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Abstract

In this paper, we introduce a new class of lightlike submanifolds, namely, semi-

invariant lightlike submanifolds of a semi-Riemannian product manifold. We inves-

tigate totally umbilical, curvature invariant lightlike submanifolds in real space forms

M1ðc1Þ �M2ðc2Þ and discuss integrabilities of distributions on semi-Riemannian product

manifold.

1. Introduction

Let ðM; gÞ be a semi (pseudo) Riemannian manifold and let M be a sub-
manifold of M. If the restriction g ¼ gjM of g to M is still non-degenerate, then
ðM; gÞ becomes a semi-Riemannian manifold and it can be studied as the sub-
manifold of semi-Riemannian manifolds. A di¤erent situation appears when g is
degenerate, then ðM; gÞ is said to be a lightlike (degenerate) submanifold of semi-
Riemannian manifold M. Lightlike submanifolds M of a manifold ðM; gÞ were
considered by many authors (see [1], [2], [3], [4] and [9]). On the other hand, the
geometry of submanifolds of a Riemannian product manifold (semi-Riemannian
Product manifold) has been extensively studied by many geometers (see [6], [7]
and [10]). It is known that a submanifold of semi-Riemannian product manifold
is defined according to behaviours of almost product structure. Recently, in [7]
the authors defined semi-invariant submanifolds of a Riemannian product mani-
fold and proved some properties of these submanifolds.

In this paper, we have defined and studied a new class of lightlike sub-
manifolds of a semi-Riemannian product manifold, i.e., proper semi-invariant
lightlike submanifolds. We have discussed integrabilities of distributions and
researched totally-umbilical proper semi-invariant lightlike and semi curvature-
invariant lightlike submanifold in any positively or negatively curved semi-
Riemannian product manifolds. Moreover, we give two necessary and su‰cient
conditions for semi-invariant lightlike submanifolds to be locally lightlike product
manifolds.
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2. Preliminaries

In this section, we use the same notations and terminologies as in [4].
Let M be a real ðmþ nÞ-dimensional semi-Riemannian manifold, m; n > 1

and g be a semi-Riemannian metric tensor on M. We denote by q the constant
index of g and suppose that M is not a Riemannian manifold.

Let ðM; gÞ be a ðmþ nÞ-dimensional semi-Riemannian manifold with index
q > 0 and M be a submanifold of n-codimension of M. If g is degenerate on the
tangent bundle TM of M, then M is called a lightlike (degenerate) submanifold
of M. We denote by g the induced metric of g on M. If we suppose that g is
degenerate, then for each tangent space TxM, we know that

TxM
? ¼ fUx A TxM : gxðUx;VxÞ ¼ 0; EVx A TxMg;

for each x A M, is a degenerate n-dimensional subspace of TxM. Thus both
TxM and TxM

? are degenerate orthonormal distributions. Set

RadðTxMÞ ¼ TxM VTxM
?

which is called Radical subspace. If the mapping

RadðTMÞ : x A M ! RadðTxMÞ;

defines a smooth distribution on M of rankðRadðTMÞÞ ¼ r > 0, then the sub-
manifold M of M is called r-lightlike submanifold and RadðTMÞ is called the
radical distribution on M. Furthermore, there are four possible cases with
respect to the dimensional and codimensional of M and rank of RadðTMÞ. We
recall that;

Case 1) M is called r-lightlike submanifold, if 1a r < minfm; ng
Case 2) M is called co-isotropic submanifold, if 1a r ¼ n < m
Case 3) M is called isotropic submanifold, if 1a r ¼ m < n
Case 4) M is called totally lightlike submanifold, if 1a r ¼ m ¼ n.

For the dependence of all the induced geometric objects of M on fSðTMÞ;
SðTM?Þg we refer to [4].

We shall consider to only Case 1. In this case, consider a complementary
distribution SðTMÞ to RadðTMÞ in TM. It is called a screen distribution on M
which is nondegerate. Therefore, we can write

TM ¼ RadðTMÞ ? SðTMÞ:ð2:1Þ

As SðTMÞ is nondegenerate vector subbundle of TMjM ; we put

TMjM ¼ SðTMÞ ? SðTMÞ?;ð2:2Þ

and

TM? ¼ Rad TM ? SðTM?Þ;ð2:3Þ
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where SðTM?Þ is a complementary vector bundle of RadðTMÞ in TM? which is
called screen transversal vector bundle of M. We denote a r-lightlike submani-
fold by ðM; g;SðTM?ÞÞ. Let trðTMÞ and l trðTMÞ be complementary (but, not
orthogonal) vector bundles to TM in TM. Then we have

trðTMÞ ¼ l trðTMÞlSðTM?Þð2:4Þ
and

TM ¼ TMl trðTMÞð2:5Þ

¼ ðRadðTMÞl l trðTMÞÞlSðTMÞlSðTM?Þ:

where SðTMÞ? is the complementary orthogonal vector subbundle of SðTMÞ in
TMjM . If we use the fact that SðTMÞ and SðTMÞ? are non-degenerate, we
have the following orthogonal direct decomposition

SðTMÞ? ¼ SðTM?Þ ? SðTM?Þ?:ð2:6Þ

Theorem 2.1 (Duggal-Bejancu [4]). Let ðM; g;SðTMÞ;SðTM?ÞÞ be a r-
lightlike submanifold of a semi-Riemannian manifold ðM; gÞ. Then there exists
a complementary vector bundle l trðTMÞ called a lightlike transversal bundle of
RadðTMÞ in SðTM?Þ? and a basis of Gðl trðTMÞjUÞ consists of smooth sections
fN1; . . . ;Nrg of SðTM?Þ?jU such that

gðNi; xjÞ ¼ dij; gðNi;NjÞ ¼ 0; i; j ¼ 0; 1 . . . r;

where fx1; . . . ; xrg is a basis of GðRad TMjUÞ.

We consider the vector bundle

trðTMÞ ¼ l trðTMÞ ? SðTM?Þ:ð2:7Þ
Thus we have

TM ¼ TMl trðTMÞ ¼ SðTMÞ ? SðTM?Þ ? ðRadðTMÞl l trðTMÞÞ:ð2:8Þ

Now, let ‘ be the Levi-Civita connection on M. Then we have

‘XY ¼ ‘XY þ hðX ;YÞ; EX ;Y A GðTMÞð2:9Þ
and

‘XV ¼ �AVX þ ‘?
XV ; EX A GðTMÞð2:10Þ

for any V A GðtrðTMÞÞ. Using the projectoins L : trðTMÞ ! l trðTMÞ and
S : trðTMÞ ! SðTM?Þ, we have

‘XY ¼ ‘XY þ hlðX ;Y Þ þ hsðX ;YÞð2:11Þ
‘XN ¼ �ANX þ ‘l

XN þDsðX ;NÞð2:12Þ
and
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‘XW ¼ �AWX þ ‘ s
XW þDlðX ;WÞ;ð2:13Þ

for any X ;Y A GðTMÞ, N A Gðl trðTMÞÞ and W A GðSðTM?ÞÞ, where hlðX ;YÞ ¼
LhðX ;Y Þ, hsðX ;Y Þ ¼ ShðX ;YÞ, ‘l

XN;DlðX ;WÞ A Gðl trðTMÞÞ, ‘ s
XW ;DsðX ;NÞ A

GðSðTM?ÞÞ and ‘XY ;ANX ;AWX A GðTMÞ.
By using equations (2.9), (2.10) and (2.11) we obtain

gðhsðX ;YÞ;WÞ þ gðY ;DlðX ;WÞÞ ¼ gðAWX ;YÞ:ð2:14Þ
We denote the projection morphism of TM to the screen distribution SðTMÞ by
P and consider the decomposition

‘XPY ¼ ‘�
XPY þ h�ðX ;PYÞð2:15Þ

‘Xx ¼ �A�
xX þ ‘� t

X xð2:16Þ
for any X ;Y A GðTMÞ and x A GðRadðTMÞÞ. Then we have the following
equations

gðhlðX ;PY Þ; xÞ ¼ gðA�
xX ;PY Þ; gðh�ðX ;PY Þ;NÞ ¼ gðANX ;PY Þð2:17Þ

gðA�
xPX ;PYÞ ¼ gðPX ;A�

xPY Þ; A�
x x ¼ 0ð2:18Þ

gðANX ;PY Þ ¼ gðN;‘XPYÞð2:19Þ
for any X ;Y A GðTMÞ, x A GðRadðTMÞÞ and N A Gðl trðTMÞÞ ([4]).

In general, the induced connection on lightlike submanifold M is not metric
connection. Since ‘ is metric connection, ‘g is obtained from equations (2.11),
(2.12) and (2.13) as

ð‘XgÞðY ;ZÞ ¼ gðhlðX ;YÞ;ZÞ þ gðhlðX ;ZÞ;YÞð2:20Þ
for any X ;Y ;Z A GðTMÞ [4].

Now, we recall that the equation of Gauss for the lightlike immersion of M
in M is given by

RðX ;YÞZ ¼ RðX ;YÞZ þ Ah lðX ;ZÞY � Ah lðY ;ZÞX þ ð‘Xh
lÞðY ;ZÞð2:21Þ

� ð‘Yh
lÞðX ;ZÞ þ AhsðX ;ZÞY þDlðX ; hsðY ;ZÞÞ

� AhsðY ;ZÞX �DlðY ; hsðX ;ZÞÞ þ ð‘Xh
sÞðY ;ZÞ

� ‘Yh
sðX ;ZÞ þDsðX ; hlðY ;ZÞÞ �DsðY ; hlðX ;ZÞÞ

for any X ;Y ;Z A GðTMÞ.

3. Semi-Riemannian product manifolds

Let ðM1; g1Þ and ðM2; g2Þ be two m1 and m2-dimensional semi-Riemannian
manifolds with constant indexes q1 > 0, q2 > 0, respectively. Let p : M1 �M2

! M1 and s : M1 �M2 ! M2 be the projections which are given by pðx; yÞ ¼ x
and sðx; yÞ ¼ y for any ðx; yÞ A M1 �M2. We denote the product manifold by
M ¼ ðM1 �M2; gÞ, where
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gðX ;Y Þ ¼ g1ðp�X ; p�Y Þ þ g2ðs�X ; s�YÞ

for any X ;Y A GðTMÞ, where � means the di¤erential mapping. Then we have

p2
� ¼ p�; s2

� ¼ s�; p�s� ¼ s�p� ¼ 0 and p� þ s� ¼ I ;

where I is the identity map of TðM1 �M2Þ. Thus ðM; gÞ is a ðm1 þm2Þ-
dimensional semi-Riemannian manifold with constant index ðq1 þ q2Þ. The
Riemannian product manifold M ¼ M1 �M2 is characterized by M1 and M2

which are totally geodesic submanifolds of M.
Now, if we put F ¼ p� � s�, then we can easily see that F 2 ¼ I and

gðFX ;Y Þ ¼ gðX ;FY Þ;ð3:1Þ

for any X ;Y A GðTMÞ, where F is called almost Riemannian product structure
on M1 �M2. If we denote the Levi-Civita connection on M by ‘, then it can
be seen in [6] that

ð‘XF ÞY ¼ 0;

for any X ;Y A GðTMÞ, that is, F is parallel with respect to ‘.
Now, let M1 and M2 be real space forms with constant sectional curvatures

c1 and c2, respectively. Then the Riemannian curvature tensor R of M ¼
M1ðc1Þ �M2ðc2Þ is given by

RðX ;YÞZ ¼ 1

16
ðc1 þ c2ÞfgðY ;ZÞX � gðX ;ZÞYð3:2Þ

þ gðFY ;ZÞFX � gðFX ;ZÞFYg

þ 1

16
ðc1 � c2ÞfgðFY ;ZÞX � gðFX ;ZÞY

þ gðY ;ZÞFX � gðX ;ZÞFYg;

for any X ;Y ;Z A GðTMÞ [9].

4. Semi-invariant lightlike submanifolds of a semi-Riemannian product
manifold

In this section, we will give definition of semi-invariant lightlike submanifolds
and study integrabilities of distributions on M1 �M2.

Definition 4.1. Let ðM; gÞ be a semi-Riemannian product manifold and M
be a r-lightlike submanifold of M. We say that M is a semi-invariant lightlike
submanifold of M, if the following conditions are satisfied:

1) FðRadðTMÞÞ is a distribution on SðTMÞ.
2) FðL1 ? L2Þ is a distribution on SðTMÞ, where L1 ¼ l trðTMÞ and L2 is a

vector subbundle of SðTM?Þ.
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From the Definition 4.1, we have

SðTMÞ ¼ ðF ðRadðTMÞÞlF ðL1 ? L2ÞÞ ? Do:ð4:1Þ
Thus we obtain that the tangent bundle of M is decomposed as follow

TM ¼ DlD 0;ð4:2Þ
where

D ¼ RadðTMÞ ? F ðRadðTMÞÞ ? Do; D 0 ¼ F ðL1 ? L2Þ:
Hence, from equations (4.1) and (4.2) we can write the following decompositions:

TM ¼ TMl trðTMÞð4:3Þ

¼ TMl ðl trðTMÞ ? SðTM?ÞÞ

¼ ðRadðTMÞl l trðTMÞÞ ? ðF ðRadðTMÞÞlD 0Þ ? Do ? SðTM?Þ:

Lemma 4.1. Three dimensional semi-invariant lightlike submanifold is 1-
lightlike.

Moreover, for Do we have the following Lemma.

Lemma 4.3. Let M be a proper semi-invariant lightlike submanifold of a
semi-Riemannian product manifold M. Then the distribution Do is a F-invariant
distribution.

Proof. We take Xo A GðDoÞ. Then from equation (4.1), for any x A
GðRad TMÞ, N A Gðl trðTMÞÞ and U A GðSðTM?ÞÞ, we have

gðFXo; xÞ ¼ gðXo;FxÞ ¼ 0

gðFXo;NÞ ¼ gðXo;FNÞ ¼ 0

gðFXo;FNÞ ¼ gðXo;NÞ ¼ 0

gðFXo;FxÞ ¼ gðXo; xÞ ¼ 0

gðFXo;UÞ ¼ gðXo;FUÞ ¼ 0

gðFXo;FUÞ ¼ gðXo;UÞ ¼ 0;

which imply that FXo A GðDoÞ, that is, Do is an invariant distribution with respect
to F . r

From Lemma 4.2 and definition of D, we conclude that D is also F -invariant
distribution.

Now, we shall construct an example for semi-invariant lightlike submanifold.

Example 1. Let M1 and M2 be R4
2 and R3

2 , respectively. Then M ¼
M1 �M2 is a semi-Riemannian product manifold with metric tensor g ¼ p�g1 þ
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s�g2, where g1 and g2 are the standart metric tensors of R4
2 and R3

2 , p� and s� are
the projection maps of GðTMÞ onto GðTM1Þ and GðTM2Þ, respectively. Sup-
pose that an immersed submanifold M of M is given by equations;

x1 ¼ t1 þ t4 �
1

2
t5; x2 ¼ t2 þ t4 þ

1

2
t5

x3 ¼
1
ffiffiffi

2
p ðt1 þ t2 þ 2t4 þ t5Þ; x4 ¼

1

2
logð1þ ðt1 � t2Þ2Þ

x5 ¼ t2 � t4 þ
1

2
t5; x6 ¼ t3; x7 ¼ t2 � t4 �

1

2
t5;

where ti, 1a ia 5, are real parameters.
We set

U1 ¼
ffiffiffi

2
p

ð1þ ðt1 � t2Þ2Þ
q

qx1
þ ð1þ ðt1 � t2Þ2Þ

q

qx3
þ

ffiffiffi

2
p

ðt1 � t2Þ
q

qx4

U2 ¼
ffiffiffi

2
p

ð1þ ðt1 � t2Þ2Þ
q

qx2
þ ð1þ ðt1 � t2Þ2Þ

q

qx3
�

ffiffiffi

2
p

ðt1 � t2Þ
q

qx4

þ
ffiffiffi

2
p

ð1þ ðt1 � t2Þ2Þ
q

qx5
þ

ffiffiffi

2
p

ð1þ ðt1 � t2Þ2Þ
q

qx7

U3 ¼
q

qx6

U4 ¼
q

qx1
þ q

qx2
þ

ffiffiffi

2
p q

qx3
� q

qx5
� q

qx7

U5 ¼ � 1

2

q

qx1
þ 1

2

q

qx2
þ 1

ffiffiffi

2
p q

qx3
þ 1

2

q

qx5
� 1

2

q

qx7

H1 ¼
q

qx1
þ q

qx2
þ

ffiffiffi

2
p q

qx3
þ q

qx5
þ q

qx7

H2 ¼ �2ðt1 � t2Þ
q

qx2
�

ffiffiffi

2
p

ðt1 � t2Þ
q

qx3
þ ð1þ ðt1 � t2Þ2Þ

q

qx4
:

By direct calculations we check that RadðTMÞ is a distribution on M of
rank one and spanned by x ¼ H1. Hence M is a 5-dimensional and 1-lightlike
submanifold of M. SðTMÞ and SðTM?Þ are spanned by vector fields
fU1;U3;U4;U5g and fH2g, respectively. Then the lightlike transversal vector
bundle l trðTMÞ is spanned by vector field

N ¼ � 1

4

q

qx1
þ 1

4

q

qx2
þ 1

2
ffiffiffi

2
p q

qx3
� 1

4

q

qx5
þ 1

4

q

qx7
:

Therefore, Fx ¼ U4, FN ¼ 1
2U5, that is, FðRadðTMÞÞ and Fðl trðTMÞÞ are

subbundles of SðTMÞ, where Do ¼ SpfU1;U3g, L2 ¼ f0g and FðSðTM?ÞÞ ¼
SðTM?Þ. Thus, M is a proper semi-invariant lightlike submanifold of M.

367semi-riemannian product manifold



Now, for any X A GðTMÞ, FX can be written as follow

FX ¼ fX þ oX ;ð4:4Þ
where fX and oX are tangential and normal parts of FX , respectively. Simi-
larly, for V A GðtrðTMÞÞ we set

FV ¼ BV þ CV ;ð4:5Þ
where BV and CV are also tangential and normal parts of FV , respectively.

Next we will study integrabilities of distributions on M1 �M2. Since F is
parallel on M, from the equations (2.9), (2.10), (4.4) and (4.5) we obtain

‘XFY ¼ F‘XYð4:6Þ
‘XFY þ hðX ;FY Þ ¼ f‘XY þ o‘XY þ BhðX ;YÞ þ ChðX ;YÞ;

for any X ;Y A GðTMÞ. Comparing tangential part with normal one of the both
sides of (4.6) we have

‘XFY ¼ f‘XY þ BhðX ;Y Þð4:7Þ
and

hðX ;FY Þ ¼ o‘XY þ ChðX ;Y Þ:ð4:8Þ
Thus we can give following theorems.

Theorem 4.1. Let M be a proper semi-invariant r-lightlike submanifold of a
semi-Riemannian product manifold M. Then the distribution D is integrable if and
only if the second fundamental form of M satisfies

hðX ;FY Þ ¼ hðFX ;YÞ;
for any X ;Y A GðDÞ.

Proof. From (4.6) we have

‘X fY þ hðX ;FY Þ ¼ f‘XY þ o‘XY þ BhðX ;Y Þ þ ChðX ;Y Þ;ð4:9Þ

for any X ;Y A GðDÞ. By replacing X by Y in equation (4.9), we obtain

‘Y fX þ hðY ;FX Þ ¼ f‘YX þ o‘YX þ BhðY ;X Þ þ ChðY ;X Þ:ð4:10Þ

Taking account of h being symmetric, from equations (4.9) and (4.10) we
conclude

o½X ;Y � ¼ hðX ;FY Þ � hðY ;FX Þ;
which proves our assertion. r

Theorem 4.2. Let M be a proper semi-invariant lightlike submanifold of a
semi-Riemannian product manifold M. Then the distribution D 0 is integrable if
and only if the shape operator of M satisfies
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AFXY ¼ AFYX ;

for any X ;Y A GðD 0Þ.

Proof. We take X ;Y A GðD 0Þ. Noting that F is parallel with respect to ‘
and using the equations (2.9), (2.10), (4.4) and (4.5) we obtain

‘XFY ¼ F‘XYð4:11Þ

�AFYX þ ‘?
XFY ¼ f‘XY þ o‘XY þ BhðX ;Y Þ þ ChðX ;Y Þ:

Moreover, replacing X by Y in (4.11) and taking by a direct calculation we
obtain

�AFYX þ AFXY þ ‘?
XFY � ‘?

YFX ¼ f ½X ;Y � þ o½X ;Y �:ð4:12Þ

Considering the tangential part of the equation (4.12), we obtain

�AFYX þ AFXY ¼ f ½X ;Y �:

From the last equation ½X ;Y � A GðD 0Þ if and only if AFYX ¼ AFXY . This
completes the proof of the Theorem. r

Now we suppose that fN1;N2; . . . ;Nrg is a basis of Gðl trðTMÞÞ with respect
to the basis fx1; x2; . . . ; xrg of GðRadðTMÞÞ such that fN1;N2; . . . ;Npg is a basis
of GðL1Þ. Also we consider an orthonormal basis fW1;W2; . . . ;Wsg of GðL2Þ.
Then we state

Corollary 4.1. Let M be a semi-invariant lightlike submanifold of a semi-
Riemannian product manifold M. Then invariant distribution D is integrable if
and only if the second fundamental form of M satisfies

gðhðX ;FY Þ � hðY ;FX Þ; xiÞ ¼ 0; i A f1; 2; . . . ; rgð4:13Þ
and

gðhðX ;FY Þ � hðY ;FXÞ;WaÞ ¼ 0; a A f1; 2; . . . ; sgð4:14Þ

for any X ;Y A GðDÞ.

Proof. Taking account of h being symmetric, we derive

gð½X ;Y �;FxiÞ ¼ gð‘XY � ‘YX ;FxiÞ ¼ gð‘XY � ‘YX ;FxiÞð4:15Þ

¼ gð‘XFY � ‘YFX ; xiÞ ¼ gðhðX ;FY Þ � hðY ;FX Þ; xiÞ

and

gð½X ;Y �;FWaÞ ¼ gð‘XY � ‘YX ;FWaÞ ¼ gð‘XY � ‘YX ;FWaÞð4:16Þ

¼ gð‘XFY � ‘YFX ;WaÞ ¼ gðhðX ;FY Þ � hðY ;FX Þ;WaÞ;
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for any X ;Y A GðDÞ. Thus from equations (4.15) and (4.16), we derive ½X ;Y � A
GðDÞ if and only if (4.13) and (4.14) are satisfied. r

Theorem 4.3. Let M be a semi-invariant lightlike submanifold of a semi-
Riemannian product manifold M. Then the invariant distribution D defines a
totally geodesic foliation on M if and only if hðX ;YÞ has no component in
GðL1 ? L2Þ, for any X ;Y A GðDÞ.

Proof. D defines a totally geodesic foliation on M if and only if ‘XY A
GðDÞ, for any X ;Y A GðDÞ. By using the equations (4.2) and taking account of
D 0 ¼ FðL1 ? L2Þ, we conclude that ‘XY A GðDÞ if and only if

gð‘XY ;FxiÞ ¼ 0; i A f1; 2; . . . ; rg
and

gð‘XY ;FWaÞ ¼ 0; a A f1; 2; . . . ; sg;
for any X ;Y A GðDÞ. Moreover, we have

gð‘XY ;FxiÞ ¼ gð‘XY � hðX ;Y Þ;FxiÞ ¼ gð‘XFY ; xiÞ � gðhðX ;YÞ;FxiÞ
¼ gðhðX ;FY Þ; xiÞ:

In the same way, we have

gð‘XY ;FWaÞ ¼ gð‘XY � hðX ;Y Þ;FWaÞ ¼ gð‘XFY ;WaÞ � gðhðX ;YÞ;FWaÞ
¼ gðhðX ;FY Þ;WaÞ;

which proves our assertion. r

Theorem 4.4. Let M be a proper semi-invariant r-lightlike submanifold of a
semi-Riemannian product manifold M. Then M is a locally lightlike Riemannian
product if and only if ‘f ¼ 0.

Proof. Let M be a locally lightlike Riemannian product. Then the leaves
of distributions D and D 0 are both totally geodesics in M. By applying Gauss
and Weingarten formulas, we infer

‘U fX þ hðU ; fXÞ ¼ f‘UX þ o‘UX þ BhðU ;X Þ þ ChðU ;XÞ;ð4:17Þ

for any U A GðTMÞ and X A GðDÞ, since ‘F ¼ 0. Comparing the tangential
with normal parts with respect to D of both sides of (4.17), we have

‘U fX ¼ f‘UX ; i:e:; ð‘U f ÞX ¼ 0

and

BhðU ;X Þ ¼ 0:

In the same way,
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�AFYU þ ‘?
UFY ¼ f‘UY þ o‘UY þ BhðU ;YÞ þ ChðU ;Y Þ;ð4:18Þ

for any U A GðTMÞ and Y A GðD 0Þ. Comparing the tangential with transversal
parts with respect to TM of both sides of (4.18), we have

�AFYU ¼ f‘UY þ BhðU ;Y Þ:

For any X A GðDÞ we have

gð f‘UY ;X Þ ¼ �gðAFYU ;X Þ ¼ gð‘UFY ;X Þ
¼ gð‘U fY ;XÞ;

which implies that ð‘U f ÞY ¼ 0.
Conversely, we assume that ‘f ¼ 0. Then we have

‘Z fX ¼ f‘ZX

for any Z A GðTMÞ and X A GðDÞ. Thus ‘Z fX A GðDÞ. Similarly, we get

‘Z fY ¼ f‘ZY

for any Z A GðTMÞ and Y A GðD 0Þ. Thus ‘Z fY A GðD 0Þ, that is, the distribu-
tions D and D 0 are parallel and the leaves of their are totally geodesic in M.
This completes the proof of the Theorem. r

Theorem 4.5. Let M be a proper semi-invariant r-lightlike submanifold of a
semi-Riemannian product manifold M. Then M is a locally lightlike Riemannian
product if and only if

BhðZ;X Þ ¼ 0; EZ A GðTMÞ and X A GðDÞ:ð4:19Þ

Proof. We suppose that M is a locally r-lightlike Riemannian product.
Then we have

‘ZFX ¼ F‘ZXð4:20Þ
‘Z fX þ hðZ;FX Þ ¼ f‘ZX þ o‘ZX þ BhðZ;XÞ þ ChðZ;XÞ;

for any X A GðDÞ and Z A GðTMÞ. Taking account of Theorem 4.4 and con-
sidering equation (4.20), we conclude BhðX ;ZÞ ¼ 0.

Conversely, suppose (4.19) is satisfied. Then from equation (4.17), we have
ð‘Z f ÞX ¼ 0, for any Z A GðTMÞ and X A GðDÞ. It follows that D is totally
geodesic in M. Furthermore, we have

‘ZFW ¼ F‘ZWð4:21Þ

�AFWZ þ ‘?
ZFW ¼ f‘ZW þ o‘ZW þ BhðY ;WÞ þ ChðZ;WÞ;
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for any W ;Z A GðD 0Þ. Thus we get

gð f‘ZW ;X Þ ¼ �gðAFWZ;XÞ ¼ gð‘ZFW ;XÞ

¼ �gð‘ZX ;FW Þ ¼ �gðF‘ZX ;WÞ
¼ �gð f‘ZX þ BhðZ;X Þ;WÞ ¼ 0;

for all X A GðDÞ. Thus we have f‘ZW ¼ 0, i.e., ‘ZW A GðD 0Þ, which implies
that D 0 is totally geodesic in M. r

As a consequence of Theorem 4.4 and Theorem 4.5 we have the following
Theorem.

Theorem 4.6. Let M be a proper semi-invariant r-lightlike totally umbilical
submanifold of a semi-Riemannian prodcut manifold M. Then M is a locally
lightlike Riemannian product if M is totally geodesic lightlike submanifold in M.

Definition 4.2. A semi-invariant submanifold M of a semi-Riemannian
product manifold is said to be D-totally geodesic (resp. D 0-totally geodesic) if
its the second fundamental form h satisfies hðX ;YÞ ¼ 0 (resp. hðZ;WÞ ¼ 0), for
any X ;Y A GðDÞðZ;W A GðD 0ÞÞ.

Theorem 4.7. Let M be a proper semi invariant r-lightlike submanifold of
a semi-Riemannian product ðM; gÞ. M is D-totally geodesic submanifold if and
only if

1) A�
xX has no component in GðFL2 ? DoÞ

2) AWX has no component in GðD 0 lDoÞ,
for any X A GðDoÞ, x A GðRad TMÞ and W A GðSðTM?ÞÞ.

Proof.

gðhðX ;FY Þ; xÞ ¼ gð‘XFY ; xÞ ¼ �gð‘Xx;FY Þð4:22Þ
¼ gðA�

xX ;FY Þ

and

gðhðX ;FY Þ;WÞ ¼ gð‘XFY ;WÞ ¼ �gð‘XW ;FY Þð4:23Þ
¼ gðAWX ;FY Þ;

for any X ;Y A GðDÞ, x A GðRad TMÞ and W A GðSðTM?ÞÞ. Thus from the
equation (4.22) and (4.23), we conclude that hðX ;FY Þ ¼ 0 if and only if the
conditions (1) and (2) are satisfied. r

Theorem 4.8. Let M be a proper semi invariant r-lightlike submanifold of
a semi-Riemannian product ðM; gÞ. M is D 0-totally geodesic submanifold if and
only if
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1) A�
xZ has no component in GðFL2 lF Rad TMÞ

2) AWY has no component in GðFL2 lRad TMÞ,
for any Y A GðD 0Þ, x A GðRad TMÞ and W A GðSðTM?ÞÞ.

Proof.

gðhðZ;Y Þ; xÞ ¼ gð‘ZY ; xÞ ¼ �gð‘Yx;ZÞð4:24Þ
¼ gðA�

xY ;ZÞ;

and

gðhðZ;Y Þ;WÞ ¼ gð‘YZ;WÞ ¼ �gð‘YW ;ZÞð4:25Þ
¼ gðAWY ;ZÞ

for any Y ;Z A GðD 0Þ, x A GðRad TMÞ and W A GðSðTM?ÞÞ. Thus from the
equations (4.24) and (4.25) we derive hðY ;ZÞ ¼ 0 if and only if the conditions (1)
and (2) are satisfied. r

Now, we characterize a totally geodesic submanifolds in terms of killing
distributions.

Theorem 4.9. Let M be a proper semi invariant r-lightlike submanifold of a
semi-Riemannian product ðM; gÞ. Then M is totally geodesic submanifold if and
only if Rad TM and SðTM?Þ are killing distributions on M.

Proof.

gðhðX ;Y Þ; xÞ ¼ gð‘XY ; xÞ ¼ XgðY ; xÞ � gð‘Xx;YÞ

¼ gð½x;X �;Y Þ � gð‘xX ;Y Þ

¼ gð½x;X �;Y Þ � xgðX ;YÞ þ gð‘xY ;XÞ

¼ �xgðX ;YÞ þ gð½x;X �;Y Þ þ gð½x;Y �;X Þ � gð‘YX ; xÞ
¼ �ðLxgÞðX ;Y Þ � gðhðX ;Y Þ; xÞ;

that is,

2gðhðX ;Y Þ; xÞ ¼ �ðLxgÞðX ;Y Þ;ð4:26Þ

for any X ;Y A GðTMÞ and x A GðRad TMÞ. In the same way,

gðhðX ;Y Þ;WÞ ¼ gð‘XY ;WÞ ¼ XgðY ;WÞ � gð‘XW ;YÞ

¼ gð½W ;X �;Y Þ �WgðX ;YÞ þ gð‘WY ;XÞ

¼ �WgðX ;YÞ þ gð½W ;X �;Y Þ þ gð½W ;Y �;XÞ þ gð‘YW ;XÞ

¼ �ðLWgÞðX ;Y Þ � gð‘YX ;WÞ;
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that is,

2gðhðX ;YÞ;WÞ ¼ �ðLWgÞðX ;Y Þ;ð4:27Þ

for any X ;Y A GðTMÞ and W A GðSðTM?ÞÞ. Thus from the equations (4.26)
and (4.27), we conclude that hðX ;Y Þ ¼ 0 if and only if ðLxgÞðX ;YÞ ¼
ðLWgÞðX ;YÞ ¼ 0, for any X ;Y A GðTMÞ, x A GðRad TMÞ and W A GðSðTM?ÞÞ.
Thus the proof is complete. r

Definition 4.3. Let M be a proper semi-invariant r-lightlike submanifold
of a semi-Riemannian product manifold M. M is said to be mixed-geodesic
submanifold if the second fundamental form of M satisfies hðX ;YÞ ¼ 0 for any
X A GðDÞ and Y A GðD 0Þ.

Theorem 4.10. Let M be a proper semi-invariant r-lightlike submanifold of
a semi-Riemannian product manifold M. Then M is mixed-geodesic submanifold
if and only if the shape operator of M satisfies

1) AVX has only component in GðDÞ
2) AUX has no component in GðFL2Þ,

for any X A GðDÞ and V A GðL1 ? L2Þ and U A GðSðTM?ÞÞ.

Proof. Let X A GðDÞ. Choosing Y A GðD 0Þ, there is a vector field V A
GðL1 ? L2Þ such that Y ¼ FV . Thus we have

gðhðX ;YÞ; xÞ ¼ gð‘XY ; xÞ ¼ gðF‘XV ; xÞð4:28Þ
¼ �gðFAVX ; xÞ

and

gðhðX ;YÞ;UÞ ¼ gð‘XY ;UÞ ¼ �gð‘XU ;Y Þ ¼ gðAUX ;YÞð4:29Þ
¼ gðAUX ;FVÞ;

for any U A GðSðTM?ÞÞ. From the equations (4.28) and (4.29), we conclude
that

hðX ;YÞ ¼ 0

if and only if the conditions (1) and (2) are satisfied. r

A Lightlike submanifold ðM; gÞ of a semi-Riemannian manifold ðM; gÞ is
said to be totally umbilical if there exists a smooth transversal vector field
H A GðtrðTMÞÞ on M, called the transversal curvature vector field of M, such
that

hðX ;Y Þ ¼ gðX ;Y ÞHð4:30Þ

for any X ;Y A GðTMÞ. Thus we can give the following Theorem.
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Theorem 4.11. Let M be a proper semi-invariant r-lightlike submanifold of
a semi-Riemannian product manifold M. Then there exist no totally umbilical
proper semi-invariant lightlike submanifolds in any real product space forms M ¼
M1ðc1Þ �M2ðc2Þ with c1 þ c2 0 0.

Proof. We suppose that M is a totally umbilical proper semi-invariant r-
lightlike submanifold of M1ðc1Þ �M2ðc2Þ. Then from equation (2.21) we have

gðRðX ;Y ÞFZ;FWÞ ¼ gðð‘XhÞðY ;FZÞ;FW Þ � gðð‘YhÞðX ;FZÞ;FW Þ
for any X ;Y ;Z A GðTMÞ and FW A GðL2Þ. Moreover, from the equation (4.30),
we obtain

ð‘XhÞðY ;ZÞ ¼ gðY ;ZÞ‘?
XH:

Thus we infer

gðRðX ;Y ÞFZ;FWÞ ¼ gðY ;FZÞgð‘?
XH;FWÞð4:31Þ

� gðX ;FZÞgð‘?
YH;FW Þ:

Taking Z A GðDoÞ and W instead of X and Y in the equation (4.31), respectively,
we conclude

KðZ;W ;FZ;FW Þ ¼ gðW ;FZÞgð‘?
ZH;FWÞ � gðZ;FZÞgð‘?

WH;FWÞ ¼ 0:

Moreover, we can easily see that

KðZ;W ;FZ;FWÞ ¼ KðZ;W ;Z;WÞ ¼ 0:

Furthermore, from the equation (3.2) we have

KðZ;W ;FZ;FWÞ ¼ � 1

16
ðc1 þ c2Þ;

which proves our assertion. r

Theorem 4.12. Let M be a proper semi-invariant r-lightlike totally umbilical
submanifold of a semi-Riemannian prodcut manifold M. Then following state-
ments are equivalent.

1) The distribution D is parallel in M
2) gðZ;FY ÞH ¼ gðZ;Y ÞCH, for any Y A GðDÞ and Z A GðTMÞ, that is,

BH ¼ 0.
3) The transversal vector field H is invariant with respect to F.
4) f is parallel in M.

Proof. Since D is an invariant distribution, we have FX ¼ fX for any
X A GðDÞ. If M is totally umbilical, from equations (4.9) and (4.30), we can
write

‘X fY þ gðX ;FY ÞH ¼ f‘XY þ o‘XY þ gðX ;YÞBH þ gðX ;Y ÞCH
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for any X ;Y A GðDÞ. Considering the tangential with transversal components of
both sides of the last equation, we obtain

‘X fY ¼ f‘XY þ gðX ;Y ÞBH
and

o‘XY ¼ gðX ;FYÞH � gðX ;YÞCH:

Thus ‘XY A GðDÞ if and only if gðX ;FY ÞH ¼ gðX ;YÞCH. Thus the proof is
complete. r

Corollary 4.2. Let M be a proper semi-invariant lightlike submanifold of a
semi-Riemannian product manifold M. The distribution D is always integrable if
M is a totally umbilical proper semi-invariant lightlike submanifold.

Now, by using the equation (3.2), we get

RðX ;Y ÞZ ¼ 1

16
ðc1 þ c2ÞfgðY ;ZÞX � gðX ;ZÞY þ gðFY ;ZÞ fXð4:32Þ

þ gðFY ;ZÞoX � gðFX ;ZÞ fY � gðFX ;ZÞoYg

¼ 1

16
ðc1 � c2ÞfgðFY ;ZÞX � gðFX ;ZÞY þ gðY ;ZÞ fX

þ gðY ;ZÞoX � gðX ;ZÞ fY � gðX ;ZÞoYg;

for any X ;Y ;Z A GðTMÞ. Now, considering the fact that the curvature tensor
field of M ¼ M1ðc1Þ �M2ðc2Þ is given by (3.2), we have special forms for the
structure equations of Gauss and Codazzi for the submanifold M in M. Thus
the gauss equation becomes

RðX ;YÞZ ¼ 1

16
ðc1 þ c2ÞfgðY ;ZÞX � gðX ;ZÞYð4:33Þ

þ gðFY ;ZÞ fX � gðFX ;ZÞ fYg

¼ 1

16
ðc1 � c2ÞfgðFY ;ZÞX � gðFX ;ZÞY

þ gðY ;ZÞ fX � gðX ;ZÞ fYg þ AhðY ;ZÞX � AhðX ;ZÞY ;

for any X ;Y ;Z A GðTMÞ. Finally, the Ricci equation becomes

ð‘XhÞðY ;ZÞ � ð‘YhÞðX ;ZÞ ¼ 1

16
ðc1 þ c2ÞfgðFY ;ZÞoX � gðFX ;ZÞoYgð4:34Þ

þ 1

16
ðc1 � c2ÞfgðY ;ZÞoX � gðX ;ZÞoYg;

for any X ;Y ;Z A GðTMÞ.
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Definition 4.4. Let M be a r-lightlike submanifold of any semi-Rieman-
nian manifold M. M is said to be curvature-invariant lightlike submanifold if
the covariant derivative of the second fundamental form h of M satisfies

ð‘XhÞðY ;ZÞ � ð‘YhÞðX ;ZÞ ¼ 0;

for any X ;Y ;Z A GðTMÞ.

Theorem 4.13. Let M be a proper semi-invariant lightlike submanifold of
a semi-Riemannian product manifold M. Then there exist no curvature-invariant
proper semi-invariant lightlike submanifolds in any semi-Riemannian product real
space form M ¼ M1ðc1Þ �M2ðc2Þ with c1; c2 0 0.

Proof. Let us suppose that M be a semi curvature-invariant lightlike sub-
manifold of a semi-Riemannian product real space form M ¼ M1ðc1Þ �M2ðc2Þ
with c1; c2 0 0. Then from the (4.34) we have

ðc1 þ c2ÞfgðFY ;ZÞoX � gðFX ;ZÞoYgð4:35Þ
þ ðc1 � c2ÞfgðY ;ZÞoX � gðX ;ZÞoYg ¼ 0:

Let X A GðFL1Þ and Y A GðFL2Þ in (4.35). Then we have

ðc1 þ c2ÞgðFY ;ZÞoX þ ðc1 � c2ÞgðY ;ZÞoX ¼ 0ð4:36Þ
and

ðc1 þ c2ÞgðFX ;ZÞoY þ ðc1 � c2ÞgðX ;ZÞoY ¼ 0:ð4:37Þ

From the solutions of the equations (4.36) and (4.37), we get

ðc1 þ c2ÞFY þ ðc1 � c2ÞY ¼ 0

and

ðc1 þ c2ÞFX þ ðc1 � c2ÞX ¼ 0:

This is imposible for L1 ¼ l trðTMÞ0 0 and L2 0 0. This is a complete proof
of the Theorem.
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