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GENERALIZED KINKELIN’S FORMULAS

Nobushige Kurokawa and Hiroyuki Ochiai*

1. Introduction

Around 150 years ago, Kinkelin [K] (Crelle J. 57 (1860), which was submitted
in 1856 July) defined his generalized gamma function GðxÞ as an integral of the
logarithm of the usual gamma function GðxÞ:

GðxÞ ¼ exp

ð x
0

log GðtÞ dtþ xðx� 1Þ
2

� x

2
logð2pÞ

� �
:

See the formula (7) in [K, p. 124]. A motivation of Kinkelin seems to be the
formula ð xþ1

x

log GðtÞ dt ¼ x log x� xþ 1

2
logð2pÞ

due to Raabe [R] (Crelle J. 28 (1844)) as indicated in [K, p. 124]. Kinkelin
proved basic properties such as

Gð0Þ ¼ Gð1Þ ¼ 1;

Gðxþ 1Þ ¼ GðxÞxx for x > 0;

and
Gðnþ 1Þ ¼ 1122 � � � nn for integers nb 1:

Note that Gð1Þ ¼ 1 is equivalent toð 1
0

log GðtÞ dt ¼ 1

2
logð2pÞ

coming from Raabe at x ¼ 0, and that the formula Gðxþ 1Þ ¼ GðxÞxx is
equivalent to Raabe’s formula. Moreover, Kinkelin calculated integrals con-
taining trigonometric functions. Especially he obtained his famous formulað x

0

logð2 sin ptÞ dt ¼ log
Gð1� xÞ
GðxÞðKÞ
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for 0 < x < 1 (see the formula (24) in [K, p. 135]). We notice that this formula
includes ð1=2

0

logð2 sin ptÞ dt ¼ 0

by setting x ¼ 1=2, which is equivalent to the famous ‘‘tricky integral’’ð1=2
0

logðsin ptÞ dt ¼ � 1

2
log 2

or ð p=2
0

logðsin xÞ dx ¼ � p

2
log 2

of Euler [E] (p. 130). We notice that Euler’s formula is equivalent to Raabe’sð 1
0

log GðtÞ dt ¼ 1

2
logð2pÞ

via the reflection formula

sinðptÞ ¼ p

GðtÞGð1� tÞ :

In 1987, Kinkelin’s formula (K) is used to calculate the gamma factor of the
Selberg zeta function of a Riemann surface by Sarnak [S] and Voros [V]. This
is the case of a two-dimensional locally symmetric space, and we refer to [Ku]
[KK] for the case of the Selberg zeta function of a general dimensional locally
symmetric space.

Kinkelin’s function GðxÞ is the firstly discovered generalized gamma func-
tion. Around 1900, it was modified and extended by Barnes [B] to a general
order gamma function. Unfortunately, a suitable generalization of Kinkelin’s
formula (K) seems to be missing still now. Moreover, Kinkelin [K, §1] indicates
that his function GðxÞ would be generalized to a more generalized gamma

function G
ðkÞ
ðxÞ (Kinkelin’s notation) satisfying

G
ðkÞ
ð1Þ ¼ 1;

G
ðkÞ
ðxþ 1Þ ¼ G

ðkÞ
ðxÞxxk

for x > 0;

G
ðkÞ
ðnþ 1Þ ¼ 11

k

22
k � � � nnk

for integers nb 1

8>>>><
>>>>:

with G
ð0Þ
ðxÞ ¼ GðxÞ and G

ð1Þ
ðxÞ ¼ GðxÞ. Later, Milnor [Mi] also suggested to study

G
ðkÞ
ðxÞ. In a recent paper [KOW] we described a theory to realize Milnor’s

suggestion.
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The purpose of this paper is to give a generalization for Kinkelin’s formula
(K) together with a theory of the generalized gamma and the generalized sine
function of BM (Barnes-Milnor) type suited to our generalized (K). This is a
generalization of the gamma function of Barnes [B] and the gamma function of
Milnor [Mi] (see [KOW]) both.

BM

B M

K

To construct our theory we start from the theory of the multiple Hurwitz
zeta function

zrðs; x; ðo1; . . . ;orÞÞ ¼
X

n1; ...;nrb0

ðn1o1 þ � � � þ nror þ xÞ�s

introduced by Barnes [B]. In this paper we restrict to the case o1; . . . ;or > 0
and xb 0 for simplicity. We recall that zrðs; x; ðo1; . . . ;orÞÞ converges abso-
lutely in ReðsÞ > r and it has an analytic continuation to all s A C as a mer-
omorphic function. Frequently we omit ð1; . . . ; 1Þ, so we write

zrðs; x; ð1; . . . ; 1ÞÞ ¼ zrðs; xÞ
simply. Barnes [B] (1904) defined the multiple gamma function

Grðx; ðo1; . . . ;orÞÞ ¼ exp
q

qs
zrðs; x; ðo1; . . . ;orÞÞjs¼0

� �
:

We refer Manin [Ma] for a survery. The case r ¼ 1 reduces to the usual gamma
function

G1ðx;oÞ ¼
G

x

o

� �
ffiffiffiffiffiffi
2p

p ox=o�1=2

by the formula of Lerch [L] (1894) since

z1ðs; x;oÞ ¼ o�sz s;
x

o

� �

for the usual Hurwitz zeta function

zðs; xÞ ¼
Xy
n¼0

ðnþ xÞ�s ¼ z1ðs; x; 1Þ:

We notice that Lerch’s formula says

q

qs
zðs; xÞjs¼0 ¼ log

GðxÞffiffiffiffiffiffi
2p

p ¼ log G1ðxÞ:

197generalized kinkelin’s formulas



Combining this formula with

zð0; xÞ ¼ 1

2
� x;

we get the above formula for G1ðx;oÞ. There exists an associated multiple sine
function

Srðx; ðo1; . . . ;orÞÞ ¼ Grðx; ðo1; . . . ;orÞÞ�1Grðo1 þ � � � þ or � x; ðo1; . . . ;orÞÞð�1Þ r :

See [KK] for a general theory of the multiple sine function.
As noted before, Milnor [Mi] suggested to study the generalized gamma

function

exp
q

qs
zðs; xÞjs¼�k

� �

for an integer kb 0 (see [KOW] for details). From our point of view, these
generalized gamma functions of Barnes and of Milnor seem to be insu‰cient to
describe fully the generalization of Kinkelin’s formula (K). Consequently we
investigate the further generalized gamma function

Gr;kðx; ðo1; . . . ;orÞÞ ¼ exp
q

qs
zrðs; x; ðo1; . . . ;orÞÞjs¼�k

� �
and sine function

Sr;kðx; ðo1; . . . ;orÞÞ

¼ Gr;kðx; ðo1; . . . ;orÞÞ�1Gr;kðo1 þ � � � þ or � x; ðo1; . . . ;orÞÞð�1Þ r

of BM type. It will turn out that the generalized cotangent function

Cotr;kðx; ðo1; . . . ;orÞÞ ¼ ðlog Sr;kðx; ðo1; . . . ;orÞÞÞ0:
is crucial.

We first reconstruct Kinkelin’s theory from our view point:

Theorem 1. (1) GðxÞ ¼ exp
Ð x
0 log G1ðtÞ þ t� 1

2

� �� �
dt

� �
.

(2) GðxÞ is characterized as

Gð0Þ ¼ 1;

G 0

G
ðxÞ ¼ log G1ðxÞ þ x� 1

2
:

8<
:

(3) GðxÞ ¼ expðz 0ð�1; xÞ � z 0ð�1ÞÞ

¼ e�z 0ð�1ÞG1;1ðxÞ:
(4)

Gð0Þ ¼ Gð1Þ ¼ 1;

Gðxþ 1Þ ¼ GðxÞxx for x > 0;

Gðnþ 1Þ ¼ 1122 � � � nn for an integer nb 1:

8><
>:
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(5) GðxÞ ¼ e�z 0ð�1ÞG2ðxÞG1ðxÞx�1.

(6)
Gð1� xÞ
GðxÞ ¼ S2ðxÞS1ðxÞx�1 ¼ S1;1ðxÞ.

(7) ð x
0

logð2 sin ptÞ dt ¼ log
Gð1� xÞ
GðxÞ

� �

or ð x
0

log S1ðtÞ dt ¼ log S1;1ðxÞ:

The following result shows that ~GG1;kðxÞ ¼ G1;kðxÞe�z 0ð�kÞ realizes the gen-

eralized gamma function G
ðkÞ
ðxÞ suggested by Kinkelin:

Theorem 2. (1) ~GG1;kð1Þ ¼ 1.
(2) ~GG1;kðxþ 1Þ ¼ ~GG1;kðxÞxxk

for x > 0.

(3) ~GG1;kðnþ 1Þ ¼ 11
k

22
k � � � nnk

for an integer nb 1.
(4) ~GG1;0ðxÞ ¼ GðxÞ and ~GG1;1ðxÞ ¼ GðxÞ.

Kinkelin’s construction of GðxÞ is generalized as folllows:

Theorem 3. For kb 1, we haveð x
0

log Gr;k�1ðt; ðo1; . . . ;orÞÞ �
1

k
zrð1� k; t; ðo1; . . . ;orÞÞ

� �
dt

¼ 1

k
log

Gr;kðx; ðo1; . . . ;orÞÞ
Gr;kð0; ðo1; . . . ;orÞÞ

:

In the simplest case where r ¼ k ¼ o1 ¼ 1, this is the starting point of Kinkelin
(Theorem 1(1) above)ð x

0

log G1ðtÞ �
1

2
� t

� �� �
dt ¼ log GðxÞ

since

G1;0ðt; 1Þ ¼ G1ðtÞ ¼
GðtÞffiffiffiffiffiffi
2p

p ;

z1ð0; t; 1Þ ¼
1

2
� t;

G1;1ðx; 1Þ ¼ GðxÞez
0ð�1Þ;

and
G1;1ð0; 1Þ ¼ ez

0ð�1Þ:

The generalized cotangent has interesting properties:
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Theorem 4. Let kb 1.
(1) Cotr;kðx; ðo1; . . . ;orÞÞ ¼ k log Sr;k�1ðx; ðo1; . . . ;orÞÞ.
(2) Cot 0r;kðx; ðo1; . . . ;orÞÞ ¼ k Cotr;k�1ðx; ðo1; . . . ;orÞÞ.
(3) If Cotrðx; ðo1; . . . ;orÞÞ ¼ Cotr;0ðx; ðo1; . . . ;orÞÞ satisfies an algebraic

di¤erential equation, then Cotrðx; ðo1; . . . ;orÞÞ also satisfies an algebraic
di¤erential equation. Especially, Cotrðx; ðo1; . . . ;orÞÞ satisfies an alge-
braic di¤erential equation if ratios of o1; . . . ;or are rational numbers.

We prove a generalized Kinkelin’s formula in the following form:

Theorem 5. For kb 1, we haveð x
0

log Sr;k�1ðt; ðo1; . . . ;orÞÞ dt ¼
1

k
log

Sr;kðx; ðo1; . . . ;orÞÞ
Sr;kð0; ðo1; . . . ;orÞÞ

� �
:

Especially, ð x
0

log Srðt; ðo1; . . . ;orÞÞ dt ¼ log
Sr;1ðx; ðo1; . . . ;orÞÞ
Sr;1ð0; ðo1; . . . ;orÞÞ

� �
:

We notice that the original Kinkelin’s formula (K) isð x
0

log S1ðtÞ dt ¼ log S1;1ðxÞ

as in Theorem 1(7) recalling S1;1ð0Þ ¼ 1.
As an application of this formula we obtain some integrals as below:

Theorem 6. (1) For an odd rð r
0

log SrðxÞ dx ¼ �2r log Srþ1ð1Þ:

(2) For an even r ð r
0

log SrðxÞ dx ¼ 0:

Theorem 7. (1)
Ð 1=2
0 log S2ðxÞ dx ¼ � 7zð3Þ

8p2
.

(2)
Ð 1
0 log S2ðxÞ dx ¼ 0.

(3)
Ð 3=2
0 log S2ðxÞ dx ¼ � 7zð3Þ

8p2
.

(4)
Ð 2
0 log S2ðxÞ dx ¼ 0.

Theorem 8. (1)
Ð 1=2
0 log S3ðxÞ dx ¼ � 9zð3Þ

8p2
.

(2)
Ð 1
0 log S3ðxÞ dx ¼ � zð3Þ

2p2
.
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(3)
Ð 3=2
0 log S3ðxÞ dx ¼ � 3zð3Þ

4p2
.

(4)
Ð 2
0 log S3ðxÞ dx ¼ � zð3Þ

p2
.

(5)
Ð 5=2
0 log S3ðxÞ dx ¼ � 3zð3Þ

8p2
.

(6)
Ð 3
0 log S3ðxÞ dx ¼ � 3zð3Þ

2p2
.

Since the ‘‘fundamental domain’’ of SrðxÞ is 0a x < r,
Ð 2
0 log S2ðxÞ dx ¼ 0 andÐ 3

0 log S3ðxÞ dx ¼ � 3zð3Þ
2p2

are considered to be analogues to Euler-Raabe formulaÐ 1
0 log S1ðxÞ dx ¼ 0.

2. A reconstruction of Kinkelin’s theory

We prove Theorem 1. (1) follows from the definition of GðxÞ and the
fact

G1ðtÞ ¼
GðtÞffiffiffiffiffiffi
2p

p :

(2) is obvious from (1).
(3) Let HðxÞ ¼ expðz 0ð�1; xÞ � z 0ð�1ÞÞ. Then

zðs; xþ 1Þ ¼ zðs; xÞ � x�s

shows that

z 0ð�1; xþ 1Þ ¼ z 0ð�1; xÞ þ x log x:

Hence

Hðxþ 1Þ ¼ HðxÞxx:

In particular, Hð0Þ ¼ Hð1Þ. Thus

Hð0Þ ¼ Hð1Þ ¼ expðz 0ð�1Þ � z 0ð�1ÞÞ ¼ 1:

Consequently, from (2), it is su‰cient to show that

H 0

H
ðxÞ ¼ log G1ðxÞ þ x� 1

2
:

Now, using

q

qs
zðs; xÞ ¼ �szðsþ 1; xÞ;

we have
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H 0

H
ðxÞ ¼ ðlog HðxÞÞ0

¼ q

qx
z 0ð�1; xÞ

¼ q2

qsqx
zðs; xÞjs¼�1

¼ q

qs
ð�szðsþ 1; xÞÞjs¼�1

¼ z 0ð0; xÞ � zð0; xÞ

¼ log
GðxÞffiffiffiffiffiffi
2p

p � 1

2
� x

� �

¼ log G1ðxÞ þ x� 1

2

� �

by Lerch’s formula. Hence HðxÞ ¼ GðxÞ.
(4) As seen in the proof of (3), HðxÞ satisfies

Hð0Þ ¼ Hð1Þ ¼ 1

and

Hðxþ 1Þ ¼ HðxÞxx for x > 0:

Hence

Hðnþ 1Þ ¼ 1122 � � � nn for an integer nb 1:

Thus GðxÞ ¼ HðxÞ satisfies the formula of (4).
(5) We show that

zðs� 1; xÞ ¼ z2ðs; xÞ þ ðx� 1Þz1ðs; xÞ:
Then, di¤erentiation at s ¼ 0 implies

G1;1ðxÞ ¼ G2ðxÞGðxÞx�1:

Hence, (5) follows from (3). The needed identity is shown as

zðs� 1; xÞ ¼
Xy
n¼0

ðnþ xÞðnþ xÞ�s

¼
Xy
n¼0

ððnþ 1Þ þ ðx� 1ÞÞðnþ xÞ�s

¼
Xy
n¼0

ðnþ 1Þðnþ xÞ�s þ ðx� 1Þ
Xy
n¼0

ðnþ xÞ�s

¼ z2ðs; xÞ þ ðx� 1Þz1ðs; xÞ
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since

z2ðs; xÞ ¼
X

n1;n2b0

ðn1 þ n2 þ xÞ�s

¼
Xy
n¼0

ðnþ 1Þðnþ xÞ�s:

(6) From (5),

Gð1� xÞ
GðxÞ ¼ G2ð1� xÞG1ð1� xÞ�x

G2ðxÞG1ðxÞx�1
:

Here we use the periodicity

G2ð1� xÞ ¼ G2ð2� xÞG1ð1� xÞ:
We notice that the general periodicity of Grðx; ðo1; . . . ;orÞÞ is

Grðxþ oi; ðo1; . . . ;orÞÞ

¼ Grðx; ðo1; . . . ;orÞÞGr�1ðx; ðo1; . . . ;oi�1;oiþ1; . . . ;orÞÞ�1;

see [KK]. Hence

Gð1� xÞ
GðxÞ ¼ G2ð2� xÞG1ð1� xÞ1�x

G2ðxÞG1ðxÞx�1

¼ S2ðxÞS1ðxÞx�1:

We have also

Gð1� xÞ
GðxÞ ¼ G1;1ð1� xÞ

G1;1ðxÞ
¼ S1;1ðxÞ

from (3).
(7) Since the equality holds at x ¼ 0, it is su‰cient to show that

log
Gð1� xÞ
GðxÞ

� �� �0
¼ logð2 sin pxÞ:

From (2), the left-hand side above is calculated as

�G 0

G
ð1� xÞ � G 0

G
ðxÞ ¼ � log G1ð1� xÞ þ 1

2
� x

� �
� log G1ðxÞ þ x� 1

2

� �

¼ log
1

G1ðxÞG1ð1� xÞ

� �

¼ logð2 sin pxÞ:

This proves Theorem 1. r
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3. A generalized gamma function

We prove Theorem 2.
(1) We have

~GG1;kð1Þ ¼ expðz 0ð�k; 1Þ � z 0ð�kÞÞ
¼ expðz 0ð�kÞ � z 0ð�kÞÞ
¼ 1:

(2) From zðs; xþ 1Þ ¼ zðs; xÞ � x�s we obtain

z 0ð�k; xþ 1Þ ¼ z 0ð�k; xÞ þ xk log x:

Hence

~GG1;kðxþ 1Þ ¼ ~GG1;kðxÞxxk

:

(3) From (1) and (2) we get

~GG1;kðnþ 1Þ ¼ ~GG1;kðnÞnnk

¼ 11
k

22
k � � � nnk

:

(4) ~GG1;0ðxÞ ¼ GðxÞ by z 0ð0Þ ¼ � 1
2 logð2pÞ. The equality ~GG1;1ðxÞ ¼ GðxÞ is

shown in Theorem 1(3). r

4. Generalized Kinkelin’s formulas

We prove Theorems 3, 4 and 5. To show Theorem 3 we calculate

ðlog Gr;kðx; ðo1; . . . ;orÞÞÞ0

¼ q

qx
ðz 0rð�k; x; ðo1; . . . ;orÞÞÞ

¼ q2

qsqx
zrðs; x; ðo1; . . . ;orÞÞjs¼�k

¼ q

qs
ð�szrðsþ 1; x; ðo1; . . . ;orÞÞÞjs¼�k

¼ kz 0rð1� k; x; ðo1; . . . ;orÞÞ � zrð1� k; x; ðo1; . . . ;orÞÞ
¼ k log Gr;k�1ðx; ðo1; . . . ;orÞÞ � zrð1� k; ðo1; . . . ;orÞÞ;

where we used

q

qx
zrðs; x; ðo1; . . . ;orÞÞ ¼ �szrðsþ 1; x; ðo1; . . . ;orÞÞ:

Then we obtain Theorem 3.
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Hence

ðlog Sr;kðx; ðo1; . . . ;orÞÞÞ0

¼ �ðlog Gr;kðx; ðo1; . . . ;orÞÞÞ0

þ ð�1Þrþkðlog Gr;kðo1 þ � � � þ or � x; ðo1; . . . ;orÞÞÞ0

¼ �ðk log Gr;k�1ðx; ðo1; . . . ;orÞÞ � zrð1� k; x; ðo1; . . . ;orÞÞÞ

þ ð�1Þrþk�1 k log Gr;k�1ðo1 þ � � � þ or � x; ðo1; . . . ;orÞÞ
�zrð1� k;o1 þ � � � þ or � x; ðo1; . . . ;orÞÞ

� �

¼ k logðGr;k�1ðx; ðo1; . . . ;orÞÞ�1

� Gr;k�1ðo1 þ � � � þ or � x; ðo1; . . . ;orÞÞð�1Þ rþk�1

Þ

� ð�zrð1� k; x; ðo1; . . . ;orÞÞ þ ð�1Þrþk�1

� zrð1� k;o1 þ � � � þ or � x; ðo1; . . . ;orÞÞÞ
¼ k log Sr;k�1ðx; ðo1; . . . ;orÞÞ

� ð�zrð1� k; x; ðo1; . . . ;orÞÞ þ ð�1Þrþk�1

� zrð1� k;o1 þ � � � þ or � x; ðo1; . . . ;orÞÞÞ:

Here we use that

�zrð1� k; x; ðo1; . . . ;orÞÞ

þ ð�1Þrþk�1zrð1� k;o1 þ � � � þ or � x; ðo1; . . . ;orÞÞ ¼ 0:

This vanishing result can be seen by expressing these special values via gener-
alized Bernoulli polynomials. We show a shorter way below. Put

fr;kðt; x; ðo1; . . . ;orÞÞ ¼
�e�tx þ ð�1Þrþk�1

e�tðo1þ���þor�xÞ

ð1� e�to1Þ � � � ð1� e�torÞ ;

and let

fr;kðt; x; ðo1; . . . ;orÞÞ ¼
X
mb�r

cmðx; ðo1; . . . ;orÞÞtm

be the Laurent expansion around t ¼ 0. Then

�zrðs; x; ðo1; . . . ;orÞÞ þ ð�1Þrþk�1zrðs;o1 þ � � � þ or � x; ðo1; . . . ;orÞÞ

¼ 1

GðsÞ

ðy
0

fr;kðt; x; ðo1; . . . ;orÞÞts�1 dt

for ReðsÞ > r. The usual method of the analytic continuation implies that
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�zrð1� k; x; ðo1; . . . ;orÞÞ þ ð�1Þrþk�1zrð1� k;o1 þ � � � þ or � x; ðo1; . . . ;orÞÞ

¼ 1

GðsÞ

ð1
0

fr;kðt; x; ðo1; . . . ;orÞÞts�1 dtjs¼1�k

¼ ð�1Þk�1ðk � 1Þ!ck�1ðx; ðo1; . . . ;orÞÞ:

Now, the equality

fr;kð�t; x; ðo1; . . . ;orÞÞ ¼ ð�1Þk fr;kðt; x; ðo1; . . . ;orÞÞ
shows that

ð�1Þmcmðx; ðo1; . . . ;orÞÞ ¼ ð�1Þkcmðx; ðo1; . . . ;orÞÞ:
Hence

ck�1ðx; ðo1; . . . ;orÞÞ ¼ 0:

Thus we have

�zrð1� k; x; ðo1; . . . ;orÞÞ

þ ð�1Þrþk�1zrð1� k;o1 þ � � � þ or � x; ðo1; . . . ;orÞÞ ¼ 0:

Thus we have proved Theorem 4(1) and Theorem 5. Now, Theorem 4(2) follows
from Theorem 4(1), and the former half of Thorem 4(3) comes from Thoerem
4(2). Lastly, we have the latter half of Theorem 4(3) by applying the di¤erential
algebraicity result on the multiple sine function proved in [KW]. Thus we have
proved Theorems 3, 4 and 5. r

Remark 1. From the calculation above we haveð x
0

t Cotr;k�1ðt;oÞ dt ¼ x log Sr;k�1ðx;oÞ �
ð x
0

log Sr;k�1ðt;oÞ dt

¼ 1

k
log

Sr;k�1ðx;oÞkxSr;kð0;oÞ
Sr;kðx;oÞ

 !
:

This is a generalization of the case r ¼ 1 and k ¼ 1 due to Kinkelin [K] (p.
135): ð x

0

tp cotðptÞ dt ¼ x logð2 sin pxÞ �
ð x
0

logð2 sin ptÞ dt

¼ log
ð2 sin pxÞxGðxÞ

Gð1� xÞ

� �

which was used by Sarnak [S] and Voros [V]. Kinkelin’s cotangent integral gave
the origin of the theory of the multiple sine functions of Hölder [H] (1886) and
[KK].
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5. Generalized Euler-Raabe integrals

We prove Theorems 6, 7 and 8 at the same time. These calculations are
special cases of Theorem 5. In fact, sinceð x

0

log SrðtÞ dt ¼ log
Sr;1ðxÞ
Sr;1ð0Þ

� �
;

it remains to obtain Sr;1ðxÞ. We show that

Sr;1ðxÞ ¼ Srþ1ðxÞrSrðxÞx�r:

First we notice that

zrðs� 1; xÞ ¼ rzrþ1ðs; xÞ þ ðx� rÞzrðs; xÞ:
This follows from

zrðs; xÞ ¼
X

n1;...;nrb0

ðn1 þ � � � þ nr þ xÞ�s

¼
Xy
n¼0

nþ r� 1

r� 1

� �
ðnþ xÞ�s

as

zrðs� 1; xÞ ¼
Xy
n¼0

ðnþ xÞ nþ r� 1

r� 1

� �
ðnþ xÞ�s

¼
Xy
n¼0

r
nþ r

r

� �
þ ðx� rÞ nþ r� 1

r� 1

� �� �
ðnþ xÞ�s

¼ rzrþ1ðs; xÞ þ ðx� rÞzrðs; xÞ:

Hence, di¤erentiating at s ¼ 0 we get

log Gr;1ðxÞ ¼ r log Grþ1ðxÞ þ ðx� rÞ log GrðxÞ:
Thus

Gr;1ðxÞ ¼ Grþ1ðxÞrGrðxÞx�r:

This gives

Sr;1ðxÞ ¼ Gr;1ðxÞ�1Gr;1ðr� xÞð�1Þ rþ1

¼ ðGrþ1ðxÞrGrðxÞx�rÞ�1 � ðGrþ1ðr� xÞrGrðr� xÞ�xÞð�1Þ rþ1

:

Hence using the periodicity

Grþ1ðr� xÞ ¼ Grþ1ðrþ 1� xÞGrðr� xÞ
we get
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Sr;1ðxÞ ¼ ðGrþ1ðxÞrGrðxÞx�rÞ�1 � ðGrþ1ðrþ 1� xÞrGrðr� xÞr�xÞð�1Þ rþ1

¼ ðGrþ1ðxÞ�1Grþ1ðrþ 1� xÞð�1Þ rþ1

Þr � ðGrðxÞ�1Grðr� xÞð�1Þ rÞx�r

¼ Srþ1ðxÞrSrðxÞx�r:

Moreover, the periodicity

Srþ1ðxþ 1Þ ¼ Srþ1ðxÞSrðxÞ�1

(see [KK]) gives

Sr;1ðxÞ ¼ Srþ1ðxþ 1ÞrSrðxÞx:
Hence

Sr;1ð0Þ ¼ Srþ1ð1Þr

since SrðxÞ has a simple zero at x ¼ 0 (see [KK]). Thus we get the formulað x
0

log SrðtÞ dt ¼ log
Srþ1ðxÞrSrðxÞx�r

Srþ1ð1Þr
� �

:

When r is odd, ð r
0

log SrðxÞ dx ¼ log
Srþ1ðrÞr

Srþ1ð1Þr
� �

¼ �2r log Srþ1ð1Þ

since SrðxÞ has a simple zero at x ¼ r and Srþ1ðrÞ ¼ Srþ1ð1Þ�1 for odd r. If r is
even, ð r

0

log SrðxÞ dx ¼ 0

trivially from the relation

Srðr� xÞ ¼ SrðxÞ�1

for even r. Thus we have Theorem 6. In particularð1
0

log S1ðxÞ dx ¼ �2 log S2ð1Þ;
ð2
0

log S2ðxÞ dx ¼ 0

and ð3
0

log S3ðxÞ dx ¼ �6 log S4ð1Þ:

Hence we have Theorem 7(4). We notice that

S2ð1Þ ¼
G2ð1Þ
G2ð1Þ

¼ 1
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gives the Euler-Raabe formulað 1
0

log S1ðxÞ dx ¼ 0:

Now, we see that

S4ð1Þ ¼ S4ð2ÞS3ð1Þ
¼ S3ð1Þ

¼ exp
zð3Þ
4p2

� �
;

where the last equality was proved in [KK, Theorem 3.8(c)]. Henceð3
0

log S3ðxÞ dx ¼ � 3zð3Þ
2p2

:

Thus we have Theorem 8(6). We have proved also thatð x
0

log S2ðtÞ dt ¼ logðS3ðxÞ2S2ðxÞx�2Þ � zð3Þ
2p2

and ð x
0

log S3ðtÞ dt ¼ logðS4ðxÞ3S3ðxÞx�3Þ � 3zð3Þ
4p2

since

S3ð1Þ ¼ S4ð1Þ ¼ exp
zð3Þ
4p2

� �
:

Thus we reach toð 1=2
0

log S2ðxÞ dx ¼ log S3
1

2

� �2
S2

1

2

� ��3=2
 !

� zð3Þ
2p2

;ð7-1Þ

ð1
0

log S2ðxÞ dx ¼ logðS3ð1Þ2S2ð1Þ�1Þ � zð3Þ
2p2

;ð7-2Þ

ð 3=2
0

log S2ðxÞ dx ¼ log S3
3

2

� �2
S2

3

2

� ��1=2
 !

� zð3Þ
2p2

;ð7-3Þ

ð 1=2
0

log S3ðxÞ dx ¼ log S4
1

2

� �3
S3

1

2

� ��5=2
 !

� 3zð3Þ
4p2

;ð8-1Þ

ð1
0

log S3ðxÞ dx ¼ logðS4ð1Þ3S3ð1Þ�2Þ � 3zð3Þ
4p2

;ð8-2Þ
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ð 3=2
0

log S3ðxÞ dx ¼ log S4
3

2

� �3
S3

3

2

� ��3=2
 !

� 3zð3Þ
4p2

;ð8-3Þ

ð2
0

log S3ðxÞ dx ¼ logðS4ð2Þ3S3ð2Þ�1Þ � 3zð3Þ
4p2

;ð8-4Þ

and ð 5=2
0

log S3ðxÞ dx ¼ log S4
5

2

� �3
S3

5

2

� ��1=2
 !

� 3zð3Þ
4p2

:ð8-5Þ

Hence we get all the results of Theorems 7 and 8 from the following values:

S2
1

2

� �
¼

ffiffiffi
2

p
;

S2ð1Þ ¼ 1;

S2
3

2

� �
¼ 1ffiffiffi

2
p ;

S3
1

2

� �
¼ 23=8 exp � 3zð3Þ

16p2

� �
;

S3ð1Þ ¼ exp
zð3Þ
4p2

� �
;

S3
3

2

� �
¼ S3

1

2

� �
S2

1

2

� ��1

¼ 2�1=8 exp � 3zð3Þ
16p2

� �
;

S3ð2Þ ¼ exp
zð3Þ
4p2

� �
;

S3
5

2

� �
¼ 23=8 exp � 3zð3Þ

16p2

� �
;

S4
1

2

� �
¼ 25=16 exp � 9zð3Þ

32p2

� �
;

S4ð1Þ ¼ exp
zð3Þ
4p2

� �
;

S4
3

2

� �
¼ 2�1=16 exp � 3zð3Þ

32p2

� �
;

S4ð2Þ ¼ 1;

and

S4
5

2

� �
¼ 21=16 exp

3zð3Þ
32p2

� �
:
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These special values for S2ðxÞ and S3ðxÞ are proved in [KK]. Then, values for
S4ðxÞ are shown as follows:

S4
1

2

� �
¼

G4
7
2

� �
G4

1
2

� � ¼ G4
5
2

� �
G3

5
2

� ��1

G4
3
2

� �
G3

1
2

� �
¼ G3

3

2

� ��1

S3
1

2

� �
¼ S3

3

2

� �1=2
S3

1

2

� �
;

S4ð1Þ ¼ S3ð1Þ;

S4
3

2

� �
¼ S4

1

2

� �
S3

1

2

� ��1

¼ S3
3

2

� �1=2
;

S4ð2Þ ¼
G4ð2Þ
G4ð2Þ

¼ 1;

and

S4
5

2

� �
¼ S4 4� 3

2

� �
¼ S4

3

2

� ��1

:

Thus we have proved Theorems 6, 7 and 8. r
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