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DEFICIENCIES OF AN ALGEBROID FUNCTION
By Mitsuru Ozawa

1. Let f(2) be an #n-valued transcendental algebroid function in |z|<co defined
by an irreducible equation

F(z, /)= An@) "+ Ans(R)S "7 o+ Ao(2) =0,

where the coefficients A, ---, A, are entire functions without any common zeros.

It is well known that if a transcendental meromorphic function f has two full
deficient values @i, @s, that is, d(e,,f)=1, j=1, 2, then f is either of positive integral
order or of infinite order.

In this note we shall be concerned with an extension of the above fact to
algebroid functions. The problem is the following: Does é(ax, f)=1 for k=1,-.,n+1
imply the positive integrity of order of f? We could not answer to this question
in any way.

In general, #+1, the number of full deficient values, cannot be improved.
This is evident for the one-valued case. We now construct a two-valued transcen-
dental algebroid function having a further property. Let ¢ be an entire function
of finite order 2 satisfying 4(0,¢)=1 with the Valiron deficiency 4. The existence
of such functions for any given order 2 was shown in [3]. Let f(z) be a two-
valued entire algebroid function, which is defined by

F(z,)=*+gf—1=0.
Evidently 6(0,f)=d(co,f)=1. Further we have F(z 1)=g, F(z, —1)=—g. Hence
by Valiron’s theorem, which is listed as Lemma 1 below,
lim N(r; £1,1) —lim N(; 0,9)
e LT(f) me mr,g)

This shows that 4(+1,f)=1. If 2 is finite but is not any positive integer, then f
does not have any full Nevanlinna deficient value, which is shown by Theorem 1
below.

=1—4(0, g)=0.

2. Lemmas.
LemMma 1. Valiron [4]. Let A(z) be max (|Aol, -+, |Ax]). Let u(r, A) be
1 2 w0
%So log A(re™)do.
Then
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DFFICIENCIES OF AN ALGEBROID FUNCTION 263
| T(r, f)— ulr, A)|=0Q).
LEMmMA 2. Selberg [2]. There are at most 2n values ay for which

5(akyf )=1'
LEMMA 3. Suppose that

B@)= Y alAf@),  v=1,-n+l,
1=0
then
wr, B)=p(r, A)+0Q),
B=max (|Bi], -**, | Bns1l).
Proof. By the given equations

IBJ= 3 a7 Ajl =c, max (| A ))=c.A
=0

and hence

B=cA, c=max (c,).
This implies that

wr, BY=p(r, A)+0().
By solving the given equations we have

n+1

AJ: §1 aJva

which implies similarly

w(r, A)=pulr, B)+0Q).
LemMmA 4.
{150, F(z, a))} g_m”ﬁ;’#—f;(%’” <1-8(a, ).
Proof.

m Nr0,F(z,a) . mr, F(z a)

rl_.ng m(r, F(z, a)) rl.r% np(r, A)

=— Nr;0,F(z,a) -— N af)
= }Ln: nu(r, A) - }EE wr, A)

This implies the desired result.

LEMMA 5. Suppose that there is at least one index j satisfying

m(r, —1-) =cm(r, A), c<1,
Ay

then
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A—ym(r, Ay=nu(r, A)=m(r, A).

Proof. Evidently we have m(r, A)—m(r, 1/A)=nu(r, A). Let E be the set on
|z|]=r in which A<1. Then

1y 1= .1 1 1
m(r, A>— o So lOg 7d0—-2—7r—SElog—A—~d0

1 1 1
= < -
=5 SElog ] dﬁfm(r, A,,)

for every p. Hence we have

m(r %) = orgr}llérh m<r, Ai,,-> = m(r, ﬁlj—> =cm(r, A),
which implies
A—cym(r, A)=nu(r, A).
The second half is evident.

3. In connection with Lemma 5 there happens another problem. Are there
any algebroid functions satisfying

Now we construct a two-valued algebroid function satisfying
i <
for a given positive number e.
Let ajx be
210j/p+i 7=0,1, ..,

21077 k=0,1, ..., 211,
with a fixed p satisfying 0<p<9/10. Let g(z) be

o 21073 2 oo
[T (1) = [ e
=0 k=0 aQjk =0
Let #(¥) be the number of zeros of g(z) in |z]=s. Then
0, if 0=r<2v°,
2+210+...+2101’ if 2101/9 +1-—‘21i01"§7‘<210j+1/p,

n@r)=

24204 42 4R, if 210“1"'+21—ﬁ-+1~§r< urrie 4 ij;}l.

n(r) satisfies the following inequalities
2191 () < 2107+
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for r;<r=r;., r;=2'", Hence

[ log ) _ — log 2+log2 0+ 10°+1
e logr T log2we T Mg, T
Further
s log n(r) e log n(rn,+1) - 10™ log 2

I ogr =i Tog (rat1) =L, ({/0)10" log2

Therefore the order of »(r) is equal to p.
Next we prove

lim n(r)log r

e N(2r) =0.

Take the sequence {rn}. Then

7(¥m) 108 ¥ 21°m‘1+110"‘(1/,o) log 2 -0
(27 m) = 210

as m—oo. This implies the desired fact.
This condition implies the following fact by Shea’s reasoning [3].
mr, 1)  —— m(rm, 1/g)

400, )= =i =1.
0, 9)=Im— 2= —=Im =

Still we need further properties of g(z). Let ¢.(2) be ¢(2)/4.(z). Then
'rrll_in lg(2)|=c>0

with an absolute constant ¢. In order to prove this we should firstly remark that
the minimum of |¢.(2)| on |z|=r, is attained at z=—r,. Evidently on |z|=7r,

v—1 y=1

T 1) = [T (=) >1.
Now we shall consider

X= [ |h(=n)I.
l=v+1

Taking its logarithm we have

log X= 2} log |l(—n).

l=v+1

On the other hand

9100 3 2102

lhl(_rv)]= k];[0 r_,_k/zml l ll
for [=v+1. Further for /=zv+1
7 7y 1

=<
o N 2
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Hence, by log (1—z)=—2x for 0<x<1/2,

log X= 3 2% log <1— :—>
l

l=v+1

—2 3 ol = oy

v

l=y+1 "
TS 2Wmenn-nul =, o ((1/e)(9/10)—1)100
1000
= (9—100)9"
Therefore
1000
log X=—2 m,
1000 _
Xéexp ('—2m> =C>O

This shows that
lnln_in l9.(2)|=c>0.

Now we prove

2 (r . 1
F3 S, log* sy d0=D@)m(r., 9),

T
where D(6) is a constant being independent of v and satisfies D(6)—0 when §—0.
In order to prove this inequality we need

32 ~ ,
—S log |[1—e "+ Axe=%| db
0

= 9 A+ o\ "og Lt —an, 4
=7 og(Z—ZAk)-%—ESO 8 T"cosd 0 =

cosf 7’ A ARE S

This is not so difficult to prove. Indeed

3/2 ~
—S log [1— e+ Ae~| do
0

1 3/2 ~ ~
- S log {(2—24)(1—cos 6)+ Ae}db
0

2
__ 0 iy L Ae
——Flog @24 — 5| " log (1—cos 0+ 55— )as
5 w 1 (o 1
=— 2 log @24+ | g .

Further we need
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[ tog o=~ S 10g 201 log 2
, Ogm =—7 og 2-+0dlog n+0d—0o ogg.

This inequality is easily obtained by 1—cos#=2sin?(6/2) and by sin (6/2)=6/x.
Under these preparations we proceed to the original inequality.

25# 1 210”—12 1
2\ —S logt—— X 49
e T Y= L 7 )8 Tremig ol 2
210V

=— Z_: ﬂg log [1— e‘“’—]—Ake'“’[dﬁ

lV\

do

5 210"_.11 o 2A 10" a/z1 1
— Z Og( k)+ SO ogl—"—C—OST

9 g3 1 27
7r2 logz—}—

IIA

<—— -g—log 240+ log n—d log %)

Here by Shea’s result [3]
2¥'=r=n(2r,)

=N(@er) = = m(r )

with a positive constant K being independent of v. Therefore we have the desired
result. Here

D)= —— L ( 6log 3 ——Iog 2-+6+3 log 7—d log )

Hence D(6) does not depend upon v and D(6)—0 when §—0.
Next we prove

2 (o . 0
— S log |g(re®)|df <sin —m(r, g).
T Jo 2

By the well known representation

7 sin (6/2)

P oircos 01 &

1 3/2 1 )
—S log]g(re”)[d0=—S N
T Jo T Jo

t

z/2 1 . 5
S log |g(re'?)|d0 = - m(r, g) sin -
0

Finally we consider
9(2)f?+9(ze¥) f+9(2¢*)=0.

Here 6 is a positive number which is sufficiently small, For the two-valued
algebroid function f, whose order is p,
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2u(r, A)=m(r, A)—m(r, -1—>

A
and
2 /2
mir, ) =mir, A)y=mir, o)+ = | log latre)| o,
0
1 2 (r 1 1 1
V= 2\ logt———do=m(r, =)= m(r, =).
m<r’ g) T S,,_m 8 lg(ret®)| @ m(r’ A>Sm<r’ g)
Hence
2u(r, A) _ ., mlr,1/g)
m(r, A) = m(r, g)
2 1 1
il 1 10 Ll P— .
) ( S 0g lore®)| b+ S,-mk’g ) d“’)
Thus
_ 2ulr, A) 24lm, A)
P_I,E m(r, A) —3”_.@ My A)

=D(0)-+sin %
Now we can choose § so that
D(5)+sin% <e.

This implies the desired result.

The following fact is suggestive: Assume
min 4(0, A,)=0.
0sjsn

Then
m(r, A)~np(r, A).
The proof of this fact is almost immediate. Since

m(r, 1Ay _ w— mr,1/Ay)
400, Aj)=Tm——">=lim———=x—,
( j) 1]:~oo ( A.f) —1-—»00 m(r, A)
there is an index j, such that m(r, 1/A;)=o0(m(r, A)). This implies that m(r, 1/A)
=o(m(r, A)) and hence m(r, A)~npr, A).
This fact enables us to say that m(r, A)~nu(r, A) if a coefficient A, satisfies

11 m(r, AJ)

Hm = e <

Indeed in this case

m(r, Aj)~log max |Aj(2)|~N|r, ( j >
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is well known. Hence 4(0, A;)=0. This leads to the desired fact.
Especially every entire algebroid function satisfies

lm(r, A)—npr, A)|=0(Q).
4. In what follows we denote the following condition by (A):
There is at least one index j satisfying

m(r, L> =cmlr, A), c<1.
Ay

THEOREM 1. Suppose that there is an index v satisfying
>m(r, A)=dm(r, A,), d<1
J¥v
and that f satisfies the condition (A). If there is a non-zero finite value a with
a, f)=1, then the order of f is a positive integer, unless it is oo.
Proof. By
avAv':F(z’ d)—‘Z ajA.fy
J=v

m(r, A,)=m(r, F(z, a)) +,-§, m(r, Ay)+O0Q),

and hence
(A—dym(r, A)=m(r, F(z, @))+O(1).
By Lemma 5
A—cym(r, A)=A—cIm(r, A)=np(r, A)
= S, A)+0W) =0+ dmer, A)+0Q)
Hence
npir, 4) =150 mtr, Pz, a)+O0()

By Lemma 4 we have 8(0, F(z, @))=1. Since F(z,a) is entire, its order must be a
positive integer, unless it is co. Since

mir, F(z, @)= jz mir, A)+0(1)
=0

Lty +OW)

both orders of F(z, @) and f are coincident with each other, which gives the desired
result.

=1 +aym(r, A)+O0M)=

THEOREM 2. Suppose that there are two indices po, vo (n>po>1,>0) such that

> m(r, A =any(r, A), a< 1

’
J*=povo 3
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and that f satisfies the condition (A). Further suppose that there is a mnon-zero
Sfinite value b such that m(r, F(z,b)=o0(ur, A)). If there are p,—yv,+1 non-zero
finite values a, such that &a,,)=1, then the order of f is a positive integer, unless
it is oo.
Proof. Firstly by Lemma 5 (1—c)m(r, A)=np(r, A)=m(r, A). Since
DeA, A =F (e D)~ T A=),
£

H0>Y0

m(y, ) =m(r, F(z,0))+ X mlr, A)+OQ1)

J*powo
=(na-te)ur, A).
Among the given {a;} there is at least one a; such that
aooxbro™ 3ag, f)=1.
Hence we have

@At e A =F @ a)— ¥ alA;=0).
£0,v0

By solving the equation we have
Ayy=cog-+c101,
A,=dg+d19:.
Let A* be max (|4,), |A4,). Then
nu(r, A)=m(r, A)=mlr, A*)—i—j#Z m(r, Aj)

=m(r, A*)+naur, A) "
and
m(r, A¥)=mr, 9)+m(r, 9:)+0(1)
=m(r, 1)+ (na+e)u(r, A)+0Q).
Further
m(r, g1)=m(r, F(z, ak))+j*2 m(r, A))+O(1)

=m(r, F (2, ar))+ma+e)u(r, A)+0Q).
Hence

. m(r, F (Z, ak))
lim —————

lim =&, 4) =1—3a>0.

Then by Lemma 4 we have 6(0, F(z, ax))=1, which implies the positive integrity
of order of F(z, ax), unless it is co. Since

m(r, F(Z, dk))ém(r, A)+O(1)

1

=
~1l—c

npr, A)+O0(1),
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we have the desired result.
By a slight modification of proof we have the following
THEOREM 3. Suppose that there are two indices po,vo (n>po>vo>0) such that
2 mr, Ay)=nap@, A)

J*powo
and that there is a non-zero finite value b such that
m(r, F(z, b)) =nPu(r, A)

with 0=3a+p<1. Further suppose that [ satisfies the conditions (A). If there
are po—vo+1 nom-zero finite values {a;} such that é(a,,f)=1, then the order of f
is a positive integer, unless it is co.

DeriNiTION. Let p be a 3-vector (e, b, 1) satisfying
m(r, @A, +bA,,+ A )=0(ulr, A)).
Then this vector is called exceptional for (A,,, A, A

THEOREM 4. Suppose that there are three indices po, vo, o (18> pro>v0>0>0)
such that

X m(r, A)=o(u(r, A))

7% 10,%0,€0

and that there are two exceptional vectors pi, s, for (A, A, A.). Further suppose
that there is a non-zero finite value a satisfying o(a, f)=1 and (a*~%, @0=, 1) ¢ Ap,+ ubs,
A+p=1 and that f satisfies the condition (A). Then the order of f is a positive
integer, unless it is oco.

Proof. Let pi,p; be (&, B, 1), (7,0,1) respectively. Then
a B 1
7 b) 1{=0,
g g 1
since (@™, g™, 1)¢ A+ pp., 2+p=1. Hence we can solve the equations:
alut BALtT  Ag=1,
TAu+ A+ Ay=1,
a" A, +ar A,y taAy=Fza)— ¥ dAj=Tfs.

J*¥p0,v0:0
Then we have

3
[ Al = Zl lewl | f3l, 1= po, vo, e
=

This implies
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St D=0, A =5 (S A)— T mir, 49)
J=0

J*po,v0,¢0

Il
w|

2 mr, Aj)ém(r, max lAzl)

J=10,0,¢0 I=p,v0,0

= Z m(r, F)-FO)=m(r, f)+olur, A))

=mlr, F(z, "))JF,*  mr, Ap+0Q)

'0,Y05€0
=m(r, F(z, a))+o(ur, A)).
Thus we have

., Fz,a) _ n
4 =3

Then Lemma 4 implies 6(0, F(z,a))=1. Thus the order of F(z a) is a positive
integer, unless it is co. Then Lemma 5 implies the desired result.

THEOREM 5. Let p;, j=1, .-, n be a system of linearly independent (n+1)-vectors
(@yny @gm1, =+, 1) satisfying

m(r, a]nAn+aj, n—1A'rL—1+ e +A0) = 0(#(7) A))-
Suppose that there is a value a such that é(a,f)=1 and

(any an—l’ ) ]-)¢ Z 'zfp.h Z lj=1'
J=1 J=1

Further suppose that f satisfies the condition (A). Then the order of f is a positive
integer, unless it is oco.

Proof. Let
kid .
ZoajﬂA/tzf], ]=1’ R, a']a=]-
=
and
n
Z dI‘A,, =fn+1.
p=0
Here
d1n Qa1,n-1 1
QOnn An,n-1 1 =0
a’n an—l 1
and

m(r, fp=o(ur, A)), j=1,-,n.
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Therefore by solving the above equations

nu(r; A)=m(r, A)
=m(r, fni)+ }:f',lm(r,fj)+0(l)

=17, fnir1)+o(u, A)).
This shows that

. (7, fni1)
L g, 4) =

By Lemma 4 6(0, F(z, @))=1, which implies that F'(z, @) has either a positive integral
order or an infinite order. By Lemma 5 we have the desired result.

THEOREM 6. Let i, -+, pu be n linearly independent n+1 vectors satisfying

pi=(am, a1,n-1, ***, @11, 1),
m(?‘, alnAn+"'+A0)§nﬁl,u(ry A)y 12—118L<1, ‘Bl'_>*:0-

Suppose that f satisfies the condition (A) and that there is a value a such that
e, f)=1 and

(an, an—-l’ a, 1)$ Z pr]» Z XI':]"
J=1 J=1

Then the order of f is a positive integer, unless it is co.

Proof. Essentially the same method as in Theorem 5 does work. We have
natr, A)y=np(r, max 1£il)+0(D)
1sisn+1
ém(r,frwl)"l‘ Zlm(r’ fj)+0(1)
1=

=(r, fasr) 10, A) z Bi+OQ).

n(l—
l

which implies the desired result.

Hence

3

1 ﬁl) wr, A)=m(r, fai)+OCL),

I

5. We can make use of recent results in the theory of meromorphic functions

[11.
THEOREM 7. Let f be an algebroid function of order less than 1/2. Suppose
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that there is an index v satisfying
Ey m(r, Ap)=o(m(r, A.)).
Then there are at most two deficient values 0 and oo, for which 60,f)=1 and
(oo, f)=1 if they are actually deficient values.
Proof. In the first place we assume that v=0, #. Then
m(r, A)—o(m(r, A)=m(r, F (z, @)

holds for every finite @%0. Further we have
nu(r, AY=mlr, A= 3, mir, A)=mlr, A)+o(m(r, A)
7=0

and hence

lim m(r, F(z, @)

>
L e

Therefore by Lemma 4 1—6(0, F(z, 2))<1—d(a,f). On the other hand we have
m(r, F(z, a))=m(r, A)+OQ1) and m(r, A)=npu(r, A) in a set of » of positive upper
density. Hence the order of F(z, @) is less than 1/2 and this implies 6(0, F'(z, @))=0.
Hence d(a, f)=0. It is very easy to show that (0, f)=d(co,f)=1 in this case.

If v=n, then 6(0,f)=1 and &(a, f)=0 for ax0. If v=0, then d(co,f)=1 and
o(a, f)=0 for azoco.

THEORFM 8. Let f be an algebroid function of order less than 1/2 satisfying
the following conditions: 1) There are two indices po,vo such that

2 m(r, Ap=o(m(r, A)),  n>p>v>0,

J*po,v0
2) for every bx0, co,
m(r, b A, A, ) ~asm(r, A¥),  A*=max (|4, |4,]), 0=a=l,

and 3) there are at most two constants by, b, for which o, <1, ap,<1, b*002xbyto™>,
Then 6(0,f)=1, d(co, f)=1 and

2 0(a, )= pro—vo.
ax0,00

Proof. In the first place we prove as,+ap,=1. b; and b, are not 0 and oo
and satisfy b,*=xp,%, Hence we can solve

b1 A, +b1"A, =F (2, b)— X b/A;=0.(2),
J*po,vo

be A,y +bs0 A, =F(z, b)— 3 bl A=0s(z).

I*xpq.vg

Then



DEFICIENCIES OF AN ALGEBROID FUNCTION 275

Ap0= 719117292,
7‘17’25152 #0.
Au0=5101 +0292,

Hence
m(r, A¥) =m(r, g:)+m(r, g2)+O(1).

This implies the desired result.
In general

nu(r, A)=m(r, A)=m(r, A*)+j*2 m(r, Aj)

Fo-Y0

=m(r, A*)+o(m(r, A)) =m(r, A)+o(m(r, A)).

Further np(r, A)=m(r, A) in a set of » of positive upper density. Hence nu(r, A)
=m(r, A)~m(r, A¥) holds in a set of » of positive upper density.

By the assumption for every non-zero finite b,
oy, A¥)~m(r, b A, +b"A,,)
=m(r, F(z,0)+ X m(r, A)+0Q)

J¥pg,v0

=m(r, F(z, b))+o(m(r, A))
=m(r, b0 A, +0"A,)+ X mr, Ap)+O(1)

4 Ho,%0

~aem(r, A¥)+o(m(r, A))~awm(r, A%).
Therefore

wm(r, F(z, b))~aym(r, A*)~awm(r, A)=asnpr, A)

in a set of v of positive upper density. Hence by Lemma 4

1—8(b, )= as(1—8(0, F(z, b))).
On the other hand &(0, F(z,b))=0 which implies (b, f)=1—as. Further these are
so—vo solutions of z#*=p%=, We denote them by bw,, w*=1. Hence

”:‘é_:"a(bwj,f)§<1—ab><yo~uo).

This holds only for b; and b, at most. Hence

3 @)= 5 3w+ L b )

a%0,00
=(2—ap,— ap,) (10— v0) = fto—vo.

If there is a non-zero finite & for which a;=0, there is no non-zero finite deficient
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value other than b. In this case we have

2 0a, )= pro—vo.
ax0,00
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