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Let L be a modular lattice*
An element e of L is called a f*
element when it satisfies the condi-
tion that, x * 3 t e. implies
(t«*)rt y <c For instance,
every neutral element is a j* -
element.

The purpose of this note is to
prove the following

Theorem I* Let L be a modular
lattice with the maximum condition
and θ be a meet-homomorphism of

L onto a complemented modular lat-
tice such that

(1) α*= o implies (α.* t)
$
 «. ί*

for every £

Then the inverse image of 0 forms
an ideal generated by some p> -
element e and a condition for
Λ* β 4-°

 i s t h a t

(2) *.* * if and only if

partially ordered set M by the order
induced from £e From (4), any
two elements of M have the meet
such that H

J
Λ £

¥
 r= ( a.~ lr)

ff
 where

x* is the class containing x .
(5) and (6) imply that the ideal gene-
rated by forms a class
which is O-element of Mi If e

is a /A-element, then a
θ
= o implies

(α.u£)
β
~£

θ

 y
 because of the definition

of μ. -element.

Lemma I. An element e of L
a p. -element if and only if ( < α
implies £ $

t
 A.

 X
 O

is

Proof. Let e be a ^-ele-
ment. Assume 4> $ &. w e and O.ΛX ί e .
Then e* (cβO nX i I* * Thus 4$

e
α .

Conversely, assume that the condition
of the lemma is fulfilled. Let α W ί β
Since Λ « β #

e
« . we get (A*e;

Λ
£se

which implies that € is a f* -
element.

Lemma 2,
ment, then

If e Is a
*) ̂  c S €

i* -ele-
implies

Conversely, for any ^-element
c the condition (2) defines an
equivalence in U . The set of all
the corresponding classes In U forms
a complemented modular lattice meet-
homomorphic to U satisfying (I)
where χ

β
 means the class contain™

ing x «

First, let t be any element of
U By α*

e
£ , Is meant that

M x * e implies ^.A x ί e
 #

This relation is a quasi-order Then
the following properties hold obvi-
ously.

then

(3)

(4)

(5)

(6)

If

If

Λ Λ C

* I I

e

then

and

if and

C *

only

for every

Λ
««<

If

X

The relation" a
f t
l and ί2t

Λ w

is an equivalence. The totality of the
corresponding classes in L forms a

Proof.

I, we get
Prom the Lenπa
$

e
4_ if

Corollary. If e is a
element, then

 A Λ
| ^ e and

imply a* (i"c)$ e

t*- -

Let e bo a (<• -βleraent, and
A1 be one of the maximal elements

of L among x such that AΛ X $ e
Now, to prove that ofvi,** (x>*M« i*~D'))θ

w e a s s u m e Λ J , X , 4 * e κ a n d
Let Cβ(ftrti)1 and *«(«. ^ i ^ ) j
Since t Λ ^ ^ ^ O ί ί f t Λ - t j Λ ί l ί and «
i s a t . -element we obtain

)
we get

ThUS
 A A

« *
Λ

S i n c e <λ jί€ * g ) )
Hence x a ^ ^ - " ! <β from the
corollary of the Lemma 2. Since 4«*
we have ^ o ( ^ « ) { & » but,
a«*> $ AΛj#e since «.aβx and XAjĵ e
Thus, again from the corollary of
the Lemma 2, i t follows that Ή « t i
(ΛW^Ojse which proves *»cM»tA»w) se x
Next, we assume (« * rt« c» Λ & t e
Then * . Λ ( ( i Λ C ) υ t j ί e from the c o r o l -



We have «A
C) v i; 4 e

c = («. * M )'
4 A a * t

which
But,

lary of the Lemma 2.

Prom the maximality of
we get ίi« * ) v c » c
Thus < Λ ! 4 ( " ^ * C ; J Λ !

proves ^ te*- ̂ (ΛAC;
from (3) we get

 Λ
 i

β

Whence A " . ̂  = (
AV
ί.

M forms a lattice©

NOW, <** v n " β (*"( Ά UA*')'Λ «

C^CA'ΛX)) - IA» *')# since * 4 e im-

plies %' = I . I f (twλ'JΛtf * €

then A ~ c«'^u; s e. by the corol-
lary of the Lemma 2. Prom the maxi-
mality of A' , we get u * Λ.I

 m

Thus, it* B Λ ( » W O * β which im-
plies Aw

A
' i

β
 t or ( A ^ ' )

Θ β
 I* «

Hence a.
0
 v α»* « i*

is a complement of

Evidently
Whence a'

6

To prove the modularity of M
 f

we assume Af
e
<< and

iΓA(vUW«(«.ί^j';) ί e where as (A/U~«O'
we take one containing C CA^/)'
Le t <

 Λ
 -4 « /» and V A ( A * / * ) W * * " .

S5 AW CWΛ/>; we get if
Λ
(«*/ί^^<t,

Then, e^ v
Λ
(»u(^) t *r

fl
i(»^)"(^O

β nfΛ(<
Λ
(c«Λ(<)«/^) βt

rή
((iΛ(/)"f) S i n c e

4 Λ < /
Λ
(

r
^ ί β from the corollary

of the Lemma 2
#
 By the assumption

A Ί
β
Λ we get ί Λ ί f ^ f < ,

Prom the Lemma 2 C«^p)/xw<e/>
Since «up i w we have *-£«/» .
Thus ur ̂ ^

A
^, and w£

t
v

Λ
(A"ί4

Λ
^);^ c

which implies (
Λ
 w ίC4Â

}
'
/̂
 ̂

 ?̂
 „ j ±

t Λ
 ̂

C < «J.+u<sl"<*)') Therefore ( A ^ ^ J Λ ^ I

Λ
^^ (i

9
r«d

&
) and M is moaular©

Conversely, let M be a comple-
mented modular lattice meet-hornomor-
phic to L by the mapping θ •
Assume the condition (I) ia true.
If € is a minimal element of the
inverse image of 0, then e is a
γ -element. For, if *A* * e then

Next, let
then (^ΛX

α*- V . If * Λ x ί e
:

d
« a

tf

Λ
x

(9
-(a

o
x)

ί
-0 or

j
 e
 , Mud conversely* In

the case a.* ψ 4* , we may assume
A*$ 4* . Then there exists a rela-
tive complement ** of a?* 4* in
the interval ϊp , 4

f
] If i*» o

then ^β*. A ^ Λ ^ * which contradicts
our assumption. Hence x* + * .
We have (4A * ) ' « *.'**.** a**l*«*

9
**

and ĉ
Λ
*->** 4

Φ
<\*

0
 * κ

0
 Ψ v , which

imply A $
β
 ̂  Thus the proof

of the Theorem I is complete.

By A e -element, it is meant
an element *' for some a and fixed
€ Then,

Theorem 2. In the classification,
of L , of the Theorem I, every
class contains at least one c -
element. And an element of L is
a C -element if and only if it is
a maximal element in the class con-
taining Iz.

Proof
β
 We can select CO

1
 such

that CA
1
)' *• *• Then {(*')')' iA*.

But, since both H A ' )
1
)

9
 and **

are complements of (α'j* , the
modularity implies (CA'J')* « A*
and a* contains c*')'
Now, let (A')

f
 » x^ and «' * x

If α < x then x* Λ £ e .
But α /> α ί β , hence α' $« *
which contradicts our assumption
and we get A' = x Conversely,
let 4 be a maximal element of the
class containing it Then for c*

1
/

such that (4*)' % 4 we have o<υW
and ^ is a c -element*

Remark« Above we assumed the
maximum condition for L , but
used it essentially only for the
existence of A

1
 . If we have the

condition U^ίA^^^)*. Uw<u ̂  I
 0

where / &
4
\ is a simply ordered

subset of b , then all the results
above hold in almost same form, for
instance, after defining a f* -
ideal instead of our ft- -element.

(*) Received July 26, 1952,
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