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ON THE DEFICIENCY OF AN ENTIRE FUNCTION
OF FINITE GENUS

BY TADASHI KOBAYASHI

1. Introduction. In [1], Edrei and Fuchs established the following

THEOREM A. Let f(z) be an entire function of finite order having only
negative zeros. If the order is greater than one, then f(z) has zero as a Nevan-
linna deficient value.

The extension of this result to more general distributions of the arguments
of the zeros of an entire function was investigated in [2], [3] and [4].

Indeed Ozawa [4] gave the following result.

THEOREM B. Let g(z) be a canonical product of genus one and with only
zeros {an} in the sector

Then

with a positive constant A.

In this paper we shall prove the following theorems.

THEOREM 1. Let g(z) be a canonical product of finite genus q (^1) and
having only zeros in the sector

Then

with a positive constant A(q).

THEOREM 2. The assumptions of Theorem 1 imply

where p and μ indicate the order and the lower order of g(z\ respectively.
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COROLLARY. Let f(z) be an entire function of finite genus q (̂ 1). // its
zeros lie in the sector

then f(z) has zero as a deficient value.

This Corollary is an immediate consequence of the above two theorems.
Further it should be remarked that for each positive integer q and for each
Sq(>π/(2q+2)\ there exists an entire function f(z) of genus q whose zeros lie
in the sector

but

3(0,/)=0.

Therefore, the result of Corollary is no longer true when the opening of the
sector is greater than π/(q+ΐ).

2. Lemmas. Our proofs of Theorem 1 and 2 depend heavily on the follow-
ing lemmas.

LEMMA 1. For each positive integer q, set

1 q 2
Sq(r, χ, 30—-9- 1°8 ^(r> x> ^)+ Σ -^rrn cos nx cos ny

L n=l •I'

where

L(r, x, 30=1—4rcos*cosj>+2r2cos2*

+4r2 cos2 y—4r3 cos x cos j>+r4.

Then

L(r, x, y) _d_s , ,
2r*+1 dy ύq( ' ' y)

^-(cos qx sin ̂ )r3+^l*(Λ:, y)r2+B*(x, y)r

+cos (^+!)Λ: sin (q+ΐ)y ,

^4*(jc, 3^)=4 cos x cos 3> cos ^Λ: sin qy—cos (#—!)* sin (q—ί)y ,

^ 3/)=rsin ^^c sin qy sin 2;t— cos qx cos #y sin 2^

—2 cos2 Λ: cos ^Λ: sin qy—cos 2^ cos qx sin #y.

Proof. It is sufficient to prove the result for tf^5. By a simple calculation
we have
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~2-L(r, x, y}-j^Sq(r, x, y)

= -(cos qx sin qy)rq+/L+A*(x, y}rq+s

+Bq(x, y}r«+*+Cq(x, y)r«+1+Rq(r, x, y)

where

Bg.(x, y}= —cos (q— 2)x sin (q—2)y—2 cos 2x cos qx sin qy

+4 cos x cos y cos (<?—!)* sin (q—l)y

—4 cos2 3> cos qx sin tf y ,

£«(*, 3θ= — cos(#— 3)* sin (4— 3)j>

+4 cos x cos j> cos (q— 2}x sin (<?— 2):v

—4 cos2 y cos (#— 1)* sin (q—l)y

—2 cos 2 :̂ cos (q—ΐ)x sin (^—1)^

+4 cos x cos 3> cos ^Λ: sin qy ,

•ftg(X ,̂ j/)=(cos ^ sin 3^)r— 2(cos 3̂  sin y)r2

q

+(cos Λ: sin y)r3—^Σrn cos n* sin ny
n=l

«-l
+4 Σ rn+1 cos Λ: cos 3̂  cos nx sin ny

71=1

-2βΣr7l+2(cos 2x+2 cos2 3;) cos nx sin ny
n=l

9-3

+4 Σ ^n+3 cos Λ: cos y cos nz sin ny
71=1

α-4
— Σ rn+ cos WΛ: sin n3/ .

n=l

Let us consider J?fl(r, Λ:, y). Then

n=2

where

^n(^» ^)— 4 cos x cos y cos (ft— ΐ)x sin (n— l)y

+4 cos x cos j cos (n— 3)x sin (n— 3)y

— 2(cos 2*+2 cos2 y) cos (n-2)^: sin (n— 2)y

—cos nz sin ny— cos (n— 4)* sin (n— 4)y .

Using elementary trigonometric relations, we have
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Dn(x, 30=0

for all n. Thus Rq(r, x, y) is identically equal to zero. On the other hand

Cq(x, Jθ=cos x cos y cos qx sin qy+cos x sin y cos qx cos gjy

—sin x cos j> sin qx sin ^j— sin # sin y sin ## cos #;y

=(cos x cos #*— sin # sin <?*)(cos y sin

=cos (g+1)* sin (q+ΐ)y

and

ββ(*, 3>)— (cos 2x— 2 cos2 %) sin 2y cos ^Λ: cos ̂

+(2 cos2 y— cos 2j/) sin 2x sin ^Λ: sin qy

—(2+ cos 2y) cos 2 :̂ cos qx sin ̂

+(4 cos2 x— 4) cos2 y cos tf* sin ̂

Thus we have the desired result.

LEMMA 2. For each even integer q (^

j-qr, x, y^

for r^O, ^ and

Proof. Evidently (cos(g+l)* sin(4+l)j>), — (cos qx sin qy\ Aξ(x, y) and
B*(χ, y} are all non-positive under the given conditions. Hence Lemma 1 implies
the desired fact.

LEMMA 3. For each odd integer q (^

d c

djΛ

for r^O, 0^*^^- and -^^-π^y^π.

Proof. Under the given conditions

x, y) ̂  (4 cos x cos #*—1) sin qy cos ̂

and



324 TADASHI KOBAYASHI

B*(x, y)^ sin qx sin qy sin 2x

—(cos 2x+2 cos2 y) cos qx sin #;y

^(Xf —cos qxjsm qy

^0;

Thus from Lemma 1 we have the desired result.

3. Proof of Theorem 1. By the definition of Sq(r, x, y) we have

Sq(r, u, v)=log\E(re**ei9, q)\+log\E(reiue-iυ, q)\

where E(z, q) is the Weierstrass primary factor. Let g(z) be a canonical pro-
duct of genus q and with only zeros {an} in the sector

Put

argαn=vn (n=l, 2, 3, •••).

Then we have

log I g(re") I +log I *(πr ««) | - £ S
n=l

In the first place we assume that q is even (^2). From Lemma 2,

71=1

for r^O and --^u^ _ . Let

Then
00

log I F(re™v*)F(reτuϋ*) \ — Σ <

where ι>*=exρ ( 9^4-2 )' Thus we have

log \g(re™)g(re-™)\^log\F(re™v^F(re™v*)\

for r^O and -^-^M^ 2g— 2 ' InteSratmβ with respect to u from -J^- to

7Γ \ .

=) glVCS

r,Q,g)^—τ±-\ log\F(relu)\duΔπ Jlq
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where

T -Γ 20+1 π η . r π τr_-|
^-L 20(0+1) *' 0 J~α 20(0+1)' 0(0+1) J

Now by Shea's representation [5],

2m(r, 0, £)^Jo

+~JVK 0, g)K*(t)dt

where

Put

7Γ
=2 COS ' 5β==2 COS

Then

π π π
sin o^ . o sin „ , 1 sin

ιqL t, --rj.-r.Ligi £2+l + Cgί

Let us consider Iq(t\ which is equal to

tBQ-tDq _,„ π , tCo-tA*
sin + Sm

(X+Bqt)(X+Dqt)
 bm 0 ̂  (^+^βί)(-ϊ+CβO 20

where X=t*+l. Evidently

for all f^O. Hence

^^β-^g) sin -γ+(Cq-Aq) sin ̂ ~
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Thus we have

for all t>0. Next, consider /,(?). Then

~ sin " " " sin ~
X+BJ ~ξ+Γ

where X=t2+l. Therefore

(X+Aqt)(X+Bqt)Jq(t)

4 cos - sίn ~2 cos - sin

From

4 sin cos -cos cos

=4 sin

we have

(X+ΛβO(*+BβOΛ(0^ sin

for all ί^O. Hence we have

Λ(0>o
for all ί>0. Then K*(t) is positive for all ί>0. Therefore

2m(r, 0, g)^~N(rt, 0, g)K*(t}dt

^N(r, 0, g)$*~K*(t)dt

for each r>0. Put

Then evidently A(q) is positive and

Π- Mr, Q, g)
l̂ϊL T(r, ί)

Next, consider the case that q is odd (ί^l). In this case from Lemma 3,

log I *(««•)*(«-«) I ̂  Σ Sβ(-rfτ-, u,
n=l v I "n I
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for r^O and O^w^-^-. Let

Then for r^O, O^w^^-

log Ig(re™)g(re~ l u ) | ̂ log | F(reluv*)F(reτuϋ*) \

where v*=exp ( 2α+2 )' The inte^ration witn respect to u from 0 to vaίa-

-j-^\ yields

2m(r, 0, g)^ f +°°Mrί, 0, g}K*(t}dt,
J o

Put

!? ' "«—"WB 2?(ϊ+l) '

Then

X+Bqt ) COS ~2q

1 Λ _ 1

sίn

Evidently

X+Aqt =

for all ί^O. Therefore K%(f) is positive for all ί>0. Thus we have

This completes the proof of Theorem 1.

4. Proof of Theorem 2. Using the same notations as in the section 3, we
have

2T(r, g)^ f +~N(rt, 0, g)K*(t)dt .
J 0
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Further we have shown that

and

for O^f^l. Hence

0,

Since g(z) is of genus q,

lim I N(t, 0,,
r-H -

Therefore

which yields q^μ. μ^=p^(q+ϊ) is well known.
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