1ÞÞ???ytj

???yij

???yij

Hlþ1ðCnð�Ijþ1Þ;Cnð�IjÞÞ ���! HlðCnð�IjÞÞ ���! HlðCnð�Ijþ1ÞÞ

Induction starts for j ¼ 1: i1 is minðk þ 1; n� 1Þ-equivalence by Corollary 11.
This completes the proof of Lemma 14. r

4.1. Euler numbers and zeta functions. Let f ðz; zÞ ¼
Ps

j¼1 cjz
njzmj be a simplicial

polar weighted homogeneous. Let

S ¼ fI H f1; . . . ; ng; f I is fullg
and put rI ¼ gcdi A Ifpig and mp; I ¼ mp=rI and put dI ¼ jdeti A I ðni �miÞj. Thus
for I A S, f I is a simplicial full polar weighted homogeneous polynomial of
polar weight type ðpi=rI Þi A I with degree mp; I . We observed in Remark 3.2.1 that

the monodromy map h�I : F �I ! F �I is equal to the restriction of the mono-
dromy map h : F ! F . We denote the zeta function of the monodromy map

h : F ! F ; h�I ¼ hjF �I : F �I ! F �I

by zðtÞ, z�I ðtÞ respectively. Recall that zðtÞ is an alternating product of char-
acteristic polynomials ([4]). Namely

zðtÞ ¼
Yn�1

j¼0

PjðtÞð�1Þ jþ1

where Pj is the characteristic polynomial of the monodromy action on
h� : HjðF ;QÞ ! HjðF ;QÞ. By Theorem 10 and the additive formula for the
Euler characteristics, using a similar argument as that of Proposition 2.8, [8], we
have:

Theorem 16. (1) wðFÞ ¼
P

I ASð�1ÞjI j�1
dI .

(2) zðtÞ ¼
Q

I AS z�I ðtÞ, z�I ðtÞ ¼ ð1� tmp; I Þð�1ÞjI jdI=mp; I .

4.2. Examples. 1. Assume that f1ðzÞ is a homogeneous polynomial defined by

f1ðzÞ ¼ za11 þ za22 þ � � � þ zann ; a1; . . . ; an b 2:

Then F ¼ f �1
1 ð1Þ is ðn� 2Þ-connected and

wðF Þ ¼
Xn
j¼1

X
jI j¼j

wðF �I Þ ¼ ða1 � 1Þða2 � 1Þ � � � ðan � 1Þ � ð�1Þn
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and

divðzhÞ ¼ ðLa1 � 1Þ � � � ðLan � 1Þ � ð�1Þn

as is well-known by [9, 1, 5]. Here divððt� l1Þ � � � ðt� lkÞÞ ¼
Pk

i¼1 li A Z � C�

and Lm ¼ divðtm � 1Þ.
2. Consider

f2ðz; zÞ ¼ za11 z2 þ � � � þ zan�1

n�1 zn þ zann

Then f2 is a simplicial polar weighted polynomial and put

S ¼ fIj ¼ f1; . . . ; jg j j ¼ 0; . . . ; n� 1g:
Thus we have

wðFÞ ¼ ð�1Þn�1ða1a2 � � � an � a2 � � � an þ � � � þ ð�1Þn�1
anÞ

log zðtÞ ¼ ð�1Þn 1

ð1� ta1���anÞ �
1

ð1� ta2���anÞ þ � � � þ ð�1Þn�1 1

ð1� tanÞ

� �
Proof. The polar weight of f2 is given by ðp1; . . . ; pn;mpÞ where

mp ¼ a1 � � � an; p1 ¼ mp

1

a1
þ � � � þ 1

a1 � � � an

� �
;

p2 ¼ mp

1

a2
þ � � � þ 1

a2 � � � an

� �
..
.

pn�1 ¼ mp

1

an�1
þ 1

an�1an

� �
; pn ¼

mp

an

Thus the assertion follows from Corollary 11. r

4.3. Surface cases. Consider the case n ¼ 3. We consider two simplicial polar
weighted homogeneous polynomials.

f1ðz; zÞ ¼ za11 zb12 þ za22 zb23 þ za33 ; a1; a2; b1; b2 > 0

f2ðz; zÞ ¼ za11 zb12 þ za22 zb23 þ za33 zb31 ; a1a2a3 > b1b2b3 > 0:

They are 1-convenient. Let F1 ¼ f �1
1 ð1Þ and F2 ¼ f �1

2 ð1Þ. By Theorem 13, F1,
F2 are simply connected. Their Betti numbers b2ðFiÞ are given as

b2ðF1Þ ¼ a1a2a3 � a2a3 þ a3 � 1; b2ðF2Þ ¼ a1a2a3 � b1b2b3 � 1:

(I) First we consider f1. The normalized polar weight for f1 is given as

v1 ¼
b1b2

a1a2a3
þ b1

a1a2
þ 1

a1
; v2 ¼

b2

a2a3
þ 1

a2
; v3 ¼

1

a3
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Let r ¼ gcdðb1b2; a1a2a3Þ, r1 ¼ gcdðb2; a2a3Þ. Then mp is given as a1a2a3=r and
the zeta function of h1 : F1 ! F1 is given as

zh1ðtÞ ¼ P0ðtÞ�1
P2ðtÞ�1 ¼ ð1� ta2a3=r1Þr1

ð1� ta1a2a3=rÞrð1� ta3Þ
where P2ðtÞ is the characteristic polynomial of the monodromy action
h1� : H2ðF1;QÞ ! H2ðF1;QÞ. Note that P0ðtÞ ¼ 1� t. For example,

zh1ðtÞ ¼
ð1� ta2a3Þ

ð1� ta1a2a3Þð1� ta3Þ ; b1 ¼ b2 ¼ 1

zh1ðtÞ ¼
ð1� ta

0
2
a3Þ2

ð1� ta
0
1
a 0
2
a3Þ4ð1� ta3Þ

; a1 ¼ 2a 0
1; a2 ¼ 2a 0

2; b1 ¼ b2 ¼ 2:

(II) We consider f2. The normalized polar weight for f2 is given as:

v1 ¼
a2a3 þ b1a3 þ b1b2

a1a2a3 � b1b2b3
; v2 ¼

a1a3 þ a1b2 þ b2b3

a1a2a3 � b1b2b3
; v3 ¼

a1a2 þ a2b3 þ b1b3

a1a2a3 � b1b2b3
:

Put d ¼ a1a2a3 � b1b2b3. The least common multiple mp of the denominators of
v1, v2, v3 depends on gcdðd; a2a3 þ b1a3 þ b1b2Þ and so on. We only gives two
examples.

(1) Assume that a1 ¼ a2 ¼ a3 ¼ a, b1 ¼ b2 ¼ b3 ¼ b. Then v1 ¼ v2 ¼ v3 ¼
1

a� b
. Thus

zh2ðtÞ ¼ ð1� ta�bÞa
2þabþb2

:

(2) Assume that gcdðd; a2a3 þ b1a3 þ b1b2Þ ¼ gcdðd; a1a3 þ a1b2 þ b2b3Þ ¼
gcdðd; a1a2 þ a2b3 þ b1b3Þ ¼ 1. Then mp ¼ d and zh2ðtÞ ¼ ð1� tdÞ.

For example, if a1 ¼ 2, a2 ¼ 3, a3 ¼ 5 and b1 ¼ b2 ¼ b3 ¼ 1, we get zh2ðtÞ ¼
ð1� t29Þ.
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