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ON INTEGRAL MEANS OF THE DERIVATIVES OF BLASCHKE

PRODUCTS

Yasuhiro Gotoh

Abstract

Kutbi and Protas showed that if the zeros fakg of a given Blaschke product B

satisfy
P

kð1� jak jÞa < y for some a A ð0; 1Þ, then the integral means of its derivative

BðnÞ satisfies certain estimate. In this paper, we extend their result.

1. Introduction and results

A function

BðzÞ ¼
Yy
k¼1

jakj
ak

ak � z

1� akz
¼
Yy
k¼1

bkðzÞ

is called a Blaschke product, where fakgyk¼1 is a sequence in the unit disk D of
the complex plane satisfying

Py
k¼1ð1� jakjÞ < y. The Blaschke product B is

a holomorphic function on D satisfying jBðzÞj < 1. In this paper, we investigate

the mean value of the n’th derivative BðnÞ of B under the condition

Xy
k¼1

ð1� jakjÞa < y;ð1:1Þ

where 0 < a < 1. We recall the known results. For n A N, set

Wn ¼ ða; pÞ j 0 < a < 1; pb a; p >
1� a

n

� �
;

Gn ¼ ða; pÞ j 0 < a <
1

nþ 1
; p >

1� a

n

� �
;

Gn ¼ ða; pÞ j 0 < a <
1

nþ 1
; pa

1� a

n

� �
:

Then Gn HWn and Wn HWm ðnamÞ. Assume that (1.1) holds.
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i) If ða; pÞ A Gn, then BðnÞ belongs to the standard Hardy space Hp, (Protas
[5] ðn ¼ 1Þ and Linden [4] ðnb 2Þ).

ii) If ða; pÞ A Gn, thenð2p
0

jBðnÞðreiyÞjp dy ¼ o
1

ð1� rÞnpþa�1

 !
; r ! 1;ð1:2Þ

and this estimate is best possible (Kutbi [2], [3]).
iii) If n ¼ 1 we can replace the set G1 with W1 in the statement ii)

above (Kutbi [2] and Protas [6]). Protas showed that if ða; pÞ A W1 V fa > 1=2g
then (1.2) holds. Moreover, we can easily verify that (1.2) holds if ða; pÞ A W1 V
fab 1=2g by repeating the argument in Kutbi [2], because [2] Lemma 3 holds for
0 < a < 1, pb a, pþ a > 1.

Note that if pb 1, then the estimate (1.2) holds for n ¼ 1 if and only if the
integral modulus of continuity

opðtÞ ¼ sup
0<h<t

ð2p
0

jBðeiðyþhÞÞ � BðeiyÞjp dy
� �1=p

of B satisfies opðtÞ ¼ oðtð1�aÞ=pÞ, t ! 0 (cf. [1]).
The purpose of the present paper is to extend the results ii) and iii) above.

Theorem 1.1. Let n A N, ða; pÞ A Wn, and (1.1) hold. Thenð2p
0

jBðnÞðreiyÞjp dy ¼ o
1

ð1� rÞnpþa�1

 !
; r ! 1:

Theorem 1.2. Let n A N, 0 < a < 1, and p > 0. Assume that eðrÞ is a pos-
itive function on ð0; 1Þ satisfying limr!1 eðrÞ ¼ 0. Then, there exists a Blaschke
product B whose zeros satisfy the condition (1.1) such thatð2p

0

jBðnÞðrkeiyÞjp dy >
eðrkÞ

ð1� rkÞnpþa�1
; k ¼ 1; 2; 3; . . .ð1:3Þ

holds for some sequence frkg, rk ! 1.

From Theorems 1.1 and 1.2, the estimate (1.2) is sharp for ða; pÞ A Wn.
Theorem 1.2 is established by Kutbi [3] when 0 < a < 1=ðnþ 1Þ. Our proof for
Theorem 1.2 simplifies his argument.

Remark 1.1. Since B is bounded, we have

jBðmÞðzÞj ¼ O
1

ð1� jzjÞm
� �

; jzj ! 1;

(cf. [1]). Hence, if the estimate (1.2) holds for some ðp; aÞ, then (1.2) also holds
for each ðp 0; aÞ, p 0 b p.
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Remark 1.2. For a holomorphic function f on D, p > 0, m A N, and s > 0,ð2p
0

j f ðreiyÞjp dy ¼ o
1

ð1� rÞs
� �

; r ! 1;

holds if and only ifð2p
0

j f ðmÞðreiyÞjp dy ¼ o
1

ð1� rÞsþmp

� �
; r ! 1;

(cf. [1]). Hence, our result is new only for ða; pÞ A Wnnðð6n

k¼1
GkÞUW1Þ.

The author would like to thank the referee for his helpful comments and
suggestions.

2. Proof of Theorem 1.1

In the following, Cða; b; . . .Þ denotes a positive constant depending only on
a; b; . . . which may vary from space to space unless stated otherwise, that is,
f a 2Cðp; aÞ implies f aCðp; aÞ, on the other hand, f a 2C2ðp; aÞ does not
necessarily imply f aC2ðp; aÞ. In particular, C denotes an absolute constant.

Lemma 2.1. Let f1, f2 be bounded holomorphic functions on D, f ¼ f1 f2,
and n A N. Assume that for each pair of p, m, satisfying 1ama n and
ða; pÞ A Wm, we haveð2p

0

j f ðmÞ
j ðreiyÞjp dy ¼ o

1

ð1� rÞmpþa�1

 !
; r ! 1; ð j ¼ 1; 2Þ:

Then, ð2p
0

j f ðnÞðreiyÞjp dy ¼ o
1

ð1� rÞnpþa�1

 !
; r ! 1;

holds for each p satisfying ða; pÞ A Wn.

Proof. Assume that f1 and f2 satisfy the condition above and ða; pÞ A Wn.

From the Leibnitz formula, it su‰ces to estimate the mean value of g ¼ f
ðm1Þ
1 f

ðm2Þ
2

ð0amj a n;m1 þm2 ¼ nÞ. We may assume 1amj a n� 1. Let Xj ¼ n=mj.
Then X�1

1 þ X�1
2 ¼ 1, and ða; pXjÞ A Wmj

. Therefore,

ð2p
0

jgðreiyÞjp dya
Y
j¼1;2

ð2p
0

j f ðmjÞ
j ðreiyÞjpXj dy

� �1=Xj

a
Y
j¼1;2

o
1

ð1� rÞmjpXjþa�1

 ! !1=Xj

¼ o
1

ð1� rÞnpþa�1

 !
: r
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Set rk ¼ jakj and

jkðzÞ ¼
b 0
kðzÞ

bkðzÞ
¼ 1� r2k

ð1� akzÞðz� akÞ
¼ 1

z� ak
� 1

z� ðakÞ�1
:

Lemma 2.2. Let 0 < p < y, mb 0, and 0 < r < 1. Assume ðmþ 2Þp�
1 > 0 and jrk � rjb ð1� rÞ=3. Thenð2p

0

jjðmÞ
k ðreiyÞjp dyaCðm; pÞ ð1� rkÞp

ð1� rkrÞðmþ2Þp�1
:

Proof. Assume jzj ¼ r. Let Dk be the disk with center ak and radius
1� rk

4
. Then, z B Dk, fjzj < 1=9gH bkðDkÞ, and jbkðzÞj < 1, and so jz� akja

j1� akzja 9jz� akj. Hence,

jjðmÞ
k ðzÞj ¼ m!

1

ðz� akÞmþ1
� 1

ðz� ðakÞ�1Þmþ1

�����
�����

am!
1

z� ak
� 1

z� ðakÞ�1

�����
�����
Xm
k¼0

1

jz� akjkjz� ðakÞ�1jm�k

aCðmÞ 1� rk

j1� akzjmþ2
:

Therefore, the assertion follows from the estimate (cf. [1])ð2p
0

dy

j1� akreiyjðmþ2Þp a
Cðm; pÞ

ð1� rkrÞðmþ2Þp�1
: r

Lemma 2.3 (Kutbi [3]). Let n A N and ða; pÞ A Wn. Assume fukgk is a

sequence of numbers satisfying 0 < uk < 1 and
P

kð1� ukÞa < y. Then

Xy
k¼1

ð1� ukÞp

ð1� ukrÞðnþ1Þp�1
¼ o

1

ð1� rÞnpþa�1

 !
; r ! 1:

Proof of Theorem 1.1. We show the assertion by induction for n. Let
n A N. Assume that the assertion is true for 1; 2; . . . ; n� 1. Let ða; pÞ A Wn and
(1.1) hold. Set

S1 ¼
[

j¼0;2;4;6;...

fk j 2�j�1 < 1� rk a 2�jg;

S2 ¼
[

j¼1;3;5;7;...

fk j 2�j�1 < 1� rk a 2�jg;
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and Bj ¼
Q

k ASj
bk ð j ¼ 1; 2Þ. Then B ¼ B1B2 and Bj satisfies the condition

(1.1). We show that both B1 and B2 satisfy the estimate (1.2), which implies that
B also satisfies (1.2) because of Lemma 2.1 with the assumption of induction.
We show this only for B1, because the same argument holds for B2.

Assume that the estimate (1.2) holds for r ¼ rð jÞ ¼ 1� 3=ð2 � 4 jÞ, j ¼
1; 2; 3; . . . : For general r, if we take rð jÞ so that rð jÞ a r < rð jþ1Þ, thenð2p

0

jBðnÞðreiyÞjp dya
ð2p
0

jBðnÞðrð jþ1ÞeiyÞjp dy ¼ o
1

ð1� rÞnpþa�1

 !
;

because 1� ra 4ð1� rð jþ1ÞÞ and the integral mean is non-decreasing. There-
fore, it su‰ces to show (1.2) only for r ¼ rð jÞ. Moreover, we may assume p < 1
by Remark 1.1.

Since B 0
1 ¼ B1

P
k AS1

jk, from the Leibnitz formula, it su‰ces to estimate the

integral mean of g ¼ jBðm1Þ
1 j

P
k AS1

jjðm2Þ
k j, where 0amj a n� 1, m1 þm2 ¼ n� 1.

Let r ¼ rð jÞ. Then jrk � rjb ð1� rÞ=3 holds for k A S1.
First, assume m1 ¼ 0. Since ða; pÞ A Wn and so p > 1=ðnþ 1Þ, appealing to

Lemmas 2.2 and 2.3, we obtainð2p
0

gðreiyÞp a
ð2p
0

X
k AS1

jjðn�1Þ
k ðreiyÞj

 !p
dya

ð2p
0

X
k AS1

jjðn�1Þ
k ðreiyÞjp dy

aCðn; pÞ
X
k AS1

ð1� rkÞp

ð1� rkrÞpðnþ1Þ�1
¼ o

1

ð1� rÞnpþa�1

 !
:

Next, assume m1 b 1. Let 1 < X1;X2 < y satisfy X�1
1 þ X�1

2 ¼ 1. Then

ð2p
0

gðreiyÞp dya
ð2p
0

jBðm1Þ
1 ðreiyÞjpX1 dy

� �1=X1 ð 2p
0

X
k AS1

jjðm2Þ
k ðreiyÞj

 !pX2

dy

0
@

1
A
1=X2

¼ I
1=X1

1 I
1=X2

2 :

If ða; pX1Þ A Wm1
, then from the assumption of induction we have

I1 ¼ o
1

ð1� rÞm1pX1þa�1

 !
:

Moreover, if pX2 a 1 and ða; pX2Þ A Wm2þ1, then ðm2 þ 2ÞpX2 � 1 > 0, and so
from Lemmas 2.2 and 2.3 we obtain

I2 a
X
k AS1

ð 2p
0

jjðm2Þ
k ðreiyÞjpX2 dy

aCðm2; p;X2Þ
X
k AS1

ð1� rkÞpX2

ð1� rkrÞðm2þ2ÞpX2�1
¼ o

1

ð1� rÞðm2þ1ÞpX2þa�1

 !
:
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Thus, if we can take X1, X2, 1 < Xj < y, X�1
1 þ X�1

2 ¼ 1, so that

pX2 a 1; ða; pX1Þ A Wm1
; ða; pX2Þ A Wm2þ1;ð2:1Þ

then we obtain the required estimateð2p
0

gðreiyÞp dy ¼ o
1

ð1� rÞnpþa�1

 !
:

Since pX1 b a and pX2 b a, the condition (2.1) is equivalent to

1

X1
<

m1 p

1� a
; pa

1

X2
<

ðm2 þ 1Þp
1� a

:

Now, since p < ðm2 þ 1Þp=ð1� aÞ and

p < 1 <
np

1� a
¼ m1 p

1� a
þ ðm2 þ 1Þp

1� a
;

we can always take such Xj ¼ Xjðm1; p; aÞ, which completes the proof.

3. Proof of Theorem 1.2

Lemma 3.1 (cf. Kutbi [3] Lemmas 8 and 9). Let 0 < r < 1, q A N, n A N, and

bðzÞ ¼ rq � zq

1� rqzq
:

Assume p > 1=ðnþ 1Þ. Then there exist constants N1 ¼ N1ðn; pÞ A N, e1 ¼
e1ðn; pÞ > 0 such that if r, q satisfy 1� rq < e1, q > N1, thenð2p

0

jbðnÞðreiyÞjp dy and
q

ð1� rÞnp�1

are comparable with constant factors depending only on n and p.

Let 0 < a < 1 and p > 0. We may assume p > 1 by Remark 1.1. Let
eðrÞ be a given continuous function on ð0; 1Þ satisfying limr!1 eðrÞ ¼ 0. We can
take a positive function dðrÞ on ð0; 1Þ, so that eðrÞa dðrÞ, limr!1 dðrÞ ¼ 0, and
limr!1 dðrÞð1� rÞ�b ¼ y for each b > 0. Let frkg be a sequence of numbers
increasing to 1 such that

P
k dðrkÞ < y. Let qðrÞ ¼ ½dðrÞð1� rÞ�a�: the integral

part of dðrÞð1� rÞ�a, and qk ¼ qðrkÞ. Since qk ! y, we may assume qk bN1

and fqkg is increasing, where N1 ¼ N1ðn; pÞ is the constant in Lemma 3.1. Set

BðzÞ ¼
Yy
k¼1

rqk � zqk

1� rqk zqk
¼
Yy
k¼1

bkðzÞ:
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Since
P

k qkð1� rkÞa a
P

k dðrkÞ < y, B satisfies the condition (1.1). In par-

ticular, r
qk
k ! 1. Hence, we may assume 1� r

qk
k a e1 where e1 ¼ e1ðn; pÞ is the

constant in Lemma 3.1.

Since bkðzÞ ! 1, b
ðmÞ
k ðzÞ ! 0 ð1ama nÞ uniformly on compact subsets of

D as k ! y, and jbkðzÞj ! 1 as jzj ! 1, taking a subsequence if necessary, we
may assume

jbkðzÞjb 1� 2�k�2 ðjzja rk�1 or jzjb rkþ1Þ;ð3:1Þ
jbðmÞ

k ðzÞja e22
�k�2; ðjzja rk�1Þ; 1ama n;ð3:2Þ

where e2, 0 < e2 < 1, is a given constant. Set

Bk ¼
Y
l0k

bl ; fk ¼
Y

lbkþ1

bl :

Since
Qy

l¼1ð1� 2�l�2Þb 1
2 , from (3.1), we have

jBkðzÞjb
1

2
; ðjzj ¼ rkÞ:ð3:3Þ

Next, assume 1ama n and jzj ¼ rk. Then

f
ðmÞ
k ¼ m!

X
�

X
��

Yl
j¼1

b
ðnjÞ
sj

nj!

Y
jbkþ1

j0s1;...; sl

bj

0
BB@

1
CCA;

where
P

� is taken over all pairs of positive integers l, n1; . . . ; nl , satisfying
n1 þ � � � þ nl ¼ m, and

P
�� is taken over all pairs of positive integers s1; . . . ; sl

satisfying k þ 1a s1 < s2 < � � � < sl . Thus,

jfðmÞ
k jam!

X
�

X
��

Yl
j¼1

jbðnjÞsj j
nj!

am!
X
�

Yl
j¼1

Xy
i¼kþ1

jbðnjÞi j

am!
X
�

Yl
j¼1

Xy
i¼kþ1

e2

2 iþ2
¼ m!

X
�

e2

2kþ2

� �l
aCðnÞe2:

Therefore, if e2 ¼ e2ðnÞ > 0 is su‰ciently small, then we obtain

jfðmÞ
k ðzÞja 1

2
; ðjzj ¼ rkÞ; 1ama n:ð3:4Þ

It is to be noted that both the estimates (3.1) and (3.2) hold for each sub-
product of B, and so the estimates (3.3) and (3.4) also hold for each subproduct
of B.

We show that there exists a subsequence fr̂rjg, r̂rj ¼ rkj , of frkg, satisfying

jB̂BðmÞ
j ðzÞjaFðr̂rjÞ ðjzj ¼ r̂rjÞ; 1ama n;ð3:5Þ
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where b̂bj ¼ bkj , B̂B ¼
Q

j b̂bj, B̂Bk ¼
Q

j0k b̂bj, and FðrÞ is a given function on ð0; 1Þ
satisfying FðrÞ ! y ðr ! 1Þ. We choose fr̂rjg inductively as follows. Set f̂fj ¼Q

lbjþ1 b̂bl . First, since jf̂fðmÞ
1 ja 1=2 ðjzja r̂r1Þ by (3.4), if k1 is su‰ciently large,

then B̂B1 ¼ f̂f1 satisfies (3.5) with an arbitrary choice of kl ðlb 2Þ. Next, assume
that we can take k1; . . . ; kj�1, so that (3.5) holds for 1; 2; . . . ; j � 1, with an
arbitrary choice of kl ðlb jÞ. Since b̂b1 � � � b̂bj�1 is a finite Blaschke product,

jðb̂b1 � � � b̂bj�1ÞðlÞjaCðr̂r1; r̂r2; . . . ; r̂rj�1Þ, 0a la n, holds on D. Hence, from (3.4)
again, if jzj ¼ r̂rj , then

jB̂BðmÞ
j ja

Xm
l¼0

m!

l!ðm� lÞ! jðb̂b1 � � � b̂bj�1ÞðlÞj jf̂fðm�lÞ
j jaCðn; r̂r1; r̂r2; . . . ; r̂rj�1Þ:

Thus, if kj is su‰ciently large, then (3.5) holds for j with an arbitrary choice
of kl ðlb j þ 1Þ, which completes the proof of (3.5). In the following, fr̂rjg is
denoted by frkg for the simplicity.

Since B ¼ Bkbk, we have from the Leibnitz formula,ð2p
0

jBðnÞðrkeiyÞjp dybC1ðn; pÞ
ð 2p
0

jBkðrkeiyÞbðnÞk ðrkeiyÞjp dyð3:6Þ

� C2ðn; pÞ
Xn
m¼1

ð2p
0

jBðmÞ
k ðrkeiyÞbðn�mÞ

k ðrkeiyÞjp dy:

Now, we set

FðrÞ ¼ e3 min
1

1� r
;

qðrÞ1=p

ð1� rÞn�1=p

( )

in (3.5), where e3 > 0 is a given constant.
As to the first term of the right side of (3.6), from Lemma 3.1 and (3.3), we

have ð2p
0

jBkðrkeiyÞbðnÞk ðrkeiyÞjp dyb
1

2p

ð 2p
0

jbðnÞk ðrkeiyÞjp dyb
Cðn; pÞqk

ð1� rkÞnp�1
:

Next, we estimate the second term of (3.6). For m ¼ n, from (3.5), we haveð2p
0

jBðnÞ
k ðrkeiyÞjpjbkðrkeiyÞjp dya 2pFðrkÞp a

2pep3qk

ð1� rkÞnp�1
:

For 1ama n� 1, from Lemma 3.1 and (3.5), we haveð2p
0

jBðmÞ
k ðrkeiyÞbðn�mÞ

k ðrkeiyÞjp dyaFðrkÞp �
Cðn; pÞqk

ð1� rkÞðn�mÞp�1
ð3:7Þ

a
Cðn; pÞep3qk
ð1� rkÞnp�1

:
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Thus,

Xn
m¼1

ð2p
0

jBðmÞ
k ðrkeiyÞbðn�mÞ

k ðrkeiyÞjp dya
Cðn; pÞep3qk
ð1� rkÞnp�1

:

It follows from (3.6) that if e3 ¼ e3ðp; nÞ is su‰ciently small, thenð2p
0

jBðnÞðrkeiyÞjp dyb
Cðn; pÞqk

ð1� rkÞnp�1
b

Cðn; pÞeðrkÞ
ð1� rkÞnpþa�1

:

Now, repeating the argument above for a suitable ‘‘eðrÞ’’, we obtain Theorem
1.2.
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