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1. Introduction.

It is well known that a Kihler space of constant holomorphic sectional cur-
vature is an Einstein space (Yano [13]). The main purpose of the present paper is
to generalize this result to a K-space (Theorem 4.4). Preliminary facts will be
given in §2. In §3, we shall prepare some lemmas for the proof of main theorem.
Particularly, we shall prove some lemmas about the K-space of constant holomorphic
sectional curvature. In §4, we shall prove the main theorem and some related
theorems on the generalized Chern-form.

2. Preliminaries.

Let M be an n-dimensional (z>2) almost Hermitian manifold with Hermitian
structure (F}, g;), i.e., with an almost complex structure F,* and a positive definite
Riemannian metric tensor g; satisfying

2.1 F)2Foi=—4}

(2.2) gisF ) Fi=gji.
If an almost Hermitian structure satisfies

2.3) VeFi+V;Fy=0,

where V; denotes the operator of covariant differentiation with respect to the
Riemannian connection and Fj;=Fjtg;;, then the manifold is called a K-space (or
Tachibana space, or nearly Kdhler manifold).

Now, in a K-space let Ryj", Rjiy=Rn;" and R=¢7*R;; be Riemannian curvature
tensor, Ricci tensor and scalar curvature respectively. Then we have the following
identities [7], [8]:

2.4) ViFin+ FPFVs Fon=0,
(2. 5) Fththth=Rkj_R*jk, or VtV:F]h=FM(RjL—'R*Ij):
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where Ft=g'*l, and R*;;=(1/2)F®*Rya:F’,

@. 6) Rj=F,*F%Rya, R* = F P F.oR*y,
2.7 R*;=R*,,,
(2. 8) ViFi(FiF*)=Rj— R*j3,

where F7i=F;%"; and
2.9 V;Fin(PIF™)=R— R*=constant >0,

where R*=g7‘R* .
Since we have T*/F,R;in=0 for any skew-symmetric tensor T*, we get

(2. 10) (PEF 7, R yiny=0.
As (1/2)V;R*=FIR*; in a K-space [5], we have

(2.11) V¥(Ri— R*u)= % Vi(R—R*)=0.

3. Some lemmas.
In general, it is well known that the differential form
K =K jidz’ Ndz*
is closed in any almost Hermitian manifold, where
K 1i=2R ' Fy = FAV;FA)FY,

which is called the generalized Chern-form [8].
In a K-space, taking account of (2.8), we have

(3.1 K i=F,GR*,i—R..).
Recently, A. Gray proved the following
Lemma 3.1. (Gray [1]) In a K-space, the relation

(3. 2) Rjist - RbastF]ban' = (Vszr)VsF‘Lry
3.3) Riink— F 2 FPFwFi® Rapea =0
hold good.

Moreover, the present authors proved the following

LemmMa 3. 2. (Takamatsu and Watanabe [111) In a K-space, we fave



K-SPACE OF CONSTANT HOLOMORPHIC SECTIONAL CURVATURE 299
3. 4) TS = — 4 (SP Fun) Fum =+ S, i Py,
where Sﬂ=Rﬁ-—R*ﬁ.
Now we have the following
LEmMA 3.3. In a K-space, the relation
(3. 5) S Ry jin— SR jpa P Fr%)=0
holds good.

Proof. If we transvect (3.2) with F,F7, then we have, taking account of
(2. 4) and (2. 8),

2PhF IR jigy= — Sp" TV, F,,.

Applying F* to this equation, we have, by (2. 10) and (2. 11),
2(P"PhF )R jisy= —Sp"V"VsFir,

or by Ricci’s identity and S* VP, F,, =0,

Z(Vth,Fﬂ)Rjist =Sh,r( - VthEr + RhstaFa'r + RhsraFta)
(3. 6)
= Shr(RhsatFra' - RhsarFta)-

Transvecting (3. 6) with F’, we have,
3.7 2F (P PpFI)R jir =S (Rhskr — RuseaF W' Fr®).
Substituting (2. 5) into (3. 7), we obtain

2F ¢t FoIS®R jiss =S (Rpskr — RustaF ' F7%),

or by Bianchi’s identity,

(3. 8) 2Fk£FajSai(Ruj: + leis) = SM(Rlulcr - RhsmFIchra)-
Moreover, making use of F,/S%=—F,iS%, (3. 8) reduces to
(3. 9) 4FktFathjisSa'i = Shr(Rhskr - RhstaFktFra),

from which we have (3. 5).
Transvecting (3. 5) with ¢**, we have the following
LemmA 3.4. (Takamatsu [10]) In a K-space, the relation
(3.10) S7(Rj;—5R*;;)=0
holds good.
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LemMMA 3.5. In a K-space, we have
(3.11) (Rigin — RijoaFPFr*)S7 = % (BRir+ R*r)Sh".

Proof. By Ricci’s identity, we have
(3. 12) ViViSsi— VilnSsi= RuimsSi™ + RnumiSs™.
Transvecting (3. 12) with ¢*, we have, by virture of (2. 11),
(3. 13) RuumsS*™ = RpmSs™ — VVnSs.

Now, applying F* to (3. 4), we have

_ZVthSn=Sri(VinFsm)Fhm+Sri(VrFsm)ViFhm
(3.14)
+ Vissr(ViFmr)Fhm+Srs(ViViFmr)Fhm +Ssr(ViFmT)ViFhm-

Let us calculate the right hand side of (3.14). By Ricci’s identity and (3. 2), we
have

Vil B — Vsl Fn" = Rusa” Fin® — Risn® '

(3.15) =Fn*(Risa” — Risw F™°F ")
=Fp(—=ViF o)V F™.
Multiplying both sides of (3.15) by S .F,™, we have
SLYFw™ Vil Frn" =S4 (Vi Fo)VhF™.

Thus, the first term of the right hand side of (3. 14) reduces to
(3. 16) Sr(FPV T Feom)Fp™= — P F PV " Fai)S.
For the third term, by (3. 2), (3.4), (3.9) and (F'F," ) F,"=F"F,™)F,', we have

1

ViSes(PiFm ) Fn™ = — = {Sts(P Fr) Fit + S (P F Y FH (P F ") Fi™

2
1 3 4 r m
= "Z—{Sta(VrF m)—Str(VsFm )}V Fh

—

(3.17) = — - {SesSn’ + S (Ve Fsm)Vn ™}

2
1 t 24 af b
= *Z-{Stssh -5 (sthr“RmaFr Fh )}
1

2 StsSht + 2 thFathjbsSab-
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The fourth term, making use of (2.5), reduces to
(3.18) Srs(PViFn ) F™=SSu".
Substituting (3. 16), (3. 17) and (3. 18) into (3. 14), we have

3. 19) PifSp= %s;s,” Byt Fu RuyisS™,

Thus, making use of (3.19), from (3. 13), we have

Rhmzssim = Rtham - _411- Shmssm + FhﬁijRLji.ssz;

or
(Rhmes— FnFud Ry j15)S™ = (an - %‘Snm) Si™,
from which we have (3. 11).

LemMmA 3.6. In a K-space, we have

" 5

(3. 20) ST Ry jin= 16 Tin,
. 1

3.21) S7 Ry joaFiPFr®= % Tins
, 1

8. 22) SMEFR, jig= ra Tix,

where Tin="Thi=(3Rer+ R*i,)Sn".

Proof. First, by (3. 11) and S;;=S;,, Tkn=Ths is easily verified. (3. 20) and (3. 21)
immediately follow from simultaneous equation (3.5) and (3. 11) with respect to
S Ryjin, ST RejaF2F%  For (3. 22), making use of Bianchi’s identity, (2.6) and
(3. 21), we have

S"’anrquRrjiq = SthhrFlcq( - Rﬂrq - RM’](])
=SYF Fi'R, yrq—SY " F Ry

(3. 23)
=SthhrquRtjrq+S’L'thFIchq]r1.
1 1 1
=16 Tix+ 16 Tix= g Tix.

LemMA 3.7. In a K-space, we have

(3. 24) VkSﬁ(Viji) = —é—‘ (Rpn—bR*,,)S%S",.
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Proof. Calculating the square of both sides of (3.4), we have
(3. 25) 20 S;i(PESTY) =S" SO n F ym ) Vo I™ + SMSOH (P F ) 1 .
Substituting (2. 8) and (3. 2) into (3. 25), by (3. 20) and (3. 21), we obtain
27S (P *S7%) = 5.5 Shp — S"*S* (R jvi — R 1pa FsP Fi7)

X (5 1
=Shlsbzshb_sm<_]z‘)_ TM _ 1_6 TM)

=Sh1,sbiSh,b — _i_ Th’LShI
= % (4Rpr—4AR*yp, — 3Rnp — R*4p)S*S;"

= —i— (Rb),, - SR*bh)Sb"Shz.

Lastly, we shall state some lemmas for a K-space of constant holomorphic
sectional curvature.

Let £ be a holomorphic sectional curvature of an almost Hermitian space with
respect to a vector X", that is,

RuyrnF" X Fr XPXI X"

3.2 =—
(5.20) k Qi XEX1gip XX

If k=constant with respect to any vector at any point of the space, then the
space is called a space of constant holomorphic sectional curvature. We know the
following

LemMma 3.8. (Mizusawa and Koto [4]) If an almost Hermitian space is a
space of comstant holomorphic sectional curvature, then the curvature tensor of the
space satisfies the following relation:

Ryjin+ Rojin— Fi Frl(Rijig+ Rujig)

— FPFy™ Riymp+ R jiep) — Fy"FiP(Runip+ Rinmp)
(3.27)
bl quFjl(Rihlq + thzq) + quFiijthL(quLp + qump)

= — 4kaqup(gquhj +gqhg1p+gqjgph).
For a K-space of constant holomorphic sectional curvature, we know the following

LemMA 3.9. (Koto [2], Takamatsu [9]) In a K-space of constant holomorphic
sectional curvature, we have

(3. 28) R+ 3R*ir=(n+2)kgir,
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or

*
(3. 29) Rer+3R* = R*ZR

Jkry

where k is positive constant.

Lemma 3.10. In a K-space of constant holomorphic sectional curvature k, we
have

(3. 30) (Rir —5R*1y)Si™S* = 2k(S* — nSi.S*),
where S=R— R*.
Proof. Transvecting (3. 27) with S and making use of (3.3), we have,
(Rijin+ Rojin)S™ — Fr? Fru{( Rijig+ Riojig)S™

- Fipan(RkJmp + Rmy‘kp)shj - FJmFip(Rmhkp + Rkhmp)Shj
(3. 31)
— P F (Rinig+ Runag)S™ 4 (R jini~+ R ji)S™

= —4k(grigni+ Finkij+ FyiFin)S™.

Then, substituting (3. 20), (3. 21) and (3. 22) into (3.31) and making use of (2. 6),
we have

5 1 1
- <— Tei+ 1i Tzlc) - <—'— Tie+ —'Tik>

16 6 8 16
1 1 1 1 1 1
(3. 32) - (-lg Trit+ r Tm> - <-§ Tri+ 16 Tm) - (Té T+ g Tik>
10

- 1—6' Tk1,= — 4k(sgkz + zslu)-

From (3. 32), by Ti,=Ti, we have
—2T 4= —4k(Sqii+2Sk.),
ie.
(3.33) (BRpr + R*1r)Si™ = 2k(Sgri + 2Sk.).
Then forming (3. 33)—2S,”" X (3. 28), we have
(Rir —5R*r)Si" = 2k(Sgri— nSi.).
Thus, transvecting this last equation with S*', we have

(Rir —5R*;y)Si"S* = 2k(S* — nS1.S*).



304 YOSHIYUKI WATANABE AND KICHIRO TAKAMATSU
Moreover, we know the following

LemMmA 3.11. (Sawaki and Yamagata [6]) In a K-space of constant holomor-
phic sectional curvature, we have

(R+3R*(R—R¥)

(3. 34) SyStt= on

(3. 35) (Rji—5R*;;)(R/P—5R*7) = % (R+3R*)(5R*—R),
and

(3. 36) R*< R=5R*.

LEMMA 3.12. Let M be a K-space of constant holomorphic sectional curvature.
Then, in order that M is an KEinstein space, it is mecessary and sufficient that
R=5R*,

Proof. For sufficiency, taking account of (3. 29) and (3. 35), we can easily see
that M is an Einstein space.

Conversely, if M is an Einstein space, then from (3. 29), we have R*;;=(R*/n)g ;.
Therefore we have Rj;— R*;;=((R— R*)/n)g;, from which we get R=5R*, by virture
of (3. 10).

4. Theorems.

THEOREM 4. 1. Let M be a K-space such that
4.1 S;i=Rji—R*ji=agj.
Then M is an Einstein space.

Proof. Substituting (4. 1) into (3. 5), we have
4. 2) R;i=5R*;.
Transvecting (4. 1) and (4. 2) with ¢’!, we have
4.3) R— R*=na, R=5R*,

respectively.
Substituting (4. 2) and (4. 3) into (4. 1), we have

Rji= 7 gjie

Since a 6-dimensional K-space satisfies the condition (4. 1) [10], we have
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CoROLLARY 4. 2. (Matsumoto [3]) A 6-dimensional K-space is an Einstein space.
If the generalized Chern-form K vanishes, then from (3. 1), we have

R;;=5R*,.

Therefore from (3. 24), we get /.S;=0. But, we know that if a symmetric tensor
Ej; is parallel in an irreducible Riemannian space, then E;;=cg;; where ¢ is constant.
Consequently, by virture of Theorem 4.1, we have

CoROLLARY 4. 3. An irreducible K-space with vanishing generalized Chern-form
K is an Einstein space.

THEOREM 4. 4. A K-space of constant holomorphic sectional curvature is an
Einstein space.

Proof. Substituting (3. 34) into (3. 30), we have
(Rir —5R*1r)S7,S** = 2k(S? — 1Sk S*?)

- oz WR+3R*)(R—R*)
4. 4) =2k{(R—R*)*— 9 }
=k(R— R*)(R—5R*).

On the other hand, making use of (4.4), from (3. 24), we have
4.5) (TSP S = —é—k(R—R*)(R—SR*).

In the above equations (4. 5), since £>0 and R—R*>0, we have
4. 6) R—5R*=0.

Comparing (4. 6) with (3. 36), we have R=5R*.
Consequently, by virture of Lemma 3. 12, the proof of the theorem is complete.

COROLLARY 4.5. The generalized Chern-form K of a K-space of constant
holomorphic sectional curvature vanishes.

Proof. By Theorem 4.4 and Lemma 3. 12, we have R=5R*. Hence, from
(3. 35), we have R;;=5R*; which shows that K =0.
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